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Dear authors and readers! 

Dear colleagues! 

 

Please accept my most sincere congratulations on the upcoming New Year! 

I wish you, your family, and loved one’s good health, creative success, happiness, and prosperity! 

 

It has become a good tradition to take stock of our joint work in the final days of the year.  

The Certificate of re-registration of the periodical print and electronic publication No. 

KZ32VPY00135738 was received from the Information Committee of the Ministry of Culture and Information 

of the Republic of Kazakhstan in connection with the assignment of our publisher status to Karaganda National 

Research University named after academician Ye.A. Buketov (November 28, 2025). 

Over the past year, the journal has successfully covered the results of scientific and applied research in 

technical physics.  

The Eurasian Physical Technical Journal continues to be indexed in the SCOPUS database across all four 

categories, https://www.scopus.com/sourceid/21100920795. Now CiteScore equals 1.4   

In 2025, according to the Scimago Journal & Country Rank (SJR) analytical platform, the h-index was 8. 

In 2025, some of the journal's digital metrics in the Scopus database showed positive dynamics, particularly 

in the number of citations and the number of articles authored by women. 

Attention to our journal is growing, and the geography of our authors is expanding. In 2025, more than 

60 articles were published by authors from Kazakhstan, Azerbaijan, Uzbekistan, Ukraine, Russia, Nigeria, 

Indonesia, Iraq, Latvia, Romania, and China. 

Last year articles devoted to research using modern computer technologies and neural networks generated 

the greatest interest. The review team has expanded; their high professionalism and objectivity ensure the 

quality of the published articles. 

The last issue presents 14 articles with new research results on the most pressing problems in technical 

physics. The well-known Kazakh scientist A.L. Kozlovskiy (ih - 41) participated in the preparation of this 

issue. In the future, we plan to continue the practice of inviting issue editors. 

I would like to express my appreciation and gratitude to the authors, editorial board members and each 

reviewer for their active participation in the journal's work. Your assistance in expanding the journal's 

portfolio, selecting the most interesting papers, and disseminating information about our journal is invaluable. 

 

We hope the presented articles will not only be interesting but also useful in preparing new publications 

for researchers, teachers, graduate students, and postgraduates.  

 

We would be grateful for any citations of articles published in the journal.  

And we look forward to seeing you among our readers and authors in the future. 

 

With respect and hope for fruitful collaboration, 

Editor-in-Chief, Professor Sakipova S.E. 

December, 2025 

https://www.scopus.com/sourceid/21100920795
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CONFORMATIONAL STRUCTURE OF BINARY POLYPEPTIDE 

COMPLEXES ON THE SURFACE OF A CHARGED  

GOLD NANOPARTICLE WITH CHANGING PH 
 

Kruchinin N.Yu.*, Kucherenko M.G. 
 

Center of Laser and Informational Biophysics, Orenburg State University, Orenburg, Russia 
*Corresponding author: kruchinin_56@mail.ru 

 

Abstract. Using molecular dynamics simulation, pH-sensitive conformations of binary complexes 

of homogeneous polypeptides located on the surface of a charged spherical gold nanoparticle were 

studied. A mathematical model of conformations has been developed taking into account interactions in 

a complex of two homogeneous polymers on the surface of a charged spherical nanoobject. When two 

polypeptides were adsorbed on a nanoparticle, the structure of the macromolecular corona depended 

significantly on the polypeptide combinations in the binary complex. Two identical homogeneous 

polypeptides shifted away from each other along the neutral surface when their pH deviated from the 

isoelectric point, while on the surface of a similarly charged nanoparticle, the macrochain corona 

became strongly loosened. On the charged nanoparticle, the polymer shell of the two polypeptides of 

opposite polarities delaminated, and the shell itself swelled significantly. When one of the polypeptides 

in this binary complex reached the isoelectric point, the second charged polypeptide unfolded and 

disengaged from the first macrochain, shifting away from the surface of the similarly charged 

nanoparticle. 

 
Keywords: polypeptide complex, molecular dynamics simulation, conformational transformations, charged 

nanoobject. 
 

1. Introduction  
 

Currently, shell nanosystems have found wide application in drug delivery [1], as elements in various 

sensors, such as sensors based on surface-enhanced Raman scattering (SERS) [2], surface plasmon resonance 

(SPR) [3] and Förster resonance energy transfer (FRET) [4]. Of great interest in biochemistry and biomedicine 

is the creation of such sensors, nanoprobes and nanocontainers whose characteristics are sensitive to changes 

in the pH of the medium [5-14]. Thus, in the works [5-9], polymer brushes and layers on various surfaces 

sensitive to changes in the pH are presented. It has been shown that the density of polymer brushes can be 

significantly varied [5-8]. This allows for the release of small dye molecules [5] or chromophores [6], the 

creation of pH-sensitive supramolecular switches [7], and the controlled adsorption of gold nanoparticles 

bound to the ends of macrochains in a polymer brush [8]. 

It is known that the intracellular pH in normal cells is in the range of 7.0–7.2 lower than the extracellular 

pH, which is in the range of 7.3–7.4. Cancer cells have a higher intracellular pH of 7.12–7.65 and lower 

extracellular pH of 6.2–6.9 compared to normal cells [10–11]. This allows using pH-sensitive conformational 
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changes in macrochains for cancer diagnostics and therapy. A pH-sensitive nanoprobe was presented in [9], in 

which the conformational structure of the ligand shell around the quantum dot was reconstructed when the pH 

level changed from physiological to more acidic, corresponding to a cancer tumor [9]. Photothermal therapy 

uses gold nanoparticles with a polymer shell, which remain stable in healthy tissue and aggregate when 

entering a tumor due to changes in pH [12]. Studies [13-14] have examined nanocarriers that are sensitive to 

changes in pH, such as a gold nanoparticle with a peptide shell containing an anticancer drug. A gold 

nanoparticle with a polypeptide corona sensitive to pH changes can be used as such a nanosystem. The 

conformations of polyelectrolyte polypeptides change significantly on the charged surface of the adsorbent 

[15-21]. By simultaneously varying the charge of the nanoparticle and the degree of polyelectrolyticity of the 

polypeptide (by changing the pH), it is possible to control the conformational changes of the adsorbed 

polypeptide. 

A more complex picture of conformational rearrangements with changes in pH will arise when several 

polypeptides are located on the surface of a charged spherical metal nanoparticle. When the pH level changes, 

two identical polypeptides will be charged with the same sign and magnitude of charge, which will lead to the 

repulsion of the polypeptides from each other. If the polypeptides in a binary complex consist of amino acid 

residues of different types, their charge will change differently depending on the values of the isoelectric points 

characteristic of each polypeptide. Therefore, on the surface of a charged nanoparticle, the conformations of 

two different polypeptides will change differently depending on the pH level. Such pH-sensitive 

conformational changes in binary complexes can be used to create small molecule nanocarriers (fluorescent 

dye molecules or drugs) contained in the structure of the polypeptide fringe and released during its 

rearrangement when the pH level changes. In addition, such pH-dependent conformations of pairs of 

macromolecules adsorbed on a charged nanoparticle can be used in SERS, SPR, FRET sensors and 

nanoprobes. 

Thus, the aim of this work is to study the pH-dependent conformations of binary complexes of 

homogeneous polypeptides on the surface of a charged spherical gold nanoparticle. 

 

2. Mathematical model of macrochain conformations taking into account interactions in 
a complex of two homogeneous polypeptides on the surface of a charged nanosphere with 
a change in the hydrogen index of the solvent  

 

In the case where the links of two homogeneous polypeptides at a certain value of the hydrogen index of 

the solvent acquire charges of opposite sign, a spatial structure with intertwined, oppositely charged 

macrochains of polyelectrolytes can form on the surface of the charged nanosphere. 

 

2.1 Single adsorbed polyelectrolyte polypeptide chain on the surface of a charged spherical 
nanoparticle 

The description of the equilibrium structure of an adsorbed macrochain with links of length a at an 

absolute temperature T can be made on the basis of a conformational function ( ) r  satisfying the nonlinear 

integro-differential equation of Grosberg-Khokhlov-Edwards [22-23] 
2

2 ( ) [ ( ) ( ) ] ( )
6

self

a kT
V V   = + −r r r r ,                               (1) 

The self-consistent field potential ( )selfV r  takes into account the volume interactions between the polymer 

links. The potential ( )V r  characterizes the external field in which the polymer chain is located, and which in 

the case under consideration is created by the adsorbent nanoparticle, electrically neutral or charged. 

The spatial distribution of the local density ( )n r  of chain links is determined by the square of the 

conformational function ( ) r  corresponding to the minimum eigenvalue 
0 : 2

min( ) ( )n r r . In the case of 

an electrically neutral spherical surface or a nanosphere, the field potential 
9 3( ) ( )V V r−=r  is the van der 

Waals interaction potential 
9 3( )V r−

 of the chain link with the nanoparticle. The exponents 3 and 9 of the power 

dependences of the potential 
9 3( )V r−

 on the radius r are typical precisely for the spherical shape of a nanobody. 

The expression for the potential energy )(rV  of interaction of an atom with a nanosphere of radius R can be 

formed from paired atom-atom potentials of the form ( ) ( ) ( ) 6
0

12
0 2 rrrrDr −= , and is represented by a 
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triple integral 

2

0

0 0

( ) 2 ( ) sin

R

V r n r dr d



     =  
, 

where  cos2222 rrrr −+= . Here D and r0 are the parameters of the 6–12 Lennard-Jones potential, n0 is 

the concentration of nanosphere atoms. The potential energy of interaction of a chain link with an uncharged 

spherical nanoparticle of radius R, in the case of the initial pair potential of 6–12 Lennard-Jones for 

intermolecular interaction between the atoms of the link and the nanoparticle, is written as (r >R) 

.                         

(2) 

Here D and r0 are the parameters of the 6-12 Lennard-Jones potential, n0 is the concentration of metal 

atoms in the nanoparticle.  

In the case of a charged nanoparticle with a spherically symmetrically distributed charge Q and a 

polyelectrolyte chain with a charge e of its link, the potential ( ) /eQV r eQ r=  of interaction of the macrochain 

monomer with the Coulomb field of the charged nanoparticle is added to the adsorption potential (2). 

9 3 9 3 9 3( ) ( ) ( ) ( )eQ

eQ

eQ
V r V r V r V r

r
− − −= + = + .                                                       (3) 

 

2.2 Ideal Gaussian macromolecular chain without volume interaction of links 
The equilibrium configurations of the macrochain in a model that does not take into account the volume 

interactions of the links ( ( )selfV r =0) are given by the conformational function 
0( ) r , which determines the 

density of the monomeric subunits of the chain in this approximation as 2

0( ) ( )n r r . The function 
0( ) r  then 

satisfies the following differential equation [22] 
2

2

0 0( ) [ ( ) ] ( )
6

a kT
V   = −r r r .                                             (4) 

In the case of a polyelectrolyte, it is possible to formulate the problem of determining the conformational 

structure of the fringe and obtain an exact analytical solution for the conformational function 
0( ) r  satisfying 

equation (4) without appealing to perturbation theory as in earlier works [19-20]. Equation (4) is similar in 

certain features to the Schrödinger equation containing the Coulomb potential. In other words, a problem arises 

similar to the problem of a hydrogen-like atom with an additional potential (2), which, in order to obtain an 

analytical solution to the problem, is replaced by the model potential "wall – delta-functional well" 

1 0 0( ) ( ) ( )V r V R r r = − − [24]. The total potential V(r) in this case takes the form 

1 0 0( ) ( ) ( ) /V r V R r r eQ r = − − + , where e is still the effective charge of the chain link, and Q is the charge 

of the sphere. 

We define the following parameters: 2 0
0 2

6 | |
q

a kT


= − , 

2

0 0

3 3

6 | |

eQ eQ

a kTq a kT



= = . Instead of the radial 

function 
0 0( ) ( )F r =r  satisfying equation (4), for a system with spherical symmetry we introduce the function 

f(r) by the relation 
0 0( ) exp( ) ( )F r q r f r= − , and the dimensionless radius 

02q r = . By direct substitution 

into (4) we verify that the function ( )f   satisfies the degenerate hypergeometric equation 

( ) ( ) 0f f f        + − − = ,                                                        (5) 

with =2 and 1 = − . Then the general solution of the boundary value problem for a spherical system with 

a macromolecular frame is a superposition of two degenerate hypergeometric functions of the first 

1 1( , , ) ( , , )F M       and second ( , , )U     kind with arbitrary constants C1 and C2 

1 2( ) ( ,2, ) ( ,2, )f C M C U    = + ,       (6) 

Degenerate hypergeometric functions of the first ( , , )M     and second ( , , )U     kind are defined by 

the expressions 

( ) ( ) ( ) ( )

6 6

0 0 0
9 3 9 9 3 3

9 9 3 3
( )

6 60

Dn r r R r R r R r R r
V r

r R r R r R r R r


−

    + − + −
 = − − −   
 + − + −       
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1
1 /2

/2 1 1

1

( )2
( , , ) (1 ) (1 ) , Re Re 0

( ) ( )

te
M e t t dt

 
   

    
  

−
− − − −

−


= − +  
 − 





,                  (7) 

1 1

0

1
( , , ) (1 )

( )

tU e t t dt     




− − − −= +





.                                               (8) 

In radial ranges 
0 0 02 2q R q r   and 

0 02q r   for functions 
, ( )I IIf   we can write 

1 2 0 0 0

3 0 0

( ) ( ,2, ) ( ,2, ), / 2

( ) ( ,2, ), 2

I

II

f C M C U q R q r

f C U q r

     

   

= +  


= 

.                        (9) 

01

1 1 ( ) ( ) (2 ) (1 )
( ,2, ) ln

( 1) ( 1) !(2) ( ) (2 ) (1 )

k

k

k k

k k k
U

k k k k

  
  

   



=

     +  +  +
= + + − −  
 − −  +  +  +  

   (10) 

             (11) 

. 

where Q is the charge of the nanoparticle, and the “energy” parameter . 

From the boundary conditions on the surface of the nanoparticle we obtain the following relationships 

between the constants С1, С2 and С3: 

0
2 1

0

( ,2,2 )

( ,2,2 )

M q R
С С

U q R




= − , 

 0 0 0
3 1

0 0 0

( ,2,2 ) ( ,2,2 )

( ,2,2 ) ( ,2,2 )

M q r M q R
С С

U q r U q R

 

 

 
= − 

 

.                        (12) 

Then the desired solutions of the Grosberg-Khokhlov equation take the form 

( )

( )

0
1 0 0 0 0

0

0 0 0
1 0 0 0

0 0 0

( ,2,2 )
( ) ( ,2,2 ) ( ,2,2 ) exp ,

( ,2,2 )

( ,2,2 ) ( ,2,2 )
( ) ( ,2,2 )exp ,

( ,2,2 ) ( ,2,2 )

I

II

M q R
F r C M q r U q r q r R r r

U q R

M q r M q R
F C U q r q r r r

U q r U q R


 



 
 

 

  
= − −    

  


 
= − −  

 

    (13) 

To determine the parameters  and  it is necessary to solve the equation obtained for the jump in the 

radial derivative at the point r0 

0 0

0
0 0 0 0 0 02

6
( ) | ( ) | ( )II r r I r r IF r F r F r

a kT


= + = −

 − = −                                              (14) 

Substituting (13) into (14) we obtain the general transcendental equation for the eigenvalues 

0 0 0

2

0 0 0

1

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

3 ( 1,3,2 )

( ,2,2 )

( 1,3,2 ) ( ,2,2 ) ( 1,3,2 ) ( ,2,2 ) ( ,2,2 )

2 ( ,2,2 ) ( ,2,2 ) ( ,2,2 ) ( ,2,2 ) ( ,2,2 )

U q r

a kTq U q r

M q r M q R U q r M q r M q R

U q r U q R U q r U q r U q R

 

 

    

    

−

 +
− = 
 

   + +
= + −   
   

 (15) 

 

It should be noted that the degenerate hypergeometric functions (7) and (8) in a number of cases, with a 

certain relationship between the parameters   and , are expressed through the Bessel functions of the 

 
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imaginary argument 

( / 2)
( ) exp( ) ( 1/ 2,2 1,2 )

( 1)
I M






    


= − + +
 +

,                  (16) 

( ) (2 ) exp( ) ( 1/ 2,2 1,2 )K U

       = − + + .                  (17) 

 

Since =2 and 1 = − , , to obtain =2 it is necessary that =2=(2 1 + ), 

whence it follows that 1/ 2 = . This means that 1 =  and Q=0. Thus, in this case we obtain an electrically 

neutral nanoparticle, and the same, uncharged, macrochain. Formulas (13) go over to the previously obtained 

expressions with Bessel functions I1/2, K1/2. 

In this case, for a spherically symmetric potential 
1 0 0( ) ( ) ( )V r V R r r = − − , the radial functions 

,

0( ) ( )I IIF r =r  are defined inside the spherical layer R<r<r0 and in the region conjugate to it r>r0 in the 

following form 

,                         (18) 

where  and  are modified Bessel functions of the first and second kind with half-integer 

index, and eigenvalues , R is the radius of the nanoparticle. The transcendental equation (14) for 

the eigenvalue  is transformed to the equation 

2
2 1/2 0

1/2 0 0 1/2 0 0 1/2 0 0

0 1/2 0

( )
( ) ( ) ( )

6 ( )

a kT I q R
I q r K q r K q r

r K q R
 ,             (19) 

which is related to (15), but allows us to define in a new way , and with it the only discrete level of the 

spectrum . The conformational characteristics (18) of the chain in the case of an uncharged nanoparticle or 

an electrically neutral macromolecule are indifferent to changes in the charge states of the system components. 

Thus, for the case of a polyelectrolyte fringe adsorbed by a charged nanosphere, neglecting volume 

interactions, we have an exact analytical solution to the problem presented by formulas (13) and (15). Note 

that, unlike the aligned polyampholyte links of a macrochain, for which there was always an attraction to the 

surface, regardless of the sign of the nanoparticle charge, in the case of a polyelectrolyte chain under 

consideration, there may be both an additional attraction (opposite signs of the charges of the link and the 

particle) against the background of the attractive potential responsible for the adsorption of the macromolecule, 

and a repulsion (identical signs of the charges), which hinders adsorption or even leads to desorption at a 

sufficiently high temperature of the system. This additional Coulomb attraction or repulsion of the links to the 

surface of the nanoparticle will ultimately determine the observed compression or loosening of the reinforced 

fringe of the adsorbate. 

