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Abstract. This article presents the results of applying a turbulent stress model to the simulation of high-

viscosity viscoelastic fluid flow in a pipe. The model is used to numerically determine averaged velocity and stress 

fields within the Navier–Stokes equations. The proposed model takes into account the influence of the Sisko fluid 

rheology on turbulent momentum transfer, providing a physically sound description of the interaction between 

turbulence and non-Newtonian effects. Calculations for a Newtonian fluid are performed as a baseline for 

evaluating the effectiveness of the proposed approach. It is shown that for Sisko fluid, the averaged velocity profile 

in universal coordinates is systematically shifted upward compared to the Newtonian case, indicating weakening of 

turbulent momentum transfer and a decrease in hydrodynamic drag. It is established that the level of axial velocity 

fluctuations exceeds the Newtonian value, while radial fluctuations are lower, indicating pronounced anisotropy of 

turbulent stresses. The viscoelastic properties of the fluid lead to a reduction in turbulent friction due to the 

suppression of small-scale vortex structures and, as a consequence, to a reduction in the hydraulic resistance of the 

pipe.  
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1. Introduction  
 

The phenomenon of drag reduction (DR), present in turbulent viscoelastic flows, has been studied for 

decades [1-7]. It is well known that the addition of polymer particles to a Newtonian fluid in turbulent flow 

can achieve a reduction in transfer energy of up to 80% by reducing turbulent friction [1-9]. Another effect is 

the reduction in heat transfer. Both phenomena provide significant benefits in terms of energy savings for 

transporting fluids over long distances, and for this reason, researchers are focusing their efforts on its use in 

engineering systems. Since the discovery of the drag reduction phenomenon, numerous studies have been 

conducted to understand the origin of drag reduction in turbulent flows, and several theories have been 

proposed to describe this complex mechanism, but a definitive consensus has not been reached. 

The two preferred theories are Lumley's theory [3, 4], known as the viscous idea, and Tabor and De 

Gennes's theory [8], known as the elastic explanation. Lumley suggests that the phenomenon of drag reduction 

(DR) is a consequence of an increase in effective viscosity in the region beyond the viscous sublayer and in 

the buffer layer, caused by polymer stretching in turbulent flow. He also suggests that the onset of drag 

reduction occurs when the polymer time scale exceeds the flow time scale. Another suggestion by Tabor and 

De Gennes is that the elastic energy stored in the polymer becomes equivalent to the turbulent kinetic energy 
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in the buffer layer, suppressing normal energy transfer and thickening the buffer layer where the viscoelastic 

length scale is greater than the Kolmogorov length scale.  

It is known that DR is associated with an increase in the effective elongation viscosity of a dilute polymer 

solution, which leads to a decrease in vortex dynamic activity, according to Lumley's theory [3, 4]. Later, Lvov 

et al. [10] quantitatively described the viscous scenario, showing that the additional effective viscosity 

increases linearly with distance from the wall in the buffer layer. They also proposed direct numerical 

simulations (DNS) of Newtonian turbulent flows, including artificial viscosity, to validate their theory [11]. 

This was followed by De Angelis et al. [11], who obtained the same drag reduction properties as the equivalent 

viscoelastic simulation [12].  

However, the DNS results between the two scenarios showed some inconsistencies when considering the 

high and maximum drag reduction regimes. Recently, Dallas et al. [13] demonstrated that high drag reduction 

can be achieved without a complete helix-to-stretch transition of polymer molecules, which is contrary to 

viscous theories. This supports the explanation of Mina et al. [14], in which polymers in the near-wall region 

extract energy from the flow due to mean-shear-induced unwinding and release some of the stored elastic 

energy back into the flow by compressing as they move away from the wall. 

Although DNS is a powerful tool, it is not applicable to most engineering applications involving 

turbulent viscoelastic flows. It is significantly more computationally intensive and memory-intensive due to 

the larger number of primary variables. An alternative approach is to use Reynolds-averaged Navier–Stokes 

(RANS) models, which are less computationally intensive. Therefore, they have gained increased interest in 

recent decades. Engineering calculations require turbulence models that accurately describe the 

average fields and large-scale pulsations of swirling currents. The work of Horvath and Dressel 

(2012) presents the results of numerical simulation of RANS for a generalized configuration - a single 

subchannel with lateral periodicity. The authors tested vortex viscosity models and stress transfer 

models using standard wall functions. The first attempt to incorporate the elastic effect into turbulence 

models was undertaken by Pinho [15] and Cruz et al. [16].  