Quantitatively, this is reflected in the sign of the charge parameter 1 | | − =  . With the same signs 

of the charge of the links and the adsorbent, under the conditions of realized adsorption of the macrochain, 

swelling of the fringe will be observed, caused by the Coulomb repulsion from the surface of the links that 

have avoided attraction by the potential well. For the same reason, in the case of opposite charges, the 

macrochain fringe should experience Coulomb compression 

. 

In order to develop an analytical model convenient for carrying out calculations, potential 
9 3( )V r−

 (2) can 

be replaced by a simple model potential 
0 0( ) ( ) ( )V r V R r r  

= − −  “solid wall – delta-functional well”, in 

which the point r0 of localization of the delta-functional well coincides with the radius rm of the bottom of the 

potential well (2).  
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2.3 Accounting for volumetric interlink interactions of a polymer chain 

The bulk interlink interactions of the polymer can be taken into account through the potential ( )selfV r  of 

the self-consistent field using the Edwards method [23] 

( )*( ) ( ) ( )selfV n kT B n= =  r r r ,                                             (20) 

where ( )* ( )n r  is the chemical potential of the chain links: 

( )
1/4

2
( ) 3 / 4

3
B T

T

  
=  

 
, 

– the second virial coefficient [22], taking into account pairwise collisions of links and the effect of excluded 

volume due to the repulsive part of the 6–12 Lennard-Jones potential, and the constant 
11( )exp( / ) |

DD D r rQ e r r r  →
  =    − 

                        (21) 

renormalized taking into account the additional charge on the links of the macrochain and the Debye screening 

with radius rD. The gamma function Г of ¾ takes the numerical value 

( ) 23 / 4 2 / Г(1/ 4), Г(1/ 4) 2 (1/ 2) 3,626.K  = = 

 

In the case of Coulomb interaction of polyelectrolyte units with each other, one can introduce the 

corresponding pair potential ( )qq r , and represent the renormalized constant   in the form 

( ) 12

0 0( )qqD r r   → = + 
 

.                (22) 

Then the model potential in the Grosberg-Khokhlov-Edwards equation (1) can be written as 

0 0( ) ( ) ( ) ( ) ( )selfV r V V R r r kT B n + = − − +  r r . 

Let us write equation (1) for the conformational function 1( ) r  of the first macrochain 

2
2 (1)1 1

1 9 3 1 1 1 2 1 1( ) ( ) ( ) ( ) ( )
6

a kT e Q
r V r kTB n r e r r

r
   −

 
 = + + + − 

 
.             (23) 

Here, in (23), the electrostatic field potential 
2( )r  is created by the charged chain 2 of the second 

polyelectrolyte and affects the formation of the secondary structure of chain 1 through its conformational 

function 
1( ) r . It is also obvious that the potential 

2( )r  satisfies the Poisson equation 

2 2

2 2 22

1
( ) 4 ( )

d d
r r e r

r dr dr
  = − .                          (24) 

Equations similar to (23) and (24) can be written by considering the conformations of chain 2 in the field 

of the charged chain 1. Then, for the conformational functions 1,2( ) r  and potentials 1,2( )r , we obtain a 

closed system of nonlinear differential equations. 

 

2.4 Formation of conformations of two interacting adsorbed polyelectrolyte chains on the 
surface of a charged nanosphere 

Combining all the equations considered into a system, we obtain four interconnected ordinary differential 

equations 
2

2 (1) 21 1
1 9 3 1 1 1 2 1 12

2
(2) 22 2

2 9 3 2 2 2 1 2 22

2 2

1 1 12

2 2

2 2 22

1
( ) ( ) ( ) ( ) ( )

6

1
2 ( ) ( ) ( ) ( ) ( )

6

1
( ) 4 ( )

1
( ) 4 ( )

a kT d d e Q
r r V r kT B r e r r

r dr dr r

a kT d d e Q
r r V r kT B r e r r

r dr dr r

d d
r r e r

r dr dr

d d
r r e r

r dr dr

    

    

  

  

−

−

 
= +  + + − 
 

 
= +  + + − 
 

= −

= −













.           (25) 
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The self-consistent system of equations (25) for conformational functions 
1,2( ) r  and potentials 1,2( )r  

is quite complex, and obtaining analytical expressions for functions 1,2( ) r  and 
1,2( )r  is problematic. 

However, the general structure of the model based on system (25) is partially visible even without resorting to 

exact solutions of these equations. In addition, sufficient progress in solving the problem can be made by 

adopting the approximation of relatively weak electrolyte fields. Then, in the zero approximation, the potentials 

1,2( )r  are not taken into account in the first two equations of system (25), and the conformational functions 

1,2( ) r  in this approximation are found as (0)

1,2 1,2( ) ( ) →r r . 

 
2

2 (0) (1) (0)2 (0)1 1
1 9 3 1 1 1 12

2
2 (0) (2) (0)2 (0)2 2

2 9 3 2 2 2 22

2 (0) (0)2

1 1 12

2 (0)

22

1
( ) ( ) ( ) ( )

6

1
( ) ( ) ( ) ( )

6

1
( ) 4 ( )

1
( )

a kT d d e Q
r r V r kT B r r

r dr dr r

a kT d d e Q
r r V r kT B r r

r dr dr r

d d
r r e r

r dr dr

d d
r r

r dr dr

   

   

  



−

−

 
= +  + − 
 

 
= +  + − 
 

= −

= (0)2

2 24 ( )e r 










 −


.                    (26) 

 

In this case, the last two equations in (26) – the Poisson equations, become autonomous and can be solved 

by standard electrostatic methods for a given charge distribution density 
2

(0)

1,2 1,2 ( )e r    if the solutions 

(0)

1,2 ( ) r  of the first two equations of system (26) are found beforehand. After this, the found potentials 
(0)

1,2 ( )r  

of the zero approximation are returned to system (25) to find the functions 
(1)

1,2 ( ) r  and potentials 
(1)

1,2 ( )r  of 

the first approximation. To achieve the required level of accuracy, this iterative procedure can be continued. 

As in Section 2.2, to find in analytical form the radial distribution of links of a polymer chain adsorbed 

by a charged nanoparticle of radius R, the potential energy (2) of the interaction of an atom with a nanosphere 

should be replaced by a simple model potential 
1,2 1,2

( ) ( ) ( )m

e Q e Q
V r V R r r

r r
 

+ = − − +  “solid wall – delta-

functional well”. 

The solutions (0)

1,2 ( )r  of equations (26) without taking into account the effects of the self-consistent field 

are then written in the form (13), where the parameters 
1,22

1,2 2

1,2

6
q

a kT


= −  are the roots of two transcendental 

equations of type (15). 

The only roots of these equations correspond to functions (0)

1,2 ( )r  whose squares give the desired 

expressions for the radial distributions 
(0) (0)2

1,2 1,2( ) ( )n r r=  of the density of links of chains 1 and 2. 

 

2.5 Calculation of field potentials and interaction energy of adsorbed polyelectrolyte chains 
The Green's function of the two Laplace equations in (26) of the external Dirichlet problem (r>R) for a 

ball has the form 

0 1

0 0 0

0

1 1
( , , ; , , )

4 MM MM

R
G r r

r r r
   



 
= − 

  

.                                             (27) 

The point M1 is the conjugate point of M0 relative to the surface of the sphere. Then the zeroth 

approximation potentials (0)

1,2 ( )r  outside the sphere (r>R) can be written in quadratures 
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(0)2 2

1,2 0 0 1,2 1,2 0 0 0 0 0 0

0

( ) sin ( ) ( , , ; , , )2

R

r d e r G r r r dr



        



=


 
 

.                             (28) 

The interaction energy of chains in some cases may be of independent interest and is determined by 

integrals 

2 2

1 2 1 1 2 2 2 1[ ( ), ( )] ( ) ( )4 ( ) ( )4

R R

W n r n r e n r r r dr e n r r r dr   

 

= =
 
 
  .      (29) 

 

3. Molecular dynamics simulation  
 

Molecular dynamics (MD) simulations were performed for polypeptides on the surface of a gold 

nanoparticle with a radius of about 3 nm [25]. MD simulations were performed using the NAMD 2.14 software 

package [26]. A number of combinations of polypeptides, each 100 units long, were considered: 

1) one macromolecule of histidine His amino acid residues, 

2) two macromolecules of histidine amino acid residues – the HH polypeptide complex, 

3) one polypeptide of histidine His units, and the other of glutamic acid Glu units – the HG polypeptide 

complex. 

The following pH range was chosen: from 4 to 7.6. At pH≈4, all polyhistidine units have a positive 

charge, and at the isoelectric point for histidine pIHis≈7.6, all units become uncharged His0. As the pH increases 

in this range, some amino acid residues change their charge and become neutral [27]. A number of macrochains 

with different charged units were considered: 

1) polypeptide His100 (total charge of the macrochain +100e) - corresponds to a hydrogen index level of 

pH≈4; 

2) polypeptide (His2His0His)25 (total charge +75e) - pH≈5.5; 

3) polypeptide (His0His)50  (total charge +50e) - pH≈6; 

4) polypeptide (His0
2HisHis0)25 (total charge +25e) - pH≈6.5; 

5) polypeptide (His0
5HisHis0

4)10 (total charge +10e) – pH≈7; 

6) polypeptide His0
100 (uncharged macromolecule) at isoelectric point pIHis≈7.6. 

For polypeptides, the CHARMM36 force field was used [28–29]. The interaction with the gold 

nanoparticle was described by the Lennard-Jones potential [30]. Long-range electrostatic interactions were 

calculated using the particle–mesh Ewald (PME) method [31]. The entire system was contained in a cube with 

25 nm edges containing TIP3P water molecules [32]. MD simulations were initially performed at a constant 

temperature of 600 K and at 300 K in the final portion of the trajectory. This allowed us to reach deeper minima 

in the macrochain's conformational energy, including over a shorter trajectory. To monitor the attainment of 

equilibrium conformations, we monitored the change in the root-mean-square distance (RMSD) between 

polypeptide atoms in different conformations. The simulation time reached 30 ns with a step size of 1 fs. Three 

different starting conformations were considered for each combination of macrochains. 

Initially, the polymers were located near a neutral gold nanoparticle. In this case, a single polyhistidine 

or a pair of polyhistidines in the HH complex in the starting conformation were at the isoelectric point. As a 

result of the simulation, adsorption of a single polyhistidine (Fig. 1a) and two polyhistidines (Fig. 5a) on the 

surface of an uncharged gold nanoparticle was observed. The obtained equilibrium structures of polypeptides 

at the isoelectric point were subsequently used as starting points in modeling with a lower pH value. 

The macrochains in the HG complex at the initial moment of time were at a hydrogen index value of 

pH≈5.5, that is, when most of the polyhistidine units were positively charged, and the polyglutamate units 

were negatively charged by approximately 90 percent - (Glu5Glu0Glu4)10 (the parameters of which were set in 

the same way as in [33]). Therefore, a polymer complex of two oppositely charged macromolecules of 

polyhistidine and polyglutamate (Fig. 7a), intertwined with each other, was formed on the surface of the 

nanoparticle. Subsequently, during modeling for this nanosystem, the pH level increased, and the hydrogen 

index values were taken in the range from 6 to 8, in which all polyglutamate units were negatively charged. 

The following values of the surface charge density of the nanoparticle were considered: ±σ, ±2σ, ±5σ, ±10σ, 

±20σ, where σ≈0.2e/nm2, 2σ≈0.4e/nm2, 5σ≈1e/nm2, 10σ≈2e/nm2, 20σ≈4e/nm2 (the partial charge of the atom 

on the surface is ±0.01e, ±0.02e, ±0.05e, ±0.1e, and ±0.2e, respectively [34]). 
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4. Results  
 
4.1 Conformations of a single homogeneous polypeptide on a charged gold nanoparticle with 

changing pH 
Molecular dynamics simulations of single polyhistidine at an isoelectric point of pIHis≈7.6 revealed 

polymer adsorption on the nanoparticle (Fig. 1a). As the pH value varied, the rigidity of the polyelectrolyte 

macrochain increased. At a low polyelectrolytic level, the adsorption pattern was similar to that observed at 

the isoelectric point. If the degree of polyelectrolyticity was high, then the macrochain initially compactly 

adsorbed on the surface of the nanoparticle began to unfold with the release of loops into the surrounding space 

(Fig. 1c). This type of adsorption is typical of highly charged polyelectrolytes [35]. Figure 2a shows that the 

strongest decrease in the density of polymer atoms is observed at the lowest pH≈4 value considered.  

 

   
a b c 

Fig. 1. Single polyhistidine on the surface of an uncharged gold nanoparticle after simulation at the isoelectric point 

pIHis≈7.6 (a), as well as at pH≈6 (b) and pH≈4 (c). Uncharged amino acid residues His0 are shown in gray, and  

positively charged His are shown in red. 

 

 

  
a b 

  
c d 

Fig. 2. Radial dependences of the average atomic density of a single polyhistidine on an uncharged gold 

nanoparticle (a), as well as on a charged gold nanoparticle with a surface density of +2σ (b), +5σ (c), and -5σ (d) at 

different pH levels. 
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If the nanoparticle was negatively charged, the positively charged polyhistidine units were attracted to 

the surface of the nanoparticle. This was most pronounced when the degree of polyelectrolyticity of the 

polypeptide was high. The swollen polyelectrolyte fringe at pH≈4 on an uncharged nanoparticle (Fig. 1c) was 

compressed on a negatively charged surface (Fig. 3a). When the nanoparticle was positively charged, the 

charged polyhistidine units were repelled from the like-charged surface. This led to the macromolecular corona 

first swelling, followed by polyelectrolyte desorption.  

Figure 3b shows that at a surface charge density of +5σ and a pH of ≈6, desorption of a significant polymer 

fragment is observed. When the pH level was equal to pH≈4 and pH≈5.5, polyelectrolyte desorption occurred 

at a surface charge density of +5σ, while at pH≈6 the polypeptide desorbed at +10σ, and at pH≈6.5 – at +20σ. 

At pH≈7, macrochain desorption did not occur; however, the polyelectrolyte flake swelled significantly at 

+20σ compared to the neutral surface of the nanoparticle, when the polypeptide conformation was similar to 

the polypeptide conformation at the isoelectric point. Figures 2b and 2c show that, for the same nanoparticle 

charge, the density of polypeptide atoms near the nanoparticle surface varies significantly at different pH 

values. The lower the pH, the more severe the loosening of the macrochain fringe on the positively charged 

surface (Figures 2b and 2c). When the nanoparticle was negatively charged (Figure 2d), the radial atom density 

distribution curves were very close to each other due to the fact that the positively charged macrochain was 

adsorbed on the nanoparticle. 
 

 

 
a b 

  

Fig. 3. Single polyhistidine after simulation on the surface of a gold nanoparticle charged with a surface charge density 

of -5σ at pH≈4 (a), and at pH≈6 and +5σ (b). Uncharged amino acid residues His0 are shown in gray, and positively 

charged His are shown in red. 

 

Figure 4 shows that for polypeptides with varying degrees of polyelectrolyticity, the conformational 

structure of the macromolecular corona around the nanosphere changes from dense to swollen over different 

ranges of surface charge density. 

 

  
a b 

Fig. 4. Radial dependences of the average atomic density of adsorbed single polyhistidine at different surface 

charge densities of gold nanoparticles at pH≈4 (a) and pH≈7 (b). 
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For a highly charged polymer molecule (Fig. 4a, pH ≈ 4), the polymer layer begins to swell at a surface 

charge density of -σ, i.e., with a charge opposite to that of the macrochain. For a polyelectrolyte with a low 

degree of polyelectrolyticity (Fig. 4b, pH≈7), swelling of the macrochain fringe begins to occur only at a 

surface charge density of the nanoparticle of +5σ, at which polyhistidine at pH≈4 has already desorbed. 

 

4.2 Conformations of two identical polypeptides on a charged gold nanoparticle with changing 
pH 

In the case of MD simulation, at the isoelectric point of two identical polypeptides on a spherical gold 

nanoparticle, both macrochains were adsorbed on its surface, partially intertwined with each other (Fig. 5a). 

As the pH level decreased, the macromolecules began to repel each other, as they became equally charged. 

With a small degree of polyelectrolyticity of polypeptides, the forces of electrostatic repulsion between the 

macrochains were insufficient to overcome the van der Waals forces and shift them from each other by a 

significant distance, therefore, the polypeptide fragments moved only slightly from each other. With a further 

decrease in the pH level and, accordingly, an increase in the degree of polyelectrolyticity, the polypeptides 

shift to different sides of the gold nanoparticle, repelling each other (Fig. 5b). 

 

 

 
 

a b 

  
c d 

Fig. 5. Two macromolecules of histidine units (HH polypeptide complex) on the surface of a neutral gold nanoparticle 

after simulation: at the isoelectric point pIHis≈7.6 (a) and at pH≈4 (b), as well as on a nanoparticle charged with a 

surface density of -5σ at pH≈4 (c) and +5σ at pH≈6 (d). The first and second polypeptides are shown in red and blue, 

respectively. 

 

Figure 6a shows that with decreasing pH and increasing the degree of polyelectrolyticity of the 

macrochains, there is a significant decrease in the concentration of units near the surface of the nanosphere. At 

pH≈4, the peak distribution for two macrochains decreased by approximately 30 percent compared to the peak 

of this distribution at the isoelectric point (Fig. 6a). This decrease is much greater than for a single polypeptide, 

where the peak distribution of polyelectrolyte atoms at pH≈4 decreased by approximately 13 percent compared 

to the peak distribution at the isoelectric point (Fig. 2a). This indicates a stronger swelling of the polymer layer 

with increasing polyelectrolyticity of two polyhistidines compared to a single macromolecule due to the 

electrostatic repulsion between similarly charged polypeptides. 
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Adsorption of positive polypeptide units in the HH binary complex occurred on the surface of a highly 

negatively charged nanoparticle (-5σ and below) at low pH. The loose polymer fringe on the neutral 

nanoparticle (Fig. 5b, pH≈4) contracted and tightly enveloped the oppositely charged nanoparticle (Fig. 5c, 

pH≈4). Figure 6b shows the combined distributions of two polyhistidine macromolecules on a charged 

nanoparticle with a surface density of -5σ. It can be seen that the distribution curves for the HH polypeptide 

complex with varying degrees of polyelectrolyte (pH≤7) are very close to those for their adsorption at the 

isoelectric point pIHis≈7.6. 

 

  

a b 

  
c d 

Fig. 6. Total radial dependences of the average density of atoms of two polyhistidine macromolecules on an uncharged 

(a) and charged gold nanoparticle with a surface density of -5σ (b), +2σ (c), and +5σ (d) at different pH levels. 

 

As the nanoparticle charge increased, the polyelectrolyte fringe first swelled (Fig. 5d, +5σ at pH≈6), and 

then the macromolecules desorbed. The sparsity of the polyelectrolyte fringe of two polyhistidines around the 

gold nanoparticle at the same surface charge density depended significantly on the pH. Figures 6c and 6d show 

that at lower pH, the distributions for the HH polypeptide complex are significantly lower at the same charge, 

indicating significant swelling of the polyelectrolyte fringe. The lower the degree of polyelectrolyticity of the 

polypeptides in the HH complex, the higher the nanoparticle charge value at which desorption of 

macromolecules was observed: at pH≈4 and pH≈5.5 - at a surface charge density equal to +5σ, at pH≈6 - at 

+10σ, at pH≈6.5 - at +20σ, and at pH≈7 no desorption was observed, as in the case of single polyglutamate. 
 

4.3 Conformations of a binary polyhistidine-polyglutamate complex on a charged gold 
nanoparticle with varying pH 

At pH ≈ 5.5, polyhistidine and polyglutamate in the HG complex were oppositely charged and attracted 

to each other, intertwining (Fig. 7a). As pH increased, the charge of polyhistidine gradually decreased and 

became zero at the isoelectric point pIHis≈ 7.6, while the absolute charge of polyglutamate reached its maximum 

at pH≈6 and remained unchanged. The electrostatic attraction between the macrochains decreased with 

increasing pH, while the interunit repulsion in polyglutamate increased. Therefore, polyglutamate was released 

from its bond with polyhistidine and unfolded, releasing fragments into the space surrounding the nanoparticle 

(Fig. 7b). Meanwhile, polyhistidine remained folded on the surface of the gold nanoparticle. 
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Fig. 7. Macromolecules of polyhistidine (red) and polyglutamate (blue) after simulation on the surface of an uncharged 

gold nanoparticle at pH≈5.5 (a) and pH≈7.6 (b). Total radial dependences of the average density of polypeptide atoms 

in the HG complex (c), as well as radial dependences of the average density of polyhistidine (d, curves 1) and 

polyglutamate (d, curves 2) atoms in the HG complex separately on the surface of an uncharged gold nanoparticle at 

different pH levels. 

  
a b 

  
c d 

 

Fig. 8. Macromolecules of polyhistidine (red) and polyglutamate (blue) after simulation on the surface of a gold 

nanoparticle charged with a surface density of -5σ at pH≈7.6 (a) and pH≈6 (b), at -10σ and pH≈6 (c), at +10σ and 

pH≈5.5 (d). 
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Figure 7c shows the total distributions of polyhistidine and polyglutamate atoms in the HG complex at 

different pH levels on the surface of a neutral nanoparticle. It is clear that as the pH increases, the distribution 

curves become very close to each other, decreasing slightly at pH ≈ 7.6, when polyglutamate is maximally 

released from its bond with polyhistidine. A different picture is observed for the distributions of polyhistidine 

and polyglutamate atoms in the HG complex, constructed separately for each polypeptide (Fig. 7d). With 

increasing pH, the distributions for polyhistidine and polyglutamate behave differently: the curves for 

polyglutamate decrease, while the peak values of the distribution for polyhistidine increase (Fig. 7d).  

The decrease in the concentration of polyglutamate atoms near the surface of the nanoobject is associated 

with the unfolding of the polymer with increasing pH (Fig. 7b). And the increase in the concentration of 

polyhistidine atoms near the surface is associated with the substitution of desorbed polyglutamate units (Fig. 

7b). At pH≈7.6, polyhistidine was uncharged at the isoelectric point, so on the negatively charged surface of 

the nanoparticle, the negatively charged polyglutamate was repelled from the nanoparticle, and the polymer 

corona swelled. At a surface charge density of -5σ, polyglutamate was almost completely desorbed, retaining 

itself in the HG complex due to entanglement with polyhistidine and pulling its loops into the surrounding 

space (Fig. 8a). On a positively charged nanoparticle at pH≈7.6, the fringe swollen due to the unfolding of 

polyglutamate (Fig. 7b) was compressed due to the electrostatic attraction of the negatively charged 

polyglutamate to the surface. On a positively charged nanoparticle, a mirror image was observed when the pH 

level was reduced. The lower the pH level, the greater the degree of polyelectrolyticity of polyhistidine, and it 

was increasingly repelled from the surface of the nanoparticle (Fig. 8d). And polyglutamate, on the contrary, 

was increasingly attracted to the positively charged surface. A polymer fringe was formed, in which 

polyglutamate was concentrated at the surface, and polyhistidine was at the periphery. Thus, the structure and 

swelling character of the fringe from the HG polypeptide complex changed significantly with changes in both 

the surface charge and the pH level. Figure 9a shows the total distributions for the HG complex depending on 

the charge density on the nanoparticle surface at pH≈5.5.  

It is evident that with an increase in the absolute value of the nanosphere charge, the total density of 

polypeptide atoms decreases. This is due to the swelling of the polypeptide fringe of two oppositely charged 

macrochains, since the macrochain charged like the nanoparticle shifts to the periphery. Therefore, the curves 

of the radial dependences of the average density of polyhistidine (Fig. 9b) and polyglutamate (Fig. 9c) atoms 

behave differently with a change in the nanoparticle charge at pH≈5.5. For polyhistidine (Fig. 9b), the atomic 

density at the surface of a negatively charged nanoparticle slightly increases compared to a neutral 

nanoparticle, while it decreases significantly on a positively charged surface. In this case, the density of 

polyglutamate atoms changes in a mirror image when the charge of the nanoparticle changes (Fig. 9c). And at 

pH≈7.6, when polyhistidine becomes neutral, the negatively charged polyglutamate macrochain is repelled 

from the surface (Fig. 8a), so the density of polyglutamate atoms at the surface of a negatively charged 

nanoparticle decreases significantly (Fig. 9d). Figure 10 shows the radial dependences of the average density 

of polyglutamate atoms at different pH levels at -5σ (Fig. 10a) and +5σ (Fig. 10b). It is evident (Fig. 10a) that 

with increasing pH, the number of polyglutamate atoms near the surface decreases significantly due to the 

release of polyglutamate from adhesion to neutralizing polyhistidine and the repulsion of polyglutamate from 

the surface. On a positively charged nanosphere (Fig. 10b), with increasing pH, the density of polyglutamate 

atoms increases slightly due to displacement toward the surface after release from polyhistidine. 

 

4.4 Results of calculations based on the mathematical model 
To compare the calculation results based on the analytical model with the MD simulation data, Fig. 11 a, 

b, c shows the graphs of the radial dependences of the conformational functions ,

0( ) ( ) ( )I IIr F r F r  =  for 

different signs of the charge parameter 1 , | |   = − =  . Curves 1 in all three Figures 11 a, b, c correspond 

to the same signs of the charges of the spherical nanoparticle and the polymer chain links: qQ>0 , therefore 

the maxima of the curves ,

0( ) ( ) ( )I IIr F r F r  =  at the points r0 of the minimum potential are located below 

the maxima of curves 2, which are calculated for the case of qQ<0, i.e., with the appearance of additional 

attraction of the charged chain links to the nanoparticle surface.  Curves 1 are characterized by a more gradual 

attenuation in the asymptotics, as should be the case of swelling of the polymer corona.  
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Fig. 9. Total radial dependences of the average density of polypeptide atoms in the HG complex (a), as well as radial 

dependences of the average density of polyhistidine (b) and polyglutamate (c) atoms in the HG complex separately at 

different surface charge densities of the gold nanoparticle at pH≈5.5, as well as radial dependences of the average 

density of polyglutamate atoms at pH≈7.6 (d). 

 

  
a b 

Fig. 10. Radial dependences of the average density of polyglutamate atoms at different pH levels with a surface charge 

density of gold nanoparticles of -5σ (a) and +5σ (b). 

 

For large values of the charge parameter modulus 
2

0

3 | |
| |

qQ

a kTq
 =  – 0.9 for Fig. 11a versus 0.2 for Fig. 11b 

and 0.1 for Fig. 11c, curves 1 and 2 exhibit a larger amplitude of divergence of the function F with changes in 

the radial variable in Fig. 11a compared to Fig. 11b and Fig. 11c. That is, for uncharged nanoparticles or 

electrically neutral polymer chains, curves 1 and 2 coincide. To cover a wider range of values, the radial 

variable of the function F is expressed in dimensionless rq units.  
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Fig. 11. Radial dependences of conformational functions for different signs of the charge parameter: 

1– qQ>0, 2– qQ<0 and three values of its modulus: 0.9 (a), 0.2 (b) and 0.1 (c). 

 

Thus, the theoretical model proposed in this paper qualitatively accurately conveys the observed features 

of the interaction of two polyelectrolyte chains with a charged nanoparticle, revealed by MD simulations with 

specific adsorbed polypeptides upon changes in the solution pH and the nanoparticle charge. 

 

5. Conclusion  
 

The conformations of homogeneous polypeptides adsorbed on the surface of a charged spherical gold 

nanoparticle are significantly restructured with changes in the pH level and charge of the nanoparticle, and in 

the case of adsorption of two polypeptides on a nanoparticle, the structure of the macromolecular fringe 

depends significantly on the combinations in which the polypeptides are found in the binary complex. 

A single homogeneous polypeptide adsorbed on a neutral gold nanoparticle unfolds from a tangled ball 

structure when the pH level deviates from the isoelectric point, and the polymer fringe around the nanoparticle 

begins to swell. On an oppositely charged nanoparticle, the swollen polyelectrolyte fringe contracts, while on 

the surface of a similarly charged nanoparticle it swells (up to desorption) as the pH level deviates from the 

isoelectric point. 

Two identical homogeneous polypeptides adsorbed on an uncharged gold nanoparticle begin to repel and 

shift from each other along the surface when the pH value deviates from the isoelectric point. Since the size of 

the nanoparticle is much smaller than the length of the macrochain, the desorption of polypeptide fragments 

in the binary complex begins at a lower degree of polyelectrolyticity of the macromolecules and the rarefaction 

of the peptide layer on the surface of the neutral nanoparticle was stronger than for a single macrochain at the 

same deviation of the pH level from the isoelectric point. 

On the surface of a neutral gold nanoparticle, oppositely charged macrochains were tightly intertwined. 

On the charged nanoparticle, the macromolecule with the same charge as the nanoparticle shifted to the 

periphery, while the oppositely charged polyelectrolyte remained near the surface. This created two layers of 

different types of polypeptides within the polymer crown, which swelled significantly. Upon reaching the 

isoelectric point of one of the polypeptides, the charge of the second polypeptide became uncompensated. 

Therefore, the second charged polypeptide began to unfold and disengage from the first uncharged 

macromolecule. On the nanoparticle, which was oppositely charged relative to the second polypeptide, the 

macromolecular crown contracted. And if the nanoparticle was charged in the same way as the second 

polypeptide, then it shifted to the outer side of the polymer fringe and could desorb faster, the higher the 

absolute value of the nanoparticle charge was, and the pH level was closer to the isoelectric point of the first 

polypeptide. 

To describe the conformations of adsorbed charged macrochains, a mathematical model based on a closed 

self-consistent system of equations for conformational functions 1,2( ) r  and electrostatic potentials 1,2( )r  is 

proposed. To take into account the volume interactions of chain links, self-consistent field potentials were 

introduced into the model using the Edwards method. Obtaining solutions to the closed system of differential 

equations is based on an iterative procedure. The proposed model qualitatively correctly conveys the observed 

features of the interaction of two polyelectrolyte chains, revealed as a result of MD simulation with specific 

adsorbed polypeptides with changes in pH and nanoparticle charge. 

Thus, such changes in polypeptide conformations can be used to create pH-sensitive nanoprobes, 

nanocontainers, and elements of various biochemical sensors. If small functional molecules are introduced into 
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the polypeptide edging, then when the pH level changes with a change in the conformations of the 

polypeptides, a shift of the introduced small molecules relative to the surface of the nanoparticle or their release 

from the polymer edging will occur. This nanosystem can be used as a pH-sensitive container for targeted 

delivery of drugs with their controlled release at the final destination. If molecules of organic dyes are included 

in the polymer edging, then the pH-sensitive change in the distance between them, as well as the change in the 

distance between the dyes and the plasmonic nanoparticle, can be used as a method for controlling the 

efficiency of the luminescent signal of this hybrid nanosystem, since the various channels of deactivation of 

the electronic excitation of photoactive molecules depend significantly on the spatial arrangement of the 

molecules relative to the plasmonic nanoparticle. 
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Abstract. In this work, titanium oxynitride films were obtained on the surface of glass and silicon substrates 

by magnetron sputtering in a mixture of argon-oxygen-nitrogen gases. The thickness of the obtained films, their 

deposition rate, and surface morphology were estimated depending on the type of substrate. The optical and 

electrical properties of films produced on the glass surface have been studied. A comparison of optical data with 

literature data showed the formation of amorphous films with a composition close to the stoichiometric 

composition of TiO1.27N0.49. The results showed that the obtained properties correspond to the literature data, 

which opens up new prospects for the use of the obtained titanium oxynitride films as an active element of 

memristors, and in other important areas of modern materials science. 

 

Keywords: Titanium oxynitride, thin films, magnetron sputtering, absorption spectrum, electrical resistivity. 
 

1. Introduction 
Currently, memristors are one of the promising areas for creating an element base for use in 

neuromorphic applications and as elements of non-volatile memory [1-3]. The first experimental results on 

the manufacture of memristors were obtained on the basis of thin films of titanium dioxide TiO2 [4]. Further, 

in the course of numerous research works, memristors based on various inorganic and organic materials were 

obtained. Fairly large number of inorganic materials with a memristive effect are known: oxide materials 

such as TiOx, HfOx, AlOx, TaOx, VOx etc., oxides of rare earth metals: Y, Ce, Sm, Gd, Eu, Pr, Er, Dy, and 

Nd; perovskites: SrTiO3Ba0,7Sr0,3TiO3, SrZrO3, BiFeO3, as well as metal nitrides [5-8]. 

Titanium compounds such as titanium oxide and titanium nitride are materials on which a memristive 

effect is obtained or used as electrodes for memristors [4, 9, 10]. Memristors based on titanium oxynitride 

(TiOxNy) were also obtained in [11]. Titanium oxynitride occupies an intermediate state between titanium 

oxide and titanium nitride in its physico-chemical properties. It is possible to obtain materials similar in 

properties to titanium oxide or titanium nitride by changing the concentration of oxygen and nitrogen in 

TiOxNy films. Memristors based on titanium dioxide films with an admixture of copper were manufactured 

in [12]. Modification of films with copper leads to a significant improvement in the basic memristive 

characteristics compared with titanium dioxide-based storage devices. It is shown that the use of these films 

in the memristor structure makes it possible to increase the ratio of the state with high electrical resistance to 

the state with low electrical resistance by more than 102 times. 

Recently, interest in titanium oxynitride films has been growing as a promising material for use in 

biomedical applications [13], for photocatalysis [14] and as plasmonic materials [15]. Various synthesis 

methods are used such as pulsed laser deposition [14], magnetron sputtering [16] ion beam deposited [17] 
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low-pressure metal-organic CVD [18] etc. Despite numerous studies in this area, there are issues that, when 

considered, will allow us to optimize the technology for producing thin films of titanium oxynitride and 

better determine their physical and chemical properties. 

In this paper, the optical and electrical properties of thin titanium oxynitride films obtained by 

magnetron sputtering are investigated. During the production of films, a mixture of oxygen and nitrogen 

gases was introduced into the volume of the working chamber simultaneously with argon in proportion to 

their concentration in the atmosphere. This suggests that titanium oxynitride films can be produced using the 

addition of a small volume of air. 

 

2. Materials and experimental details 
The magnetron sputtering method was used for obtaining titanium oxynitride films. It was used a 

modernized NNV-6.6-I1 installation [19]. The installation was equipped with a plasma source with a hot 

cathode "PINK" and a dual magnetron sputtering system with two planar magnetrons and targets. The targets 

with a diameter of 100 mm are made of titanium grade VT-01. Preliminary, prepared samples were placed in 

the installation chamber on a rotating substrate holder. Vit-3 vacuum meter was employed for pressure 

control in the chamber. The chamber was evacuated for an hour until a vacuum of 10-3 Pa was achieved. 

Then argon gas was pumped into the chamber and a pressure of 10 Pa was achieved using the gas leakage 

system. After switching on the "PINK" the samples were cleaned in argon plasma for 5 minutes. Then the 

argon pressure was reduced to 10-2 Pa, and the dual magnetron was switched on in pulse mode with a 

frequency of 30 kHz. The targets were "burned" for 2-5 minutes until stable parameters for current (1.17 A) 

and voltage (522 V) of discharge combustion were reached. This was indicated by the absence of microarcs 

on the target. Then, in addition to argon, a mixture of oxygen and nitrogen gases was introduced into the 

system using a needle-type manual leak in the proportion of 4 parts nitrogen (N2) and 1-part oxygen (O2). 

The magnetron operated in the direct current mode. The gas feed rate increased until the discharge 

voltage began to grow. The gas flow rate was fixed and the rotary table with the substrates fixed on it was 

turned on. The substrate rotation speed was maintained constant. The thickness of the deposited layer on the 

substrate depended on the deposition time and the magnetron discharge power. The coatings were deposited 

for 15 minutes at a rotation speed of 2 revolutions per minute, with a discharge power of 0.6 kW. Air was let 

into the chamber and the deposited samples were removed when the deposition process was completed. 

Cover glasses and silicon plates were used as substrates. The described method yielded 5 films on cover 

glasses and 2 films on silicon plates. The resulting films were golden in color, which is one of the proofs of 

the realization of the synthesis of titanium nitride TiN or titanium oxynitride films (TiOxNy). To determine 

the thickness of the obtained films, the substrates were weighed before the film was applied and with the 

resulting film on an electronic scale RADWAG AS 60/220.R2 [20]. The film thicknesses were estimated 

based on tabular values of TiOxNy material densities [21].  

The dependence of the film density on its composition was constructed to estimate the density of 

titanium oxynitride films in Figure 1, Supplementary Material (SM). This graph contains extreme points in 

the form of titanium nitride (5.43 g/cm3) [22] and amorphous titanium oxide films (3.0 g/cm3) [23]. The 

density of titanium oxynitride films (4.25 g/cm3) was taken as an intermediate value [24]. The film 

composition was established by comparing the absorption coefficient of the films (α) from the wavelength of 

light with the literature data.  