They developed a (k-ε)-model of low-Reynolds-number turbulence using the generalized Newtonian 

fluid (GNF) equation of state. They also developed an anisotropic version that incorporates enhanced Reynolds 

stress anisotropy (Resende et al., [17]), which is capable of satisfactorily predicting drag reduction. This 

model is designed to describe the viscoelastic effects responsible for the Toms effect (reduction of 

hydrodynamic resistance) during turbulent flow in pipelines. Modification of the Launder–Sharma 

(k–ε) model by taking into account the rheology of viscoelastic media and using the Cruz – Pinho 

damping function made it possible to adapt it to calculate dilute non-Newtonian solutions. In this 

case, the viscoelastic properties are described using a modified generalized Newtonian fluid model 

(GNF). The authors [16-17] performed a direct numerical simulation corresponding to a statistically 

converging turbulent fluid flow in the GN channel with a low Reynolds number of friction.  

The variable viscosity is taken into account using the Carro model, while the data for the 

Newtonian case are compared with the results of modeling media exhibiting dilatance and 

pseudoplasticity properties. The study confirms that variable viscosity affects the internal structure 

of the flow, where shear thinning dampens wall vortices and banded structures. This inhibits the 

development of turbulence and leads to the effect of reducing drag.  
The main changes in the flow structure include an increase in the longitudinal and suppression of the 

transverse turbulence intensity, as well as a decrease in the Reynolds shear stresses. In addition, the energy 

exchange between the components of the stress tensor slows down through the correlation of pressure and 

velocity, which leads to an increase in the anisotropy of turbulence on small and large scales. In the center of 

the channel, shear liquefaction enhances the manifestation of specific turbulent structures, which are usually 

observed at low Reynolds numbers. 
In this paper, the RSM model is used to describe the anisotropy of the pulsating velocity components and 

the reduction of the Reynolds stress. 
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2. Model mass transfer 
2.1 Basic equations 
 
The equations governing the flow are presented in vector symbols, although they are solved for 

axisymmetric flow in cylindrical coordinates. The system of stationary axisymmetric RANS equations of 

continuity, momentum in the axial and radial directions of a turbulent incompressible generalized Newtonian 

fluid has the form [18-20]: 

 

∇ ∙ (𝜌𝑈) = 0                                                                                                                                             (1) 

 

∇ ∙ (𝜌𝑈𝑈) = −∇𝑃 + ∇ ∙ (2𝜇𝑒𝑓𝑓𝑆) + ∇ ∙ (−𝜌〈𝑢′𝑢′〉) + ∇ ∙ 〈2𝜇𝑒𝑓𝑓
/

𝑆/〉                                                   (2) 

 

Here 𝜌, 𝜇𝑒𝑓𝑓   expressions of density, effective molecular viscosity of a fluid, respectively. ( ),  x ru uU  

expresses the velocity vector with components (ux = U, ur = V) fluids in axial (x) and radial (r) coordinates, 

respectively; P express pressure; / /− u u  express the Reynolds friction stresses. Expression 
/

S
/2 eff  

in equation (2) is found according to the representation [18,20]. Turbulent Reynolds stresses / /− u u =

jiuu−  were found according to the Boussinesq hypothesis [21]. Turbulent viscosity μТ is determined by 

using the RSM turbulent stress model [22, 23].  
 
2.2 The RSM Turbulence model 
 
The elliptical relaxation model of turbulent stresses RSM [22] takes into account the anisotropy of 

complex turbulent flows and is computationally more complex than the known (k-) - turbulence model. The 

RSM model shows better results than (k-) isotropic turbulence model. The Reynolds stress components are 

derived from a system of partial differential equations, and the system of governing equations of the second 

moment closure model [23] is given below: 

 

( ) ( )
/ / / / / /T

j i j ij ij ij eff lm l m i j

j l k m
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U u u P u u u u

x x x
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

   
= + − + + 

   
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/ /
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
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


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   
= − + + 

   
 