Data on the substrates used, and the average values of the thicknesses of the films obtained and the 

deposition rates are shown in Table 1. Sample number 1 was submitted for surface properties studies using 

electron and probe microscopy methods, therefore optical and electrical studies were carried out with 

samples 2-4. 

 
Table 1. Main characteristics of the obtained films and the process of their application. 

 

Substrate material Substrate area, cm2 Film thickness, nm Film spraying rate 

Cover glass 3.28 91.9  1.7 (P= 0.95) 6.13 nm/min 

Silicon substrate 1,54 244.3 16.3 nm/min 
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The morphology of the films was studied using a NIST-NT atomic force microscope and a Hitachi 

3030TM scanning electron microscope (SEM). The composition of the films was measured by EDX (Energy 

dispersion X-Ray spectroscopy) on a Hitachi 3030TM SEM. The optical properties of the films were studied 

using a Solar CM2203 spectrofluorometer. The electrical resistance of the films was measured using a two-

probe method according to the method [25]. 

 
3. Results and discussion 
The surface morphology of the obtained TiOxNy films is shown in Figure 1. The films obtained on 

silicon is fine-grained with a uniform grain distribution (Figures 1, a). The film on glass has large grains 

unevenly distributed over the surface in addition to small grains. Thus, the film obtained on the silicon 

surface has a less rough surface. The side view for the films is shown in Figure 2, SM. The results of the 

study of the morphology of the surface of the obtained films on SEM showed the absence of visible 

microdefects (Figure 3, SM). 
 

  
a) b) 

Fig.1. AFM images of films with an area of 10 × 10 μm obtained on a silicon surface (a) and on a glass surface (b). 

 

The results of film composition measurements by the EDX method on silicon substrates are presented 

in Figure 2. The spectrum contains small peaks corresponding to the characteristic radiation of the elements 

Ti, N, O, and the main peak belongs to silicon since the obtained films are thin.  
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Fig.2. EDX spectra of a film sample on a silicon surface: 

a) full spectrum; b) enlarged fragment in the range up to 2 keV 
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a) b) 

Fig.3. The absorption spectrum of films (a) and the dependence of the absorption coefficient (α) on energy. 

 

The EDX spectra confirmed the presence of titanium (peaks corresponding to energies of 0.4, 4.5 keV, 

etc.), nitrogen (0.3 keV), and oxygen (0.5 keV). The content of the elements by weight (wt.%) above 1% 

(measurement error). This allowed us to conclude that the Ti, N and O elements are present in the film. 

The distribution map of the elements over the sample surface is shown in Figure 4, SM and the 

distribution maps of each element separately are shown in Figure 5, SM. The data obtained show that the 

distribution of all elements over the film surface is uniform. Figure 3, a, b shows the absorption spectra of 

several films on the surface of cover glasses. The spectral curves show an increase in optical density in the 

wavelength range from 450 nm to 1100 nm, Figure 3, a, which corresponds to energy values from 2.7 eV to 

~ 1.1 eV. A comparison of the spectra obtained in the work (Figure 3, a, b) with the literature data [14, 15] 

shows that the studied films have an amorphous structure [14] and are similar in properties to samples with 

the stoichiometric composition TiO1.27 N0.49 [15]. 

 

  
a) b) 

Fig.4. Dependency graphs (αhν)2 = f(hν) (a) and (αhν)1/2 = f(hν) (b). 

 

The graphs of the dependences of (αhυ)2 and (αhυ)1/2 on the parameter hυ are shown in Figure 4. As a 

result, the values of the band gap were obtained for these graphs: for the graph (αhυ)2/ hυ, the value Eg ~ 4.0 

eV was obtained, for the graph (αhυ)1/2/ hυ   ̶ Eg ~ 2.8-2.9 eV. The value of the optical band gap Eg = 4.12 

eV was shown in [26] for nanocrystalline TiNxO1-x films. This result was obtained from the graph of the 

dependence (αhυ)2 / hυ. Therefore, this result indicates the synthesis of titanium oxynitride films. However, 

in [14], the values of the band gap for films of 1.60 eV-1.64 eV were obtained. Therefore, this issue requires 

further research. It should also be emphasized that similar values of the band gap were obtained for TiO2 

films of the crystalline modification of brookite Eg> 3.5 eV for the (αhυ)2/ hυ graph (direct allowed 

transitions of TiO2) and Eg ~ 2.9-3.2 eV for the anatase and rutile modifications of titanium dioxide (indirect 
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allowed transitions) [27]. The difficulty in determining the optical band gap of titanium oxynitride may be 

due to the fact that titanium oxynitride is represented predominantly by the amorphous phase of this 

substance. This is indicated by a comparison of the data in the Figure 3, a with the literature data [15]. 

The electrical resistivity of TiOxNy films was measured using a two-probe method (Figure 5). The data 

obtained for some samples are shown in Table 2. A comparison of the values of specific resistance obtained 

in the work with literature data was carried out. The results of the comparison showed that the specific 

resistance of the obtained films is in good agreement with the available literature data [28-30]. In this case, 

the obtained values of the electrical resistivity of the films corresponded more closely to the values of the 

resistances of titanium nitride TiN2 films than titanium oxide TiO2. 

 

 
 

Fig.5. Scheme of measuring specific resistance using the two-probe method: 

I - the current flowing through the film under study, S - the area of the films; l - the distance between the probes; 

U - the measured voltage between the probes. 

 
Table 2. Electrical resistivity of TiOxNy films 

 

№, sample I (mA) S (m2) L, (сm) U (V) ρ (Ohm*cm) 

2 1.4 0.18*10-6 0.4 0.707 0.227*10-3 

3 1.4 0.17*10-6 0.4 2.38 0.7225*10-3 

4 1.4 0.18*10-6 0.4 2.396 0.766*10-3 

 

Thus, the conducted studies have shown that in the process of magnetron deposition of titanium in a 

working chamber with a mixture of argon, nitrogen and oxygen gases, titanium oxynitride films with an 

amorphous structure were obtained. Analysis of the optical and electrical properties of the obtained films 

showed that these data correspond to literature data. 

 

4. Conclusion  
In this work, thin films of titanium oxynitride on glass and silicon substrates were obtained by 

magnetron sputtering in an argon atmosphere with the additions of oxygen and nitrogen. It is shown that the 

type of substrate influences the surface morphology, with films on silicon being characterized by a more 

uniform and fine-grained structure. Elemental analysis confirmed the presence of Ti, O, and N and their 

uniform distribution over the surface of the films. The analysis of the optical spectra showed that the 

obtained films have a predominantly amorphous structure and are similar in their properties to the 

composition of TiO₁.₂₇N₀.₄₉, which is consistent with the literature data. The estimation of the band gap 

yielded values comparable to the published results for titanium oxynitride and titanium dioxide films. The 

measured electrical resistivity values are in good agreement with the known data and are closer to the 

characteristics of titanium nitride than titanium dioxide. This confirms the intermediate character of the 

electrophysical properties of titanium oxynitride between the oxide and nitride phases. The scientific novelty 

of the work lies in the production of TiOₓNᵧ films with reproducible optical and electrical properties using a 

gas mixture similar in composition to atmospheric air.  



Eurasian Physical Technical Journal, 2025, 22, 4(54)                                         ISSN 1811-1165; e-ISSN 2413-2179   29 

The practical significance of the results is related to the possibility of using the obtained films in 

memristor structures. The prospects for further research include optimizing the composition of films and 

studying their memristive characteristics. 
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Abstract. Using methods of mathematical physics, a comprehensive simulation of the short-range order in 

Fe₈₈P₁₂ and Cr₈₈C₁₂ alloys produced by electrodeposition was carried out. As the initial configuration for modeling, 

the crystal structure of the base metal was selected. Numerous experimental studies, including X-ray diffraction 

and electron microscopy analyses, have indicated that in metal-metalloid alloys, surface microstructures 

predominantly exhibit ellipsoidal morphologies. Based on these experimental observations, it was hypothesized that 

the macroscopic ellipsoidal formations observed on the alloy surfaces are composed of clusters with relatively 

simple geometric configurations, such as spheres or ellipsoids. The results of the simulation revealed that these 

clusters possess characteristic sizes not exceeding 30-50 angstroms, and their vectorial growth predominantly 

occurs along a single radial direction relative to the substrate surface. This anisotropic growth behavior is 

attributed to differences in local atomic bonding energy and diffusion kinetics, which drive the preferential 

alignment of cluster development. Moreover, it was established that the spatial distribution and size uniformity of 

the clusters significantly influence the overall mechanical and physicochemical properties of the coatings, including 

hardness, wear resistance, and corrosion stability. The combination of modeling outcomes with empirical data 

provides valuable insight into the microstructural evolution mechanisms governing electrodeposited metal-

metalloid systems. These findings can serve as a basis for optimizing the electrodeposition parameters to tailor the 

surface structure and enhance the performance characteristics of functional coatings. 

 

Keywords: amorphous state, electrodeposition, modeling, clusters. 
 
1. Introduction 
 
Amorphous and nanocrystalline metal alloys obtained by electrodeposition have a set of unusual physical 

and chemical properties and are a new class of promising materials of undoubted theoretical and practical 

interest. The structural state of metallic amorphous and nanocrystalline alloys is characterized by close atomic 

order and, unlike crystals, by the absence of translational symmetry in the arrangement of atoms. All 

amorphous materials have a short-range order, which is also called topological (or configurational), and the 

ordered distribution of different kinds of atoms is called the chemical (compositional) short-range order. Since 

it is problematic to obtain pure metals in an amorphous state, metalloid atoms are introduced to produce them. 

In the case of two- and multi-component systems, the concept of “near order” includes the spatial distribution 

of atoms regardless of the grade and mutual distribution of different-grade atoms [1-3]. The creation of 

promising and improvement of existing metal alloys for protective coatings using electrolytic deposition is 

impossible without establishing the mechanism of their formation and growth. Currently, there is no single 

theory of deposition of metal alloys depending on the conditions of their formation, which leads to great 

difficulties in interpreting the properties of these materials. Numerous experiments on the electrodeposition of 
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metal alloys show that the surface structures have different geometric shapes: two-dimensional surface shapes, 

and in some cases, three-dimensional (three-dimensional) shapes. It is known that one of the most important 

properties of the surfaces of fractal systems is the self-similarity property. If you select a small area in the 

surface area occupied by a fractal cluster, the cluster areas will be similar to the shape of this cluster.  For 

clusters with random arrangements of atoms, it is necessary to use statistical particle sizes. During 

electrodeposition, the growth of such clusters is observed mainly in the direction opposite to the movement of 

metal ions and amorphizing elements [4-6]. The research of deposited metal pyrites with body-centered cube 

grill (BCC) showed that the surfaces have ellipsoidal forms of fractal structure and can be studied by means 

of fractal geometry, X-ray diffraction analysis and electron microscopy (Fig. 1-3). It has been found that the 

shape that the surface takes during crystallization is very sensitive to the crystallization conditions, and 

therefore it is impossible to establish the mechanism of surface growth from the growth of bulk forms. During 

electrodeposition, an atomic deposition occurs, which forms clusters with different shapes that depend on the 

orientation of the faces and the conditions of their growth in a certain direction. Surface fractal structures 

influence various physical objects and phenomena, in particular, to explain the corrosion resistance and wear 

resistance from the surface shape. 

 
Fig. 1. X-ray diffractogram of Cr88C12 (1) and Fe88P12 (2) Mo-Kα radiation. 

 

 

  
 

Fig.2. Surface morphology of Cr88C12 alloy 

 (RЕММА-102-2) 

 

Fig.3. Surface morphology of Fe88P12 alloy 

 (RЕММА-102-2) 
 

 

 

 



Eurasian Physical Technical Journal, 2025, 22, 4(54)                                          ISSN 1811-1165; e-ISSN 2413-2179   33 

2. Material and methods of research 

Cr₈₈C₁₂ alloys were obtained from an electrolyte of the following composition: KCr(SO₄)₂·12H₂O — 0.5 

M, K₂BO₃ — 0.5 M, (NH₄)₂SO₄ — 2 M, HCOOH — 0.75 M, with pH adjusted to 3.0 and a temperature of 

298 K. Fe₈₈P₁₂ alloys were obtained from an electrolyte of the following composition (in g/L): FeSO₄·7H₂O 

— 280, H₃BO₃ — 30, NaH₂PO₂ — 8×12. The pH was adjusted to 2.0–2.5 by the addition of a 5% H₂SO₄ 

solution. Deposition was performed using a unipolar pulsed current (i = 15–25 A/dm²) with a pulse repetition 

rate (f = 2–16 Hz) and a pulse duty cycle (Q = 2–4). 

The identification of crystalline phases was carried out using X-ray diffractometry. X-ray diffractograms 

were obtained on a DRON-3.0 diffractometer with monochromatic Mo-Kα radiation (using a curved LiF 

monochromator) at measurement points with an interval of 0.1 degrees and an exposure time of less than 100 

seconds per point, followed by averaging across five scattering intensity curves. 

The quantitative composition and surface morphology were investigated using a REMMA-102-2 

scanning electron microscope (SELMI), and the coating thickness was measured using a NU-2 optical 

microscope (Carl Zeiss). 
 

3. Results and discussion 

Numerous experiments on the electrodeposition of alloys with volume-centered cubic lattices have shown 

that ellipsoidal fractal forms grow (figs. 2 and 3). To establish the mechanism of fractal growth and their 

structure, we will use the Brave-Donneuil-Harker rule, which states that the crystal habitus is formed with the 

simplest plane indices, or the faces with the highest reticular atomic density have the lowest energy. For the 

case of materials with the OCC structure, the bounding planes are the (110) and (200) faces. When deposition 

by electric current occurs in the direction opposite to the action of the electric current, the deposition process 

has one growth vector, and other growth directions are of secondary importance. Consider the growth of a 

fractal structure in terms of the crystal structure of the base metal. As a result of deposition, crystallization 

centers appear on the substrate, which determine the further growth of clusters. As a result, additional 

crystallization centers appear on the formed clusters, which again form clusters of a similar shape. The shapes 

of the clusters and their close order can be determined by modeling the main peak of the structural factor. Since 

in this case, the deposition of Cr-C and Fe-P alloys has an amorphous structure (Fig. 1), it is necessary to 

determine their close order and the most likely cluster shape.   

It is well known that during the formation of nanocrystalline and amorphous alloys, changes in their 

physical and chemical properties are observed. This always happens when approaching a certain critical size. 

The research of the close order of amorphous and nanocrystalline Cr-C and Fe-P alloys with a volume-centered 

cubic lattice structure allows us to establish the stability and sequence of crystallization processes. To 

determine the close order of amorphous Cr-C and Fe-P alloys, a methodology for its modeling based on the 

profile of the main peak of the structural factor is proposed. The profile of the main peak of the structural factor 

was approximated using the model of the cluster structure of the amorphous state. According to the chosen 

model, the expression for the diffraction peak profile takes into account the finiteness of the ordering regions, 

their size distribution, and the relative rms displacements of atoms from the equilibrium position and is defined 

by eq. [7-12]: 

𝑖(𝑠0) =
𝑄2𝑄3

𝑑ℎ𝑘
exp⁡ (−

𝑢2𝑠0
2

2
) ∫  

∞

−∞
𝑉(𝑡) ⋅ 𝑔(𝐿, 𝑡) ⋅ 𝑒−𝛾(𝑡)cos⁡(𝑠0𝑡)𝑑𝑡,                           (1) 

 

where Q2 and Q3- coefficients that take into account the effect of relative rms displacements of atoms from 

equilibrium positions (𝑢‾2) within the reflection plane on the height of the main peak of the structural factor, 

g(L, t) - distribution of clusters by size,  size of clusters, V(t)- unction of shape,  - coefficient, which 

determines the effect of the relative root mean square static displacements of atoms in the direction 

perpendicular to the reflection plane (during isothermal annealing 𝛾 → 0), t - normal to a number of atomic 

planes that reflect radiation within the investigated diffraction peak, 𝑠0 = |𝑠 − 𝑠max|- modulus of the scattering 

vector. 

The function V t( )


 is defined by the expression [9-11, 14]: 

 

V t V x x t d x( ) ( ) ( )
    
= +−


1 3  ,      (2)   
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where V is volume of the cluster, and the function: 

 

 ( )
,

,


x

x V

x V
=









1

0
,                                  (3) 

 

If the scattering region has  planar grids perpendicular to the primary beam, then the intensity of the 

structural factor in the primary beam region (2) is converted to: 

 

𝑖(0) = const (1 + 2∑  𝑣
𝑝=1   (1 −

𝑝

𝑣
)) = const ⋅ 𝑣,                                                     (4) 

 

For the scattering regions of disordered systems, the height of the main peak of the structural factor will 

be lower than that of crystalline and volume-centered cubic lattice nanalloys, and their height will be 

proportional to the size of this region. The coefficients Qi  for the volume-centered cubic lattice structure are 

equal Q2 =0,9881 і Q3 =0,9766 [9, 11, 15-20].  

 The need to introduce a function of cluster size g L( )  distribution is dictated by the presence of clusters 

of different sizes in real nonequilibrium alloys. In order to take into account the function of cluster distribution 

by size, the profile of the main peak of the structural factor can be represented by the relation [9-10]: 

 

i s i s L g L dL( ) ( , ) ( )0 0

0

=



 ,          (5) 

 

The distribution of clusters by size according to (5) takes into account scattering both on clusters and on 

individual atoms and can be found by taking into account the energy of cluster formation: 

 

E L P A
U L E P

kT
( , ) exp

( ) ( )
=  −

+







 ,           (6) 

 

where U(L) is fraction of the cluster energy associated with its size and the energy of pairwise interaction of 

atoms [13-14], E(P)  is kinetic energy of the order region associated with the relative rms static displacements 

of atoms relative to their position in the crystalline state. To express the energy (6.7), the distribution function 

approaches the Gaussian distribution [9]: 

 

g L
L L

G

L L

( ) exp
( )

= −
−









1

2 2

2

2
  
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
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
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










 



,                               (8) 

 

( )x - gamma Euler function. 

Relationship (5) cannot be directly used to analyze the profile of the main peak of the structural factor, 

since neither the distribution parameters g L( ) , nor the shape of the cluster areas. In this regard, the function 

of distribution of clusters by size is used: 

g L t L e t( , ) =   −   2

,                                   (9)   

 

where the variables μ and β are determined by normalizing (9), and L is average size of the clusters.  
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Then (7) is transformed to the form: 

 

𝑖(𝑠0) =
𝑄2𝑄3

𝑑ℎ𝑘𝑑
⋅ 𝜇 ⋅ ⟨𝐿⟩ ⋅ exp⁡ (−

𝑢2𝑠0
2

2
) ʃ−∞

∞ 𝑉(𝑡) ⋅ 𝑒−(𝛽𝑡
2+𝛾𝑡)cos⁡(𝑠0𝑡)𝑑𝑡                         (10) 

 

Expression (10) is a function of the main physical parameters of the close-order amorphous system that 

characterizes the clusters, and the value L  is determined in the process of modeling the profile of the main 

peak of the cluster structural factor. The values of the gaps (δ) between clusters in nonequilibrium alloys are 

not constant, however, as a first approximation, we assume them to be the same for clusters of different sizes 

if their shape remains constant [9]. The average size of a cluster is used to determine its average volume 

( )L d+ 3  і and the average volume that falls on the same number of atoms in the volume ( )L d+ +  3 . 

 
Table 1. The function of the shapeV(t) and dimensions L of the reflection {110} of the OCC structure [14]. 

 

Cluster shape V(x) I L Multiplicity 

 

tetrahedral bipyramid 

1)

𝟏 −
𝟑

𝟐
𝒕 +

𝟑

𝟖
𝒕𝟐 +

𝟏

𝟖
𝒕𝟑 

2) (𝟏 − 𝒕)𝟑 

𝑰𝟎 −
𝟑

𝟐
𝑰𝟏 +

𝟑

𝟖
𝑰𝟐 +

𝟏

𝟖
𝑰𝟑

𝑰𝟎 − 𝟑𝑰𝟏 + 𝟑𝑰𝟐 − 𝑰𝟑
 

 

𝐚√𝟐 

𝐚√𝟐 

𝐚√𝟐 

4 

 

2 

cuboctahedron 
𝟏 −

𝟗

𝟓
𝐭 +

𝟒

𝟓
𝐭𝟐 𝑰𝟎 −

𝟗

𝟓
𝑰𝟏 +

𝟒

𝟓
𝑰𝟐 

𝐚√𝟐 𝐚√𝟐 

 

Table 2. Parameters of Cr88P12 and Fe88P12, alloy clusters obtained by modeling the profile of the main peak of the 

structural factor. 

 

Alloy Main form of 

clusters 

 

а, nm а, nm U2, nm-2 , nm <L>, nm L, nm 

Cr82C12 

 

cuboctahedron 0,28693 0,00216 0,0110 0,1510 3,4563 0,134 

Fei88P12 

 

cuboctahedron 0,28521 0,00254 0,0113 0,1321 2,5412 0,145 

 

To determine the gaps between clusters, use the equation: 

 
⟨(𝐿+𝑑)3⟩

⟨(𝐿+𝑑+𝛿)3⟩
=

𝐷m/alloy 

𝐷m/cluster 
                                                    (11) 

where  𝐷m/alloy is macroscopic density of the alloy, 𝐷m/cluster  is density of the clusters, δ is average gap between 

clusters.  
We calculate the shape function based on the Bravé principle, which states that the crystal faces with the 

highest reticular atomic density have the lowest surface energy. Let us consider the near-order models of the 

densest lattices such as the volume-centered cubic lattice, where the total number of atoms in a cluster remains 

constant, and the distance between parallel planes should be larger, the greater the reticular density and the 

interplane distances with small indices. Suppose that the growth of the cluster occurs through a series of 

successive states of equilibrium of the cluster with the surrounding atoms, i.e., at any given time, the surface 

energy of the crystal has the lowest value for a given volume (Brave-Donneuil-Harker rule) [14, 21] by virtue 

of the assumptions, it is possible to choose cluster shapes for the structure of a volume-centered cubic lattice 

bounded by planes (110), (200) or a set of these planes. Table 1 shows the shape functions V(x) and the peak 

profiles of the structural factors i(s) of the reflections (110) of the volume-centered cubic lattice structure.  

In Table 1: a - means the length of the polyhedron edge, L- size of the cluster, and the length of the side 

edge 𝐚√
𝟑

𝟐
 
 
For these forms of clusters of the volume-centered cubic lattice structure, there are several 

orientations that lead to reflection from the {110} faces, but which have different functions V(х). Table 1 shows 

the multiplicity of such orientations. If the multiplicity of V1(х) is 4 and, V2(х) is - 2, then 



36  Eurasian Physical Technical Journal, 2025, 22, 4(54)                                                                        Materials science 

 

i s i s i s( ) ( ( ) ( )) /0 1 0 04 2 6= +  due to the fact that the clusters do not have predominant orientations in the sample 

volume. Considering these assumptions, it is possible to calculate the profile of the main peak of the structural 

factor in an analytical form: 

𝑖(𝑠0) =
𝑄2𝑄3

𝑑ℎ𝑘𝑙
⋅ 𝜇 ⋅ ⟨𝐿⟩ ⋅ exp (−

𝑢2𝑠0
2

2
) ∙ 𝑙,        (12) 

where the values of the sub-integral expression I  в in equation (12) are given in Table 1, and the values In
 

are determined by Eq: 

𝐼𝑛 = (
−1

2𝛽
)
𝑛

√
𝜋

𝛽
exp⁡ (

𝛾2 − 𝑠0
2

4𝛽
)

𝐸(
𝑛
2
)

∑  

𝑘=0

 
𝑛!

(𝑛 − 2𝑘)! 𝑘!
𝛽𝑘

∑  

𝑛−2𝑘

j=0

 (
𝑛 − 2𝑘

i
) ⋅ 𝛾𝑛−2𝑘−𝑗𝑠0 ⋅ cos⁡ (

𝑠0𝛾

2𝛽
+
𝜋

2
j)

 

where E n( / )2 - an integer part of a real number, n / 2 , and   

 

(
𝑛 − 2𝑘

𝑖
) =

(𝑛 − 2𝑘) ⋅ (𝑛 − 2𝑘 − 1)… (𝑛 − 2𝑘 − 𝑖 + 1)

1 ⋅ 2 ⋅ 3… 𝑖
, (
𝑛 − 2𝑘

0
) = 1 

 

The modeling of the structure and average size of the clusters showed that the most realistic results are 

obtained when the component of the external impulse is close to one. This indicates that the clusters do not 

participate in translational and oscillatory motions, and one degree of freedom can be attributed to the radial 

momentum of the cluster, since during electrodeposition the clusters grow in the form of ellipsoids. This fact 

is confirmed by the analysis of the microstructure of Cr88P12 and Fe88P12 alloys (Fig. 2 - 3), which shows that 

during electrodeposition, the structure grows in the radial direction (under these conditions, ellipsoidal 

formations on the surface). The modeling of the main peak of the structural factor showed that the near-order 

of alloy clusters with volume-centered cubic lattice crystal lattices of the main metal have shapes close to 

cuboctahedra, and their sizes do not exceed 30-50 nm ((Fig. 4 - 5 and Table 2). 

 

  
 

Fig. 4. Modeling the profile of the main peak of the 

amorphous Cr88С12 alloy:  

1 - tetrahedral bipyramid, 2 - experimental peak of the 

structural factor, 3 - cuboctahedron 

 

Fig. 5. Modeling of the main peak profile of the 

amorphous Fe88С12:  

1 - tetrahedral bipyramid, 2 - experimental peak of the 

structural factor, 3 - cuboctahedron. 
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4. Conclusions 

The conducted research focused on modeling the short-range order in amorphous Cr₈₈C₁₂ and Fe₈₈P₁₂ 

alloys has established that the most probable form of clusters in coatings based on metals with a body-centered 

cubic structure is the cuboctahedron. It was revealed that the shape and size distribution of Cr₈₈C₁₂ and Fe₈₈P₁₂ 

clusters within the surface structures are influenced by the deposition conditions, which ultimately determine 

the morphology of the resulting coatings. It was also determined that during the deposition process, the vector 

growth of clusters predominantly occurs in the radial direction, leading to the formation of ellipsoidal 

microstructures. Understanding the mechanisms of cluster formation opens up new opportunities for the 

development of advanced materials with enhanced performance and unique properties, which can be 

effectively utilized across various industrial sectors. 
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Abstract.  New compounds based on cytisine and coumarin are of interest to the pharmaceutical industry 

due to their promising biological activity. This activity, in turn, is closely related to the structure of the compound, 

which is manifested in its specific electronic properties. This paper presents the results of a theoretical study of 

the electronic and structural properties of recently synthesized N-(2-oxo-2H-chromen-3-carbonyl)cytisine. The 

molecular structure of the ground and first excited states is established. Their structural features are considered, 

taking into account their conformational diversity. The probabilities of vertical electronic transitions, which 

determine the intensities of bands in the emission spectrum, are calculated. The obtained theoretical results are 

compared with the measured luminescence spectrum of ethanol solution. 

 

Keywords: cytisine, coumarin, complex, density functional theory, Ultraviolet–visible spectroscopy, 

luminescence spectroscopy. 
  

1. Introduction 

Coumarin derivatives possess unique electronic properties, primarily manifested in their pronounced, 

intense luminescence, which allows them to serve as luminescent markers including luminescent probes [1], 

bioimaging marker [2], specific sensor [3, 4]. Another important feature is the biological activity exhibited 

by coumarin derivatives. Among other potential applications, the antidiabetic [5], antimicrobial [6,7] anti-

inflammatory [8] and activity of a number of coumarin derivatives can be highlighted.  The use of molecular 

hybridization with other biologically active substances opens up prospects for the creation of new 

compounds, thereby expanding the applications of coumarin derivatives. Of particular interest are 

compounds containing cytisine, a natural alkaloid with a pronounced affinity for binding to neuronal 

nicotinic acetylcholine receptors (nAChRs) [9]. This substance is considered an important factor playing a 

significant role in the study of central nervous system functioning [9]. As has been shown previously (see, 

for example, [10]), the biological activity of such complexes is closely linked to their molecular structure. 

Therefore, an important issue is the consideration of the complex's properties, taking into account its possible 

conformational diversity [9, 11, 12].  The object of study in this work is the recently obtained N-(2-oxo-2H-

chromene-3-carbonyl) complex [13]. In previous works [13, 14], its structure and optical properties were 

investigated both in the crystalline state (vibrational properties, absorption in the UV-visible range) and in 
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ethanol solution (NMR spectra and absorption in the UV-visible range). At present, the luminescent 

properties of this compound remain unexplored.  

The important reason for choosing luminescence spectra as research objects for the compounds 

containing a coumarin moiety is the presence of coumarin strong luminescence that is sensitive to its state 

[15]. This makes these compounds sensitive luminescent markers and probes [16]. This is especially 

important in drug research, as it allows us to understand, for example, where they accumulate, whether they 

undergo any reactions, or how they interact with proteins and enzymes. In this case, structure-sensitive 

luminescence will serve to understand the state of the molecule, i.e., as a state indicator. 

In this regard, the present work aims to theoretically study using quantum chemical approach the 

structure of the molecule in its first excited state, the emission spectrum to the ground state, and compare it 

with the experimental luminescence spectrum. The results obtained will represent a continuation of the 

research on this substance, begun in the articles [13, 14], demonstrating novelty in the relevant aspects of the 

electronic structure of the first excited state of this recently synthesized substance. 

 

2. Materials and methods 

2.1. Experimental technique 

For the measurements, ethanol solutions of N-(2-oxo-2H-chromene-3-carbonyl) cytisine with a 

concentration of 10-3 M were prepared. The starting material was synthesized according to the work [13]. 

Emission and luminescence excitation spectra were obtained on a Lumina fluorescence spectrometer 

(Thermo Fisher Scientific) in reflection geometry. Excitation spectra were recorded in the range of 290-420 

nm, and luminescence spectra were recorded in the range of 380-700 nm. 

2.2. Theoretical approach 

Quantum chemical calculations were performed within the framework of the density functional theory 

with a hybrid exchange-correlation functional and a long-range dispersion correction wb97XD [17]. A 

doubly split-valence Pople-type basis set c 6-31G(d,p) [18,19] and the Gaussian G09W Rev. C program [20] 

were used. The calculation was performed for a single molecule in an ethanol medium. The influence of the 

medium was taken into account within the framework of the polarizable continuum model [21]. Optimization 

of the considered molecules was carried out for the ground (S0) and first excited states (S1) until the standard 

criteria were met for the maximum and root mean squared residual forces on atoms and atomic 

displacements.  

 

3. Results and discussion 

3.1 Structural peculiarities 

The molecule of the complex under study consists of three main moieties: the cytisine moiety, the 

intermediate moiety, and the coumarin moiety. A previous experimental and theoretical study [14] of the 

conformational states of the complex in solution revealed the presence of four conformer states that can 

transform into each other via internal rotations. Specifically, it was shown that the two lowest-energy 

conformers are formed by rotating the cytisine moiety relative to the coumarin and intermediate moieties. 

The other two conformers can be obtained from these conformers by rotating the coumarin moiety relative to 

the cytisine and intermediate moieties. The potential energy of the latter two conformers is higher, making 

them less populated at thermal equilibrium. Therefore, only the two lowest-energy states are considered in 

this study. Their geometries in the ground (S0) and 1st excited state (S1), determined by the method described 

in section (2.2), are shown in Figure 1.  

To designate the two conformational states under consideration, the notations 1 were additionally 

introduced for the conformer observed in the crystalline state [13] and 2 for another conformer with a similar 

energy. The total energies of the S1-1 and S1-2 states are -1221.057229 and -1221.041763 Hartree, 

respectively. Thus, the energy of S1-1 is lower by approximately 9.7 kcal/mol. Moreover, a comparison of 

the geometries of the ground (S0-1) and first excited states (S1-1) revealed a number of differences. Structural 

parameters that differ significantly in different conformer states are listed in Table 1. 

The most significantly difference are as follows. In the S1-1 state, the cytisine ring bordering the 

transition region is significantly distorted. This is manifested by longer C2C5 and C13C10 bonds and a 

shorter C5N9 bond and correlates with shorter O4H11 and O8H7 contacts. Much more significant changes 

occur in the intermediate moiety and the α-pyrone ring of the coumarin moiety.  
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a) b) 

  
c) d) 

Fig.1. Optimized geometries of S0-1 (a), S0-2 (b), S1-1 (c), and S1-2 (d) using the wb97XD/6-31G(d,p) method for the 

case of a single molecule in an ethanol medium, which is taken into account within the framework of the polarizable 

continuum model. 

 
Table 1. Selected structural parameters for conformers 1 and 2 in ground (S0) and excited (S1) states.  

 

Parameter* 
Conformer and state 

S0-1 S1-1 S0-2 S1-2 

С2С5 1.545 1.559 1.546 1.547 

С13С10 1.536 1.543 1.536 1.536 

С5N9 1.456 1.447 1.456 1.457 

C10N9 1.460 1.461 1.458 1.459 

N9C45 1.360 1.394 1.358 1.359 

C45O4 1.228 1.237 1.227 1.238 

C45C32 1.505 1.474 1.507 1.480 

C32C31 1.462 1.418 1.462 1.425 

C31O8 1.211 1.229 1.211 1.219 

C32C33 1.350 1.429 1.349 1.429 

C31O30 1.368 1.398 1.367 1.414 

O30C44 1.365 1.370 1.366 1.345 

C33C35 1.436 1.400 1.438 1.391 

O4H11 (O4H7)** 2.292 2.198 2.299 2.286 

O8H7 (O8H11)** 2.262 2.031 2.960 2.505 

C10N9C45 119.06 116.04 124.71 123.93 

C9N45O4 123.04 118.44 123.39 122.55 

C45C32C31 120.48 126.44 117.93 121.28 

C32C31O8 125.59 128.97 125.19 128.45 

C10N9C45O4 5.92 19.14 -168.70 -161.21 

N9C45C32C31 -62.26 -44.93 74.58 55.24 

C45C32C31O30 -178.93 172.54 175.01 173.40 

C32C31O30C44 -1.03 -2.61 1.65 3.86 

C33C32C31O30 -2.78 -9.96 -0.25 4.01 

C44C35C33C32 -2.68 -6.09 1.99 6.61 

* for two atoms, the bond length is given in Å, for three atoms, the planar angle is given in degrees (о), for four atoms, 

the dihedral angle is given in degrees (о). 

** in some cases, similar structural parameters for S0-2 and S1-2 are given in brackets. 
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A rotation of the coumarin moiety's ring plane relative to the cytisine moiety's ring plane takes place 

due to the flexible intermediate moiety. In the S1-1 state, a more negative charge is observed on the N9 and 

O4 atoms, which correlates with the longer C45N9 and C45O4 bonds and with an increase in the 

C10N9C45O4 dihedral angle. At the same time, a rotation of the coumarin moiety leads to a decrease in the 

O8H7 contact length. This is manifested by the larger absolute value of the dihedral angle N9C45C32C31. 

For the S1-1 state, a greater deviation of the α-pyrone ring from planar geometry is observed. This is 

manifested by a greater deviation of the dihedral angles C45C32C31O30, C32C31O30C44, 

C33C32C31O30, and C44C35C33C32 from 180° or 0° in S1-1. This ring contains longer oxygen-carbon 

bonds (C44-O30, O30-C31, and C31=O8). 

When comparing the optimized geometries of S0-2 and S1-2, a number of the following features can be 

noted. In the cytisine moiety, similar structural parameters are observed between S0-2 and S1-2, in contrast to 

S0-1 and S1-1. The C45C32 and C45O4 bonds are shorter in S1-2 compared to S0-2 while the C45N9 bonds 

are approximately the same. Just as in S1-1, S1-2 has a longer C32C33 bond and a shorter C32C31 bond 

compared to similar bond lengths in the ground state. In addition, S1-2 also exhibits a greater deviation from 

the planar character of the α-pyrone ring in the coumarin moiety. A significant difference of S1-2 is the 

longer hydrogen contacts O4H7 and O8H11, which is also manifested in a smaller value of the dihedral 

angle N9C45C32C31. 

 
3.2 Electronic properties 
For the optimized S1-1 and S1-2 states, the vertical transition energies and corresponding oscillator 

strengths were calculated. The longest-wavelength transition is to the ground state, i.e., S1-1 → S0-1 and S1-2 

→ S0-2, which is of practical interest in studying luminescence properties.  