2 2 1TL −  = .                                                                                                                                        (3) 

Here, Pij and 0.5 kkP P=  are intensity of the energy transfer from the average velocity to the fluctuating 

motion (stress production terms), ij is redistribution term [23], 

3/2 3/4

1/4
max ,  T

k
L C



 

 
=  

 
 and 

max ,  T T

k
T C



 

 
=   

 
 are turbulent time and length macroscales, where 

' '2 i ik u u=  is the turbulent kinetic 

energy, εij is viscous dissipation rate tensor of turbulent stresses, 0.5 kk = , and χ is a blending coefficient, 

and it changes from zero at the wall to unity far from the wall [23]. The constants and model functions of the 

system of equations (3) are given in [23]. The effect of the rate of dissipation of the turbulent kinetic energy is 

ignored in this model. This term can dominate over the mean flow viscous dissipation in a developing turbulent 

flow. The NF at the inlet is fully developed and this effect can be neglected.   
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2.3 Boundary conditions 
 
The flow diagram is shown in Fig. 1. 

 
Fig.1. Computational domain for flow in a pipe. 

 

On the wall surface, the conditions of no slip for the velocity are specified [23]: 

 

r R= ; 0i jU V u u= = = ; 
2

2 W

k

y
 =  ; χ = 0                                                                                    (4)  

Symmetry conditions for all variables are specified on the pipe axis. 

 

0r = ; 0
U

V
r


= =


; 0

i ju u

r r r

   
= = =

  
                                                                                         (5) 

 

At the inlet section (x = 0), distributions of all variables across the pipe cross-section are specified, 

corresponding to developed turbulent flow in the pipe. At the outlet edge (x = L), soft boundary conditions are 

specified for all variables. Numerical modeling of the system of equations (1)-(3) under boundary conditions 

(4), (5) is presented in [21, 24]. 

 

3. Discussion of calculated data 
 
An isothermal turbulent flow of a 0.2% XG xanthan gum solution in a pipe with an internal diameter (ID) 

D = 2R = 0.15 m and a length L = 3 m is considered. The average mass velocity of the liquid flow at the inlet 

of the pipe was Um1 = 4,0 m/s. Fluid flow density at the inlet section ρ1 = 998 kg/m3.   

The Reynolds number of the flow, determined from the flow parameters at the inlet, Re = Um1D1/νW1 = 

8300. The axial velocity profile at the pipe inlet corresponds to a developed flow, and other characteristics of 

a turbulent flow correspond to this. The Sisco model for a viscoelastic fluid (shear-thinning fluid) [25] viscosity 

is determined by the formula for 0.2% XG: 

( )
1

0

n

eff ref S    
−

= +                                                                                                                        (6)  

                                                                                                        

In equation (6) µref and λS – viscosity and time constant in the Sisco model, µ0 – shear viscosity in the 

Sisco model, 2 ij ijS S S = =  – shear rate tensor (Table 1), 0.5
ji

ij

j i

UU
S

x x

 
= +    

 – strain rate tensor. 

 
Table 1. Properties of viscoelastic fluid according to [24]. 

 

µref, Pa·s λS, s µ0, Pa·s n 

58.1 1900 0.0016 0.34 
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Here * /Wu  =  − friction speed, * / Wy yu + = , y = R – r – distance from the pipe wall along the 

normal, τW – shear stress, νW and ρ – kinematic viscosity determined from the parameters on the wall and the 

density of the medium. 

Figure 2, a shows the averaged axial velocity profiles in universal coordinates for a Newtonian fluid (NF) 

and a non-Newtonian, viscoelastic fluid (NNF). The standard logarithmic law-of-the-wall profile of turbulent 

flow in a pipe at high Reynolds numbers (Re) for the Newtonian fluid is also plotted. At Reynolds number Re 

= 8300, the averaged axial velocity profile for the Newtonian fluid in the laminar sublayer has the same law-

of-the-wall distribution. 

  
a) b) 

 

Fig.2. Averaged axial velocity profiles */U U u+ =  (а), kinetic energy of turbulence 
2
*/k k u+ =  (b) in universal 

coordinates. 