For the molecule the investigation of molecular orbitals plays the important role in understanding the 

electronic processes [22]. For S1-1, the shortest-wavelength transition is the singlet-singlet transition between 

the 95 → 96 molecular orbitals (the orbital contribution is 98%, see Figure 2a). Its energy difference is 

2.9109 eV, which corresponds to a wavelength of 425.93 nm, the oscillator strength is moderate, 0.0769.  

For S1-2, the shortest-wavelength transition is between the 94 → 96 orbitals (the orbital contribution is 

96%). Its energy difference is significantly higher, 3.5964 eV, which corresponds to a wavelength of 344.74 

nm, and the oscillator strength is 0.509. It should be noted that for S1-1, a similar higher-energy transition 

between the same orbitals is also observed (94 → 96, the orbital contribution is 92%). However, its energy 

difference is significantly higher than 3.7607 eV, corresponding to a wavelength of 329.68 nm, and the 

oscillator strength is less than 0.3347. As part of this study, an experimental investigation of the 

luminescence properties of the complex was also conducted. Figure 3 shows the luminescence emission 

spectrum, which has a maximum at 453 nm (2.7373 eV). The luminescence excitation spectrum for this band 

was then obtained. The maximum in this spectrum is at 372 nm. 

 

  
a) b) 

Fig.2. View of the 95(HOMO) and 96(LUMO) molecular orbitals for S1-1. 
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Fig.3. Luminescence emission spectrum at 453 nm (red) and luminescence excitation spectrum at 372 nm (blue). 

 
The obtained theoretical estimates of the wavelength of the singlet-singlet transition from S1-1 for 

conformational state 1 show a calculated value (426 nm) quite close to the experimentally observed 

luminescence maximum (453 nm). Based on this theoretically calculated transition, the radiative 

(luminescence) rate constant kᵣ was estimated according to the Strickler–Berg formula (1), [23]: 

 

)S(S)ESf(S2)S(S k 0i

2

0i

-i/2

0ir,i →→=→ ,                                                 (1) 

 

where i is the excited state number, f(Si->S0) is the transition oscillator strength, E(Si→S0) is the electron 

transition energy (in cm-1). For the case under consideration (i=1) the corresponding value kr=3.107. 

The considered case of molecules corresponds to the case of addition of the intermediate part at atom 3 

according to the IUPAC numbering of carbon atoms in the molecule of unsubstituted coumarin [24]. As an 

example of synthesized compounds with addition through the 3rd atom in the coumarin part, one can cite 

[25-27]. In these studies, it was noticed the presence of the strong luminescence in the experimental 

spectrum in the close region 460-480 nm. Nevertheless, it should be noted that the actual emission 

wavelength is quite sensitive to the structural peculiarities of the molecule as well as pH value or metal 

cation presence.    

  

4. Conclusion 

In this work, density functional theory methods were used to search for and optimize the geometry of 

the first excited state for two conformations of the N-(2-oxo-2H-chromen-3-carbonyl) cytisine molecule in 

an ethanol solution. Their energies were calculated. It was found that the first excited state of the conformer 

corresponding to the crystal structure is the most stable. A structural difference between the ground and first 

excited states was revealed. The wavelength of the transition from the first excited state to the ground state 

was calculated. The theoretical estimate of the luminescence maximum in the spectrum of the most stable 

conformer was 426 nm versus the value of 453 nm established experimentally. In addition, the radiation rate 

constant kr = 3.107 was estimated. An interpretation of this electronic transition is proposed based on an 

analysis of the molecular orbitals involved.  
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Abstract. The article deals with developing and analyzing a heat pipe of a low-pressure steam electric heater 

intended for autonomous heating systems. The object of the study is two types of heating elements: a tubular electric 

heater with a nichrome spiral and an induction heater. Experimental analysis methods have been used to evaluate 

the heating characteristics, the temperature distribution and the energy efficiency. It has been established that the 

induction heater provides a higher heating rate and uniform temperature distribution, while the tubular heater is 

characterized by stable operation and economy. The obtained results allow proposing the ways to optimize the 

design of the electric heater to increase its efficiency and reliability. The findings confirm the practical potential of 

using the devices under study in various types of heating systems. 

 

Keywords: steam electric heater, heat pipe, energy efficiency, nichrome coil, induction heater, autonomous heating, 
low pressure. 

 

1. Introduction 
 

Low-pressure steam electric heaters (LPSEH) are one of the promising technologies for autonomous heat 

supply. Their use is relevant in the context of the need to reduce energy consumption, to transit to 

environmentally friendly heat sources and to increase reliability of engineering systems in remote or energy-

independent facilities. These devices combine high energy efficiency, environmental friendliness and ease of 

use, and their operation is based on the principle of a heat pipe, a device in which at reduced pressure a phase 

transition of the coolant occurs: evaporation and subsequent condensation. This process ensures intense heat 

transfer with minimal energy costs.  

Present day developments in the field of heat pipes cover a wide range of issues: selecting design 

solutions, selecting coolants and the intensifying heat transfer. A generalized review of these areas is presented 

in work [1], where design varieties and new technical approaches are considered. High thermal conductivity, 

resistance to temperature fluctuations and operational reliability allow considering heat pipes as the basis for 

energy-efficient systems, which is emphasized by the authors of studies [2] and [3], who have proposed a 

design with a simplified evaporator that maintains stable performance with variable power supply. The key 

advantage of heat pipes, according to work [4], is the capillary liquid circulation without the use of pumps, 

which makes such systems energy-independent and durable. The authors of work [5] confirm the efficiency of 

heat pipes when used with low-potential heat sources, demonstrating a fast thermal response and high energy 

output compared to traditional water heating systems. Work [6] emphasizes low thermal resistance and 

versatility of heat pipes when working in vacuum and with low-temperature flows.  
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Similar approaches are actively used in solar energy. Work [7] considers solar water heaters in which 

heat pipes can significantly increase thermal efficiency and reliability due to phase transitions and operation 

at reduced pressure. In the context of increasing requirements for energy efficiency and sustainability of energy 

supply, the LPSEH is becoming a logical alternative to traditional systems. Due to the possibility of 

autonomous operation without pumping equipment and an extensive pipeline network, they are especially in 

demand in regions with a harsh climate. The approach to sustainable heat supply is in particular implemented 

in study [8], where a dual heat source system has been developed that include heat pumps and energy storage 

devices, providing reliable heating at low operating costs. 

This study continues and develops the scientific aspects outlined in works [9–12], where the design 

parameters of the LPSEH, the vacuum conditions, the weight and geometry of heat pipes, as well as the 

integration of new types of electric heaters have been analyzed. Based on the accumulated experimental 

material, the need for a comparative analysis of two types of heating elements: a tubular electric heater with a 

nichrome spiral and an induction heater used in the LPSEH has been identified. The tubular electric heater is 

characterized by a simple design, reliability and affordable cost, which makes it suitable for mass application. 

However, the limited uniformity of heat distribution reduces the overall efficiency of the system. In contrast, 

the induction heater uses eddy currents for fast and uniform heating which increases the performance of the 

device. However, its high cost and design complexity limit widespread implementation.  

The purpose of this work is to carry out a comparative analysis of the thermal characteristics of the 

specified types of heaters, to evaluate their impact on the LPSEH efficiency, and to identify the most rational 

engineering solutions for increasing reliability and energy efficiency of autonomous heating systems. 

 

2. Experiment description 
 

The aim of this study is a comparative analysis of the efficiency of two types of heating elements used in 

the design of LPSEH vacuum electric heaters. The experiment assessed the effect of the heater type on the rate 

of thermal response, the temperature distribution along the tube, the energy efficiency of the system and its 

operational stability at different vacuum pressure levels.  

Two heat pipes of identical design that differ only in the heating element used, have been assembled for 

the tests: the first one used a tubular electric heater with a nichrome spiral, and the second one used an induction 

heater. Both units operated at the same power of 120 W, which ensured the correctness of the comparative 

analysis of the operating characteristics. The design of the tubes included two sections of a copper pipe with 

the diameter of 22 mm and the length of 210 mm, hermetically sealed at the ends. The mass of each tube with 

the coolant filled was 230 g.    

Distilled water with the volume of 15 ml has been used as the coolant. It has been selected due to its high 

purity and stability of thermophysical properties, eliminating the effect of impurities on the thermal process. 

Such a choice of liquid, as well as the assessment of its composition effect on the efficiency of heat transfer, 

have been considered in detail in a number of works, including the study by Barrak et al. [13], where the 

characteristics of single- and multi-component coolants, including binary mixtures, have been analyzed. 

To provide the conditions for an effective phase transition, vacuum pressure in the range of 5–10 kPa 

(0.05–0.1 atm) has been maintained inside the tubes. Decreasing pressure leads to decreasing the boiling point 

of water, accelerates the onset of evaporation, and contributes to increasing the intensity of heat transfer. Such 

dependences between the vacuum level, the coolant flow modes, and the device orientation have been studied 

in detail in [14], where the optimal operating conditions for pulsating heat pipes have been determined. 

The vacuum environment has been provided and stabilized using a DUO 6/M SERIES vane pump 

(Pfeiffer Vacuum) that is capable of achieving residual pressure of up to 10⁻³ mbar. This ensures reliable 

maintenance of the specified pressure range throughout the entire experimental cycle, which is critical for the 

results reproducibility.  

The temperature parameters were recorded using digital thermometers Fluke 51 (USA) with a 

measurement error of ±0.05% + 0.3 °C and HT-9815 (China) with an accuracy of ±0.1%. The wide operating 

temperature range of the instruments (from –200 °C to +1372 °C) ensured reliable temperature registration 

under the experimental conditions. In the present study, temperature measurements were performed in the 

range from 20 °C to 250 °C, corresponding to the operating modes of the low-pressure steam electric heater. 

To ensure the multi-point monitoring of thermal distribution along the length of the tube, contact 

thermocouples connected to the data collection system have been additionally used. This made it possible to 

record expected temperature non-uniformities, especially in the upper and lower parts of the tube. Both heat 
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pipes have been connected to a single power source with nominal voltage of 220 V. The current power and 

total energy consumption have been measured using two digital multimeters (UNI-T and UT61B), as well as 

a JUANJUAN qt01 wattmeter with the error of ±2%.  

These measurements allow calculating the efficiency coefficient (EC) that is used as the main criterion 

for comparative evaluation of the device efficiency. The parameter measurement diagram is shown in Figure 

1.  The diagram indicates the main components of the heater and displays the heat transfer processes: solid 

arrows indicate the upward movement of steam, and dotted arrows indicate the reverse flow of condensate 

downward. 

 
 

Fig.1. Diagram of measuring the heat electric vacuum tube parameters:  

1 – measuring unit with autotransformer; 2 – mini ZVS Low Voltage Induction Heating Power Supply Module;  

3 – inductor coil; 4 – coolant; 5 – steel core; 6 – housing of the heat pipe of the LPSEH electric vacuum heater;  

7 – drainage porous channel of the regenerator; 8 – tubular electric heater; 9 – check valve for pumping air from the 

inner cavity of the tube; 10 – air pumping system pipeline; 11 – vacuum gauge; 12 – vacuum pump, 13 – counter. 

  

 

The experiment has been carried out in the sequence that ensured stable and reproducible conditions. 

After evacuating the internal volume to pressure of 5–10 kPa, distilled water has been poured into the tube. 

The valve has been sealed, ensuring pressure stability. From the moment the voltage has been applied, the 

heating element has been heated either through a nichrome spiral or by inducing eddy currents in a metal core. 

As a result, the process of evaporation of the coolant has begun, the steam has risen to the upper part of the 

tube, where it has been condensed, giving off heat to the walls, and then has returned to the lower part as 

condensate through a drainage channel made of a metal wire structure. Thus, a closed cycle has been formed 

inside the tube, ensuring continuous and effective heat transfer due to the circulation of steam and liquid in 

different phase states. The initial operating temperature of the heater casing was reached in less than one minute 

after switching on, indicating a rapid onset of the heating process. Further temperature increase to higher 

operating levels occurred during continued heating, as reflected by the experimental temperature–time 

dependences. A comparative analysis of the thermodynamic characteristics of tubes with different types of 

heaters has made it possible to identify key differences in the energy output, the uniformity of the temperature 

field and the overall efficiency of the design. 
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3. Results and discussion 
 

Experimental studies have shown significant differences in the heat transfer characteristics and energy 

performance of the two types of heating elements used in the LPSEH design. Based on the data obtained, the 

temperature dependences on the heater operating time have been plotted (Figure 2). The graph has been plotted 

and experimental data have been approximated using the Microsoft Excel analysis and visualization tools.  

For a quantitative description of the experimental temperature dependences, semi-empirical 

approximating functions were used, reflecting the temperature rise as a function of heating time. The 

approximation was performed using third-order polynomial regressions obtained by the least-squares method: 

 

T1(t)= - 0.3333t3 - 4.7619t2 + 94t - 66.143, 

 

T2(t)= - 0.5t3 + 3.2024t2 + 34.06t - 11.857, 

 

where 𝑡is the heating time, 𝑇1 is the temperature of the induction heater, and 𝑇2 is the temperature of the tubular 

electric heater. The argument 𝑡corresponds to the time coordinate (s) shown on the horizontal axis in Figure 2. 

The coefficients of determination were R2=0.9975 for the induction heater and R2=0.9999 for the tubular 

heater, indicating a high degree of agreement between the approximating functions and the experimental data. 

 

 
 

Fig.2. Temperature dependence on the operation time of heaters 

 

The experimental curves were processed using regression analysis. The experimental data were 

approximated by third-order polynomial regression functions obtained using the least-squares method, which 

are shown in Figure 2. The high values of the determination coefficients indicate good agreement between the 

experimental data and the approximating functions. The high reproducibility of the experimental data and the 

consistency of the obtained temperature trends indicate the reliability of the results and the adequacy of the 

applied approximation approach. 

The maximum temperature reached by the tube with a tubular electric heater has been 212 °C, while for 

the induction heater this figure has been 247 °C. In addition, the induction heater demonstrated a higher thermal 

response rate: the average time to reach the temperature of 200 °C has been 3 minutes versus 5 minutes for the 

tubular heater. This advantage can be explained by a higher heat flux density, characteristic of induction 

heating, as well as better uniformity of heat distribution along the length of the tube. The analysis of thermal 

profiles has shown that the induction heater provides a stable temperature field along the entire length of the 

heat pipe. In particular, a smaller temperature gradient is observed in the upper part of the tube compared to 

the tubular heater, where local fluctuations and reduced thermal stability have been observed. This indicates a 

more uniform heat transfer and less local overheating in the case of using the induction method.  

The energy efficiency assessment revealed that the efficiency of the induction heater exceeds that of the 

tubular electric heater by an average of 15%. For a clear comparison of the operational and design features of 
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the investigated heating elements, their main characteristics, summarized on the basis of experimental data and 

qualitative analysis of the test results, are presented in Table 1. 

 
Table 1. Comparative characteristics of the investigated heating elements. 

 

Characteristic Tubular electric heater Induction heater 

Time to reach operating regime Longer Shorter 

Maximum achieved temperature Lower than induction Higher than tubular 

Temperature response Less uniform More uniform 

Energy efficiency Lower Higher 

Structural complexity Low Increased 

Cost Lower Higher 

Technological availability High Limited 

 

The data presented in Table 1 clearly demonstrate that induction heating offers advantages in terms of 

heating rate, temperature uniformity and energy efficiency. These advantages are primarily explained by 

reduced heat losses due to more targeted energy transfer and the absence of mechanical contact between the 

heating element and the heated surface. The obtained results are consistent with previously published studies 

on induction heating systems [15], where high energy efficiency (up to 97.34%) and favorable power factor 

values (up to 0.81) have been reported for induction-based heaters, confirming the effectiveness of this heating 

method in high-energy-output applications. 

Additional confirmation of the energy and thermal advantages of induction heating is given in [16], where 

more uniform temperature distribution and increasing of up to 25 °C have also been established compared to 

resistive elements with equal input power. Thus, experimental and literature data indicate the technological 

superiority of the induction heating method in the context of energy efficiency and thermal stability. 

A comparison of the main operating characteristics of the two types of heaters allows highlighting a 

number of key differences. Firstly, induction heating provides a higher speed of reaching the target 

temperature, which makes it preferable for systems with limited warm-up time. Secondly, the temperature field 

along the tube during induction heating is more uniform, which increases the efficiency of heat transfer and 

reduces the risk of local overheating. Thirdly, the achieved energy efficiency of the induction element exceeds 

the resistive analogue by 10-15%, which makes it attractive for use in energy-saving installations. 

Another important advantage is the reduced thermal gradient on the tube surface during induction heating, 

which reduces the risk of overheating and improves the operational safety of the device. However, it should 

be noted that induction heaters are characterized by greater design complexity, as well as a significantly higher 

cost, which limits their use in serial and low-cost heating systems. 

Thus, the results of the experiment confirm the high efficiency of induction heating in the context of heat 

transfer, the uniformity of temperature distribution and the overall energy efficiency. These findings are 

consistent with the theoretical provisions and applied recommendations set out in [17], which summarizes the 

design principles of induction systems, including frequency parameters, coil configuration and thermal 

response of materials. Despite this, tubular heaters remain relevant due to their simple design, availability and 

reliability in operation. In conditions of a limited budget, as well as when mass production of devices is 

required, resistive elements remain an economically viable solution.  

A promising area for further research is optimization of the induction heater design to reduce the cost, 

simplify the manufacturing technology and increase the technological reliability. The development of hybrid 

systems with a controlled type of heating can also be of interest for expanding the scope of LPSEH application 

in energy-efficient engineering systems. 

 

4. Conclusion 
 

The present study was devoted to a comparative analysis of the thermal behavior of a low-temperature 

steam electric heater employing tubular electric and induction heating elements under identical experimental 

conditions. The obtained experimental results demonstrated that the type of heating element has a significant 

influence on the temperature characteristics of the heat pipe and on the formation of the overall thermal regime. 

The induction heater exhibited a higher heating rate, a higher maximum operating temperature, and a 

more uniform temperature distribution along the length of the heat pipe. In particular, the time required to 
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reach the operating regime was shorter, and the temperature gradients along the tube were lower than those 

observed for the tubular electric heater. Moreover, the energy efficiency of the induction heater exceeded that 

of the tubular heater by an average of approximately 15%, which confirms its potential for application in 

energy-efficient autonomous heat supply systems. A comparison of the obtained experimental data with 

previously published studies [15–17] confirms the key advantages of induction heating under conditions 

requiring high heating rates, thermal stability, and uniformity of heat transfer. 

At the same time, the tubular electric heater demonstrated stable and reproducible operation, adequate 

thermal performance, and structural simplicity. Its lower cost and high technological availability make this 

type of heater a practical and economically justified solution for mass production and for applications in which 

economic and technological constraints play a decisive role. Therefore, the selection of a heating element 

should be based not only on thermal and energy performance, but also on structural, technological, and 

economic considerations. Despite the clear operational advantages of induction heating systems, their 

increased structural complexity and higher cost currently limit their widespread industrial implementation. 

The scientific novelty of this work lies in the experimental comparison of heating elements of different 

physical nature under vacuum heat pipe conditions, which made it possible to identify their key advantages 

and limitations. The practical significance of the obtained results is associated with the possibility of a well-

founded selection of heating elements for specific operating conditions, as well as with the development of 

recommendations aimed at improving the energy efficiency of low-temperature steam electric heaters. 

Further research should focus on optimizing induction heater designs in order to reduce cost, enhance 

manufacturability, and improve operational reliability. Particular interest is also associated with the 

development of hybrid heating systems and intelligent control strategies capable of adapting thermal 

characteristics to changing external conditions and energy efficiency requirements in modern autonomous heat 

supply systems. 
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Abstract. Gas turbines are essential for high-power energy generation, but growing demands to reduce NOₓ 

and CO₂ emissions make traditional combustion chamber design increasingly complex and costly. This work 

proposes a new modeling paradigm that combines high-fidelity Computational Fluid Dynamics using neural 

network learning to accelerate emission prediction. A Computational Fluid Dynamics model was developed using 

the Reynolds-averaged Navier-Stokes equations with the k–ε turbulence model and a non-premixed Probability 

Density Function approach to simulate turbulent methane combustion. NOₓ emissions were calculated post-

simulation using the Zeldovich mechanism. Model validation included varying fuel flow, excess air ratio, and wall 

heat loss. To speed up evaluations, a multilayer perceptron neural network was trained on Computational Fluid 

Dynamics results to predict NOₓ and CO₂ emissions based on key inputs (fuel rate, air excess, temperature, pressure, 

cooling). The model achieved high accuracy with a coefficient of determination (R^2) of 0.998 for NOₓ and 0.956 

for CO₂ on an independent test set. Results showed good agreement with both experimental data and a Network of 

ideal reactors model using detailed kinetic scheme of methane combustion - Mech 3.0. This neural network serves 

as a fast surrogate model for emissions assessment, enabling rapid optimization of low-emission combustor designs. 

The approach is suitable for digital twins and combustion control systems and is adaptable to alternative fuels like 

hydrogen and ammonia. 

 
Keywords: neural network, combustion, gas turbine engine, numerical simulation. 
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1. Introduction 

 Gas turbine engines (Fig. 1) are widely used in power engineering and aviation, but increasingly stringent 

NOx and CO₂ regulations require combustion chambers that operate reliably at high pressures and temperatures 

while producing minimal emissions. The full development cycle of such chambers traditionally relies on 

expensive experimental stands and resource-intensive Computational Fluid Dynamics (CFD) calculations: 

modeling turbulent combustion with detailed chemistry takes hours to days, which significantly slows down 

development. Machine learning, in particular neural networks, offers a way out: a neural network trained on a 

set of CFD and experimental data instantly predicts flame temperature, product composition, and emission 

levels. This opens the way to rapid mode selection, optimization, and reduction of design costs. 

 

 
 

Fig.1. The gas turbine engine - Eurojet EJ200 is a low-bypass turbofan used as the powerplant  

of the Eurofighter Typhoon (image taken from the official manufacturer's website [https://www.eurojet.de/innovation/])  

 

The aim of the work is to show that a multilayer perceptron trained on a sample of CFD models of 

methane flame provides engineering-acceptable accuracy of NOx/CO₂ prediction at a computational cost an 

order of magnitude lower than classical CFD, thereby radically accelerating the process of developing 

combustion chambers for gas turbine engines. 

In recent years, interest in combustion and emissions has increasingly led to the use of neural networks 

[1]. Wang and Yang showed that such models predict NOx formation significantly more accurately [2, 3]. 

Earlier work already demonstrated the usefulness of artificial neural networks (ANN) for describing 

combustion processes [4]. Thus, in [5], a single-layer network predicted NOx emissions, vibrations, and 

pressure fluctuations based on the operating parameters of a gas turbine engine. Lamont et al. confirmed that 

ANNs provide accurate estimates of NOx, CO, and chamber outlet temperature with metered fuel supply [6]. 

“Fast” simplified models are also being developed. Wang et al. created a compact neural network that 

replaces complex calculations of turbulent combustion and preserves the flow shape with good accuracy [7]. 

Aversano and colleagues combined principal component analysis and kriging interpolation, constructing a 

“digital twin” of a burner for a fast parametric study. Similarly, the eigenfunction method in conjunction with 

the radial basis network made it possible to speed up calculations of a large furnace several times with an 

acceptable error [8]. For a direct emission forecast, Sun et al. used an RBF network: the maximum errors were 

≈ 12% for NOx and ≈ 3% for CO, the average errors were < 5% and 1%, respectively [9]. The hybrid approach 

“CFD + network of simple reactors” turned out to be promising. It takes the flow field from CFD and calculates 

the chemistry in a network of elementary reactors, reducing the NOx discrepancy to ≈ 5% (versus 10–20% for 

pure CFD) [10]. Such a mechanism is implemented, for example, in the ENERGICO energy package, where 

the CHEMKIN module provides an accuracy of < 5% and reduces the calculation time from weeks to days 

[11]. Experience shows that neural networks and their combination with classical calculations effectively 

approximate complex interrelations in combustion and help reduce emissions [12]. 

In this paper, this approach is developed: detailed CFD modeling is used to train an MLP network that 

forms an “express model” of methane combustion chamber emissions. 
The object of the study is the turbulent non-premix flame of a methane-air mixture in the combustion 

chamber (Fig. 2) of a gas turbine engine. A steady-state combustion mode is considered: methane (CH₄) is fed 
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through a burnr, mixed with an oxidizer (air) and burns in the chamber. The main reaction during complete 

combustion is: 

CH₄ + 2O₂ → CO₂ + 2H₂O 

with the release of heat.  

However, in real conditions the flame is turbulent and some of the fuel may not burn completely (CO is 

formed), and at high temperatures nitrogen oxides are generated from atmospheric nitrogen (thermal NOx by 

the Zeldovich mechanism). To adequately describe the process, it is necessary to solve a system of coupled 

equations of gas flow and heat/mass transfer taking into account chemical kinetics. 

The gas flow was described by the system of Reynolds-averaged Navier-Stokes (RANS) equations for 

conservation of mass, momentum, energy, and species transport. The flow was assumed to be steady, turbulent, 

and chemically reacting.  

These equations track how the composition of the gas mixture changes as a result of convection, diffusion, 

and reactions. For turbulent combustion, a direct solution of a detailed kinetic scheme (including dozens of 

reactions and intermediate radicals) in conjunction with the Navier–Stokes equations are practically 

unrealizable due to the enormous computational complexity. Therefore, turbulent combustion models are used 

that simplify the description of chemistry while preserving the main effects. In this paper, a non-premix 

combustion approach is used using a variable mixture fraction and the assumption of fast combustion. A scalar 

value Z is introduced – the fractional content of fuel (mixture) in the gas. The value Z = 0 corresponds to a 

pure oxidizer, Z = 1 – to pure fuel. It is assumed that turbulent mixing occurs much slower than the chemical 

reaction (fast chemical reaction mode), therefore, at each point, chemical equilibrium is established instantly 

based on the local Z and the mixture formation parameter (for example, enthalpy). Thus, the concentration 

fields of products (CO₂, H₂O), residual O₂ and main pollutants are calculated assuming local chemical 

equilibrium at given Z. Turbulent fluctuations of Z are taken into account by means of the assumed PDF 

(probability density function, Fig. 3) model [13]. 
 

 

 

 
 

 

Fig.2. Tubo-annular combustion chamber (Rolls-

Royce) [12]. 

 

Fig.3. Three-dimensional surface from the flamelet-PDF 

library generated in the Flamelet-PDF module of ANSYS 

Fluent for a stationary laminar diffusion flame [14]. 

 

The red part of the surface shows hot combustion products (up to ~2250 K) near the optimal fuel-air ratio; 

blue - cold areas where reactions have not yet begun. The stronger the mixing (the greater the dispersion), the 

lower the peak temperature: turbulence "stretches" the flame and cools it. The 3-D surface provides a visual 

representation of how the mixture, turbulence and chemistry work together to form a flame. 

A P(Z) distribution within the cell is assumed (usually a beta distribution), allowing the turbulence-

averaged product fractions and heat release to be calculated. This approach is known as the unmixed 

combustion PDF model and is implemented in ANSYS Fluent, among others. It greatly simplifies the 

calculations by reducing the integration of the rigid kinetics to a preliminary calculation (of a chemical 

equilibrium table or "flamlet"), and then only the algebraic operations to determine the Z compositions are 

performed during the CFD solution. 
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 The approach is based on the hypothesis of instantaneous (infinitely fast) combustion, which is true for 

the main reactants, but NOx formation does not fit into this concept, since NOx formation is a relatively slow 

process compared to fuel combustion. Therefore, a separate calculation (postprocessing) is used for NOx, 

taking into account the final reaction rate, as discussed below. 

Boundary and initial conditions. 
At the chamber inlet, a fuel and air inflow with a certain flow rate and temperature is specified. At the 

chamber outlet, a boundary condition of the outlet (outlet pressure or ambient condition) is specified. The 

chamber walls are considered either adiabatic or considering heat exchange. Model validation (see 

"Verification and validation of models") includes a comparison of variants with heat loss (convective heat 

removal and radiation) and without it. To summarize, the formulated problem is a stationary turbulent 

combustion of a methane-air mixture in a direct-flow combustion chamber. The solution method is numerical 

integration of the averaged Navier-Stokes equations with a turbulent combustion model (mixture model with 

PDF), supplemented by calculating NOx formation in the postprocessor. The selected turbulence and 

combustion models and the rationale for their use are described below. 

The RNG k–ε turbulence model [15] is used to close the averaged system of flow equations. This is a 

modification of the standard k–ε model with an additional term in the equation for ε, which increases the 

accuracy in describing rapidly decaying flows and takes into account the swirl. This is especially important for 

gas turbine engine combustion chambers, where the flow swirls to stabilize the flame. The model also provides 

more reasonable values for some constants (e.g., Prandtl numbers) and is able to take into account effects at 

low Re. Compared to the standard k–ε, RNG k–ε better describes curvilinear and vortex flows with a moderate 

computational load [15]. The non-premixed PDF approach (see Section 3) is used to describe combustion, 

where combustion is assumed to be limited by the mixing rate and chemistry is instantaneous. Turbulence 

affects the flame through fluctuations in the mixture parameter Z, which is described by the beta distribution. 

The method is suitable for methane diffusion flames, where combustion is determined by the reactant feed. 

Since the model assumes instantaneous chemistry, NOx formation is calculated separately after the main 

calculation, taking into account the final reaction rate according to the Zeldovich mechanism and prompt-NO 

(the NOx model in Fluent) [16]. When using detailed kinetics directly in the calculation (e.g. via the PDF 

transport equation), the accuracy can increase to the level of 6% RMS for NOx [17], but this requires 

significantly more resources. Thus, the combination of RNG k–ε and PDF model is chosen as a balanced 

solution between accuracy and efficiency, widely used for modeling methane combustion with satisfactory 

results in terms of temperature and product composition. 

Numerical simulation was performed in ANSYS Fluent. The geometry of the flame tube of a typical 

straight-through tubular-annular combustion chamber with a swirler was built in the SolidWorks’ program, the 

mesh was built in ANSYS Meshing (~5×10⁵ cells). A model of almost incompressible gas with the ideal gas 

equation of state was used. The finite volume method and the Second Order Upwind scheme were applied to 

approximate the equations (momentum, energy, k, ε, composition). The difference between the 1st and 2nd 

order schemes on a fine mesh was <2%. The relationship between pressure and velocity was implemented 

using the SIMPLE algorithm. Convergence criteria: residuals <10⁻⁶, integral parameters are stabilized with an 

accuracy of 0.1%. Grid convergence analysis was performed: when doubling the number of cells (to 10⁶), the 

temperature changed by <1%, NOx by ~2%, which confirmed the adequacy of the base grid. A step-by-step 

strategy was used: first, the main combustion (without NOx) was calculated, then NOx emissions in the 

postprocessor based on the Zeldovich mechanism (Fluent NO-postprocessor), with recalculation to 15% O₂ 

Taking into account heat transfer through the walls turned out to be critical: in the base case - adiabatic 

conditions, then - a scenario with heat loss through convection (h = 100 W/m² K, T_ext = 500 K) and radiation 

(model P1, emission = 0.7).  

To ensure the generalization capability of the neural network and meet statistical requirements, the 

training dataset was expanded to 200 operating points. The dataset covers a wide range of operating conditions 

characteristic of gas turbine combustion chambers: 

− Fuel mass flow rate: 0.004 – 0.006 kg/s; 

− Air inlet temperature: 300 – 600 K; 

− Air excess ratio (α): 1.2 – 2.0. 

The neural network was trained in MATLAB using the Levenberg-Marquardt algorithm. The dataset was 

randomly divided into three subsets: Training (70%) for weight adjustment, Validation (15%) to prevent 

overfitting, and Testing (15%) for independent performance evaluation. 
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Training dataset structure 
Each row in the table corresponds to one unique CFD simulation with its own set of input and output 

parameters. These parameters are divided into two groups: 

Inputs: These are the 4 variables that determined the operating conditions of the combustor in the 

simulation. The neural network learns from them to make predictions. 

mf_fuel_kg_s: mass flow rate of fuel (methane) in kg/s. 

mf_air_primary_kg_s: mass flow rate of primary air (for combustion) in kg/s. 

mf_air_secondary_kg_s: mass flow rate of secondary air (for cooling) in kg/s. 

       T_air_in_K: inlet air temperature in Kelvin. 

Outputs: these are the 2 target variables that the neural network learns to predict: 

Mass fraction NOx - mass fraction of nitrogen oxides (NOx) in the combustion products.  

CO2_pct - percentage of carbon dioxide (CO₂) in the combustion products. 

The purpose of using this table is to train the neural network (multilayer perceptron) to recognize the 

complex relationships between the operating parameters of the combustion chamber and the resulting NOx 

and CO₂ emissions, so that it can make instant predictions without the need for lengthy CFD calculations. 

 At this stage, 200 CFD calculations may be sufficient for preliminary analysis and creation of the neural 

network model, this allows to assess the main trends and check what is happening, but it is planned to increase 

the number of calculations to 500 - 2000 options. The neural network was trained in MATLAB (Neural 

Network Toolbox): 4 inputs, one hidden layer of 10 neurons, 2 outputs (NOx, CO₂), the backpropagation 

method (Levenberg–Marquardt algorithm). MSE reached a minimum in ~100 epochs. Calculation of 1 point 

<0.01 s — comparable to a thousand-fold acceleration compared to CFD. For additional validation, 

CHEMKIN (via ANSYS Chemkin-Pro) was used — equilibrium composition, verification of the NO 

formation mechanism. Calculations were also performed in ANSYS Energico — the chamber model as a 

network of PSR reactors (Fig. 4), the GRI-Mech 3.0 mechanism. NOx values were obtained with an accuracy 

of 5–10% of the experimental ones, confirming the reliability of the models. Thus, the integrated approach 

combined the tools of CFD (Fluent), detailed chemistry (Chemkin/Energico) and neural network modeling 

(MATLAB), which allowed a comprehensive study and validation of the proposed methodology. 

 

2. Materials and Methods 
 
Numerical verification.  

To check the numerical stability, a grid convergence analysis was performed on three grids: 0.3, 0.5, and 

1.0 million elements. With increasing resolution, the maximum temperature increased (~1940 K → ~2010 K), 

and NOx increased from 45 ppm to 55 ppm. The changes in the transition from 0.5 to 1 million were ~6%, 

which is considered acceptable. The base grid (0.5 million) was used further, and the spread was taken into 

account as an estimate of the discretization error. Approximation schemes were also investigated: the 1st order 

scheme underestimated the temperature and NOx (1960 K and 48 ppm), so the 2nd order scheme was used in 

the calculations. Taking into account heat losses (convection and radiation model P1) reduced the temperature 

by 100–150 K and decreased NOx by ~15%. For example, with an equivalent coefficient of 0.6, the NOx 

concentration decreased from 50 to ~42 ppm. The main features of the flow were preserved. 

Experimental validation.  

The numerical data are compared with the results from [18], where NOx ~25 ppm at T_output ~1673 K 

were obtained in a laboratory chamber on methane. The CFD results (22–30 ppm at ~1650–1700 K) fall within 

this range. The expected exponential dependence of NOx on temperature, characteristic of the thermal 

mechanism of its formation, is also confirmed [19]. For example, increasing the temperature from 1500 to 

1700 K increased NOx from 10 to 50 ppm. 

The temperature distributions in CFD correspond to the laser diagnostics data: the maximum of ~2000 K 

is localized in the flame above the burner, with a subsequent decrease towards the outlet (~1600 K). The 

observed recirculation zone behind the swirl is consistent with the literature data for swirling turbulent methane 

flames [20]. Additionally, a comparison was made with the CRN reactor model using GRI-Mech 3.0. The 

obtained NOx level (~50 ppm) practically coincides with the CFD results (~52 ppm), confirming the reliability 

of the model. The CO₂ yield was in the range of 8–10%, which is close to the theoretical value. The CO 

concentration did not exceed 10 ppm (at the nominal mode), indicating almost complete combustion. 
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Fig.4. Network of serial/parallel PSR (Perfectly Stirred Reactor) reactors with visual flow grouping tools. 

 

 
Testing the neural network model.  
An extended dataset (200 cases) was used. The prediction performance was evaluated on an independent 

test set of 30 scenarios (15% of the database). The results are presented in Fig. 5. The model demonstrated 

high accuracy: the coefficient of determination (R2) reached 0.998 for NOx and 0.956 for CO₂. The Mean 

Absolute Error (MAE) and Root Mean Squared Error (RMSE) values confirm that the neural network 

successfully reproduces the complex non-linear dependencies of pollutant formation without significant 

overfitting. The maximum deviation for NOx (~10%) was observed in extreme lean modes.  