 

In the core of the current * / Wy yu + = > 50 the average axial velocity (NF) profile lies above the linear 

logarithmic profile, which corresponds to the laws of turbulent flow in a pipe at low Re numbers. The averaged 

axial velocity profile for a non-Newtonian viscoelastic fluid (NNF) lies even higher than the profile of a 

Newtonian fluid (NF) in the turbulent core of the flow (see Fig. 2, a). This is explained by the fact that vortices 

in the viscoelastic fluid accelerate the flow, causing the profile to stretch in the core of the flow. 

The distribution of turbulent kinetic energy of a viscoelastic fluid shows an increase in the value in the 

buffer zone of the flow compared to the distribution of a Newtonian fluid (see Fig. 2,b). As can be seen from 

Fig. 2,b, the maximum value of turbulent kinetic energy is reached at a value of * / Wy yu + = =20. Turbulent 

kinetic energy in both Newtonian and viscoelastic fluids reaches its maximum value in the buffer zone (see 

Fig. 2, b).  

Figure 3 shows the profiles axial 
' '

*/u u u+ =  (а) and radial 
' '

*/v v u+ =  (b fluctuations and Reynolds 

stresses 
2

*' ' /uv u v u
+
=  (c) in universal coordinates. The turbulent stress model (RSM) describes the 

anisotropic property of turbulent flow in a pipe. As can be seen from Figure 3, the profiles axial 
' '

*/u u u+ =  

(а) and radial 
' '

*/v v u+ =  (b) fluctuations have different distribution patterns. If the axial fluctuation profile 

' '

*/u u u+ =  reaches its maximum value at * / Wy yu + = < 20, then, as radial fluctuation profile 
' '

*/v v u+ =  

reaches its maximum value at * / Wy yu + = <80, i.e. at a significantly greater distance from the pipe wall 

(see Fig. 3). It should be noted that the maximum value of the axial fluctuation profile 
' '

*/u u u+ =  viscoelastic 

fluid is greater than Newtonian fluid (see Fig. 3, a). Then, as the maximum value of the radial fluctuation 

profile 
' '

*/v v u+ =  less than Newtonian fluid (see Fig. 3, b). 
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a) b) 

 
c) 

Fig.3. Axial 
' '

*/u u u+ =  (а) and radial 
' '

*/v v u+ =  (b) profiles fluctuations and Reynolds stress 
2

*' ' /uv u v u
+
=  

(c) in universal coordinates. 

 

 Varied distribution of profiles axial 
' '

*/u u u+ =  and radial 
' '

*/v v u+ =  fluctuation leads to the form of 

Reynolds stress 
2

*' ' /uv u v u
+
=  in universal coordinates (see Fig. 3,c). Reynolds stress distribution 

2

*' ' /uv u v u
+
=  viscoelastic fluid (dashed line) passes below the Reynolds stress distribution 

2

*' ' /uv u v u
+
=  Newtonian fluid (see Fig. 3, c). Turbulent flow friction determined by the Reynolds stress 

2

*' ' /uv u v u
+
= , decreases in viscoelastic fluid compared to a Newtonian one.  

Thus, the viscoelastic property of the fluid causes a decrease in turbulent friction and hydraulic resistance 

of the flow. 

 
4. Conclusion 
 

The paper demonstrates that the use of a turbulent stress model allows one to accurately describe the 

turbulent flow characteristics of a non-Newtonian viscoelastic fluid in a pipe without directly resolving all 

turbulence scales. A comparison with the Newtonian case allowed us to quantify the contribution of non-

Newtonian effects due to the rheology of Sisko fluid to the formation of velocity and turbulent stress profiles. 

It was found that the averaged velocity profile in universal wall-layer coordinates for Sisko fluid lies above 

the corresponding profile for a Newtonian fluid, which is due to a decrease in effective viscosity with 

increasing shear rate. It was shown that the turbulent kinetic energy profile for Sisko fluid is more elongated 

compared to the Newtonian case, indicating weakening of local turbulent energy dissipation. Significant 

differences between the axial and radial fluctuation velocity profiles indicate pronounced anisotropy of 

turbulent stresses and confirm the model's ability to adequately reproduce this flow property. The obtained 
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effect of reducing hydrodynamic resistance confirms the correctness of taking into account the viscoelastic 

properties of the fluid in the proposed model of turbulent stresses. 
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