 
Table 1. Neural network performance metrics on the independent test dataset. 

 

Variable R² (Determination Coefficient) MAE (Mean Absolute Error) RMSE (Root Mean Squared Error) 

 NOx (ppm) 0.998 1.774 2.450 

CO₂ (%) 0.956 0.202 0.263 

 

 

  
a) b) 

Fig.5. Neural Network Validation Results: a) NOx prediction (R2=0.998); b) CO2 prediction (R2=0.956).  

 

In general, the neural network correctly reproduced the main dependencies (increase in NOx with 

temperature, decrease in CO₂ with lean mixtures), which corresponds to literature data [9]. This confirms the 

adequacy of both the CFD model and the neural network trained on its basis. 
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3. Results and discussion 
 

In Fig. 6 the temperature profile in the combustion chamber is shown under typical conditions (air excess 

coefficient α ≈ 2.0, close to the nominal load). The maximum temperature reaches ~2100 K in the main flame 

zone immediately behind the swirl. 

 

 
 

Fig.6. Temperature profile in the flame tube under typical conditions (described in the text) 

  

 

   

a) b) c) 

 

Fig.7. Distribution along the flame tube of the:  

a) velocity magnitude; b) mass fraction of CO2; c) mass fraction of NOx (mode with a "lean" fuel-air mixture). 

 

In the central part of the chamber, a combustion product recirculation zone is formed, which is expressed 

in an area with an elevated temperature (about 1500 K) – this helps maintain combustion and re-burn unreacted 
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methane, Fig 7. Closer to the walls, the temperature is lower (about 1000 K or less, due to the supply of 

secondary air), which is important to prevent overheating of the chamber material. Velocity field (Fig 7a) is 

characterized by a strong swirl of the flow: immediately behind the inlet nozzle, a swirling air flow is visible, 

creating a toroidal recirculation zone behind the flame plume. This zone captures part of the combustion 

products and returns them to the base of the flame, promoting stable combustion. Such a structure (the so-

called internal recirculation torus) is typical for chambers with vortex stabilization. 

The distribution of concentrations of the main products (CO₂, H₂O) exactly repeats the temperature field 

- the highest concentration of CO₂ is observed in the same place where the temperature is high, confirming 

that the fuel mainly burns in the torch behind the swirl. Oxygen is almost completely consumed in the flame 

zone, and ~15% O₂ remains at the outlet (in terms of dry gas, (during fuel combustion, water vapor (H₂O) is 

formed. But when analyzing the composition of combustion products, it is removed (moisture condenses), and 

only the dry part of the gas is analyzed - CO₂, CO, O₂, NOx, etc.)) with an excess of air of 2.0, which is 

consistent with the mass balance), Fig. 7b., Fig. 7c.  
The CFD model showed that NOx is formed in the high-temperature flame zone (Fig. 7c, reaching 20–

30 ppm behind the combustion zone. The concentration decreases towards the outlet due to dilution. The final 

emission is ~50 ppm without cooling, ~40–45 ppm with cooling, which corresponds to the standards 

(temperature <2000 K). An increase in temperature (for example, when α decreases from 2.0 to 1.8) causes a 

sharp increase in NOx (~15 → 70 ppm), which is due to the exponential dependence according to Arrhenius. 

The opposite trend is observed for lean mixtures: at α=2.5 – only ~10 ppm. The air temperature at the inlet 

also has an effect. The neural network successfully reproduces these dependencies, accelerating the analysis 

of modes. CO₂ prediction and combustion efficiency: at nominal modes, CO₂ is ~3–4%, which indicates 

complete combustion. At α=3.0, CO₂ drops to ~2%, and CO grows (~5e–6), which reflects deterioration of 

combustion in a diluted and cooled flame. 

 

4. Conclusions  
 
This paper presents a study aimed at improving the efficiency of numerical modeling of methane 

combustion in a gas turbine engine combustion chamber by using neural networks. A technique has been 

developed that combines high-precision CFD modeling of turbulent combustion with subsequent training of a 

multilayer perceptron for rapid prediction of harmful emissions.  

The main conclusions and results are as follows:     

1 A CFD model of a methane combustion chamber (flame tube) has been developed based on the RNG 

k–ε turbulent model and a combustion model assuming fast chemical reaction with PDF. 

2 The model has been successfully verified (grid sensitivity analysis, comparison of orders of 

approximation) and validated against literature data: temperature and concentration distributions, as well as 

predicted NOx levels (~tens of ppm) are close to those observed experimentally. This confirms the suitability 

of the selected models for assessing processes in a real chamber. 

3 A numerical study of the factors influencing NOx and CO₂ emissions was conducted. It was shown 

that the key role is played by the combustion temperature regime, determined by the mixture composition 

(excess air coefficient) and cooling conditions. Thermal NOx increases sharply with an increase in the 

maximum flame temperature, which corresponds to the exponential nature of its kinetics. Moderate wall 

cooling can reduce NOx by 10–20% by reducing thermal peaks. Methane combustion efficiency (in terms of 

CO₂ and CO concentrations) is reduced at too lean mixtures, which limits the ability to minimize NOx by 

leaning alone. These results are consistent with physical concepts and previously published data on emissions 

in chamber flare flames [21]. 

4 A neural network model (MLP) has been developed that approximates the dependence of NOx and 

CO₂ emissions on the chamber operating mode parameters. The model has been trained on an expanded dataset 

(200 cases) obtained from CFD and provides a coefficient of determination (R2) of 0.998 for NOx and 0.956 

for CO₂ relative to CFD. 

5 In practice, this means that the neural network can replace CFD calculations for emission assessment 

purposes, producing results in a fraction of a second. Thus, a significant increase in efficiency has been 

achieved: a quick forecast is possible in real time or during multiple runs during optimization calculations. 

6 The neural network reproduces physical patterns: analysis of weights and responses showed that the 

model captures the exponential nature of NOx growth with temperature, the effect of residence time and 

oxygen concentration, although these dependencies were not explicitly specified. This demonstrates the ability 
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of AI tools to identify hidden dependencies in complex multidimensional combustion process data. In essence, 

the neural network has become a digital twin of the camera, to which various scenarios can be applied and a 

reliable response estimate can be obtained. 

Application prospects. The proposed approach can be directly used in the design of low-emission 

combustion chambers. A neural network surrogate trained on CFD data can be integrated into optimization 

algorithms for finding the best configuration (e.g. swirl geometry, flame tube diameter ratio, etc.) based on the 

criteria of minimizing NOx/CO while maintaining combustion stability. In addition, such a surrogate can serve 

as the basis for a combustion monitoring and control system: receiving operational sensor data (temperature, 

flow rate, pressure), the trained network could predict the emission level and signal the need to adjust the 

mode, which essentially implements the concept of control based on the MPC (Model Predictive Control) 

model for emissions. 

The plan is to move on to modeling ammonia combustion by training a neural network surrogate that 

simultaneously predicts NOₓ, CO, and soot. For this, full-size CFD dumps, and more complex architectures 

(CNN, PINN) will be used, which will allow reproducing the spatial-temporal structure of the flame and 

assessing thermoacoustic stability. Additionally, the introduction of AI models directly into the CFD code is 

being considered to correct for turbulence and reaction rates, providing faster and more accurate calculations. 
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Abstract. This paper presents new results of computational experiments to study the influence of 

various methods of fuel input (straight flow and vortex with a flow deflection angle of the pulverized coal 

stream) across the firing systems on combustion processes utilizing the BKZ-75 boiler combustion 

chamber case of the Shakhtinskaya TPP (Kazakhstan), fluidized combusting Karaganda coal with high 

ash content. According to the results of computational combustion modeling, the following results were 

derived: the total velocity vector distributions, spatial distributions of temperature, and concentrations 

of carbon oxides and nitrogen dioxide (NO₂) within the full volume through the combustion zone and at 

the chamber’s discharge. It has been appeared that the vortex strategy of providing the discuss blend 

makes it conceivable to enhance the method in the combustion of high-ash coal, as in this case there's an 

increment in temperature within the center of the burn and a lower temperature observed at the 

combustion zone outlet, which features a noteworthy effect on the chemical forms of the arrangement of 

reaction products formed during combustion. When employing vortex burner devices, the concentration 

levels at the combustion outlet zone for carbon monoxide (CO) decrease by about 15 %, and for nitrogen 

dioxide (NO2) by roughly 20 % relative to direct‑flow burner devices. The comes about gotten make it 

conceivable to create proposals for the advancement of ideal strategies for managing flame structure 

and combustion dynamics of a pulverized coal burn to extend the productivity of vitality offices and 

decrease emanations of hurtful substances into the environment. 

 

Keywords: combustion, simulation, coal-fired power plant, linear-flow and swirling-flow burners, thermal field, 
carbon monoxide emission, toxic nitrogen compounds. 

 

1. Introduction  
 
Today, energy consumption is the largest source of anthropogenic greenhouse gas emissions, contributing 

to global warming [1]. According to the International Energy Agency (IEA) for 2022, the world's most 

significant sources of energy are petroleum, coal, and natural gas (Figure 1) [2]. Just over 16% of global energy 

comes from low-carbon sources, of which approximately 11% comes from renewable fuels and renewable 

municipal waste (biofuels and biomass). The remaining clean energy sources include hydropower, geothermal 

energy, solar energy, wind energy, tidal energy, and wave energy. 
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The global community is rapidly moving to achieve complete decarbonization of the global economy by 

2050, introduce a carbon tax, and strengthen adaptation measures to the impacts of climate change. The Paris 

Agreement on climate change ignited the carbon neutrality movement, with the European Union, the United 

Kingdom, Japan, Korea, and more than 110 other countries committing to carbon neutrality by 2050. However, 

carbon dioxide emissions are still at record levels and are rising rapidly [2].  

Despite the growing popularity of alternative sources, electric coal remains the primary method for 

producing electricity. The IEA indicated that high coal demand will remain stable until 2025. Although 

Western countries want to reduce coal consumption, it will continue in Asian markets. The world is close to 

peak fossil fuel use, and coal will be the first to decline, but the world is not there yet. Request for coal waste 

resolved and is expected to hit record-breaking level this year, expanding worldwide emanations [2]. 

 

 
 

Fig.1. Fuels' share of the world's total primary supply in 2025 [2]. 

 

The coal industry faces a paradoxical situation. While the global green transition frames coal as the 

dirtiest source of electricity, it continues to serve as an affordable and dependable resource with rising demand. 

Indeed, although driving countries have announced approach to realize carbon nonpartisanship over period 

2020-2060, coal generation is impossible to decrease before long. Fueled by tall common gas costs, rising 

power request, and fast mechanical and vitality division development in India, China, and Southeast Asia, coal 

is anticipated to preserve its current proportion within the vitality blend for at slightest other 5-10 a long time 

[3–6]. 

According to the International Energy Agency (IEA), global coal consumption will likely rise in the 

coming years. The post-COVID recovery has driven energy demand sharply upward, prompting a resurgence 

of coal use. In the EU, previously retired coal-fired power plants are being reactivated, while in the United 

States, coal mining is experiencing its first revival in a decade. This “coal resurgence” started in 2021 in the 

midst of the vitality emergency, as clean energy demonstrated fewer solid, compelled by both characteristic 

situations (moo wind and cold climate) and by technological challenges (including the surge in solar panel 

production). As a result, coal has returned to the global energy mix despite strong opposition from 

environmentalists [2].  

Coal-based power generation continues to play a crucial role in the economies of many countries and in 

ensuring public welfare [7–11]. In response to global environmental priorities, the industry is working to 

develop “clean” coal utilization and processing technologies while meeting strict ecological standards. This 

makes research on combustion processes in power plant chambers and identifying optimal fuel-burning 

methods especially relevant. Although the share of coal-fired plants is expected to decline, coal will remain 

the primary fuel for Kazakhstan’s thermal power sector. Subsequently, a key challenge for household control 

designing is planning and executing ecologically inviting advances at coal-burning facilities in Kazakhstan 

control that direct toxin arrangement forms and reduce outflows [12-17]. 

This study presents computational experiments to analyze the influence of different fuel injection 

methods-direct-flow and vortex, with a specified swirl angle of the pulverized coal stream through burner 

devices on combustion processes. Environmentally optimal air supply configurations for the combustion 

chamber were identified. Cutting-edge numerical devices empowered detailed 3D representations of the 

results, which had been confirmed against test data obtained from a working warm control station [18-21]. 
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2. Materials and methods 
Structural and Functional Description of the Combustion Chamber 
 

To implement numerical simulation techniques, we chose the combustion zone of the BKZ-75 steam-

generating unit, introduced at the Shakhtinskaya TPP located in Kazakhstan, in which Karaganda coal with 

ash content 35.1 % is combusted. The object of study is the BKZ-75 vertical water-tube steam boiler, operating 

at a capacity of 75 t/h (51.45 GCal/h). Figure 2a illustrates a boiler schematic and a finite difference framework 

used for running computational tests.  

 

 
               а)               b)              c) 

Fig. 2 Evaporator graph and finite-difference framework (a) and diverse plans of burner gadgets course of action: 

direct-flow (b) and vortex (c) within the firebox of the BKZ-75 evaporator 

 

The evaporator utilizes four burners for pulverized coal combustion, two introduced at the front side and 

raised to one level. Figure 2a shows a pot chart and a finite-difference approach for executing computational 

tests. Below are the comes about of computational tests to think about warm forms, streamlined and analysis 

of concentration profiles in the combustion zone of the BKZ-75 boiler at the Shakhtinskaya Thermal Power 

Plant [12-14, 17] for the shown two modes of providing coal powder fuel: 1) direct-flow approach of providing 

the discuss blend burners are found on inverse side dividers (Figure 4b); 2) vortex approach of providing the 

discuss blend - burners with a whirl point of the discuss blend stream and a 30-degree tilt toward the boiler’s 

central symmetry (Figure 2c) [22-24].  

The initial data for carrying out numerical modeling and numerical experiments on fuel combustion in 

the combustion chamber of the BKZ-75 boiler, as well as all the necessary parameters of coal dust are presented 

in Tables 1-2. 

 
Table 1. Composition and initial data of Karaganda coal 

 

Composition of the 

original coal dust, % 

Initial data of Karaganda coal 

Name 

of the parameter 
Designation Unit of measurement Meaning 

W 10,60 Type of coal KR-200 - - 

А 35,10 Fineness of grinding R90 % 20 

S2 1,04 
Density of coal ρ kg/m3 1300 

C 43,21 

H2 3,60 

Heat of combustion of coal 𝑄𝐿
𝑅

 kcal/kg 4433 
O2 5,24 

N2 1,21 

V 22,00 
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Table 2. Calculated performance indicators of the combustion chamber of the BKZ-75 boiler 

 

№ Parameter name Designation Unit of measurement Meaning 

1  Nominal steam capacity D t/h 75 

2  Boiler efficiency 
 % 80.88 

3  Height of the combustion chamber h(z)  m 16.75 

4  Firebox width x m 6 

5  Depth of the combustion chamber y m 6.6 

6  Number of burners on the boiler N pcs. 4 

7  Fuel efficiency of one burner B t/h 3.2 

8  Primary air flow rate to the boiler Vp nm3/t 31797 

9  Secondary air consumption for the boiler Vs  nm3/t 46459 

10  Excess air coefficient in the furnace 𝛼  1.2 

11  Hot air temperature th °С 290 

12  Suction cups in the firebox ∆𝛼𝑡 - 0.10 

13  Estimated fuel consumption for the boiler В  t/h 12.49 

14  Cold air temperature tc ᵒС 30 

15  Air mixture temperature tair °С 140 

16  Wall temperature tw °С 430.15 

 

3. Results 
 
Underneath are the results of a consideration of warm forms, streamlined, and concentration fields in 

the BKZ-75 boiler combustion chamber at the Shakhtinskaya TPP for two coal feed modes. 

 

3.1. Investigation of the airflow dynamics within the firebox of the BKZ-75 boiler 

Figures 3–4 show the optimal design of the firebox of the BKZ-75, specifically the conveyance of the 

complete velocity vector 
222 WVUv ++=  across its different sections. The complete velocity vector is 

displayed within the figures underneath in the shape of bolts of distinctive colors. The heading of the arrow 

indicates the course of the medium's speed, and utilizing the color scale, you'll decide its numeric value. The 

coming about areas of the overall velocity vector empower the investigation of the development of responding 

streams within the combustion space, as appeared in its different areas, as demonstrated within the illustrations. 

 

 
Fig. 3. Conveyance of the entire velocity within the longitudinal (x=3.0 m) and transverse areas of the firebox (burner 

zone, h=4.0 m) of the BKZ-75 with: direct-flow (a, b), vortex approach of discuss blend supply (c, d) 
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Fig. 4. Conveyance of the entire velocity in cross segments at the outlet (h=16.75 m) from the firebox BKZ-75 with:  

a) direct-flow and b) vortex approach of providing the discuss blend. 

 

Figure 3 outlines the conveyance of the overall speed vector within the longitudinal (x = 3.0 m) and 

transverse (h = 4.0 m, burner zone) segments of the firebox BKZ-75 for direct-flow (Fig. 3a, b) and vortex 

(Fig. 3c, d) air supply approaches. Within the direct-flow setup, planes from restricting burners impact at a 

right point within the chamber center, part into littler rivulets, and blend into two prevailing streams 

coordinated for the pipe (Fig. 3a, b). 

In contrast, the vortex method generates a markedly different flow structure. Air–fuel jets introduced at 

a 30° swirl angle create a central vortex within the chamber (Fig. 3c, d). Four swirling streams converge at the 

chamber center, interact at a 30° angle, and merge into a stronger, unified vortex directed toward the outlet. 

Comparison of the two modes reveals that the vortex method enhances turbulence, leading to intensified 

mixing. Incomplete combustion of coal particles is a well-known issue. Some particles are entrained by flue 

gases as fly ash, while others are removed with slag via the cold funnel, resulting in mechanical heat losses. 

Examination of the velocity (Fig. 3) shows that the vortex strategy advances more overwhelming circulation 

of dust gas streams, expanding coal grain residence time in the combustion zone. This reduces the extent of 

mechanical under burning and contributes to more complete fuel utilization in the BKZ-75 boiler. 

Figure 4 presents the velocity distribution in transverse sections at the chamber outlet (h = 16.75 m). As 

the planes are absent from the burner zone, velocity vectors steadily equalize, the vortex is debilitated, and the 

stream grows to attain a uniform conveyance over the exhaust cross-section. Notably, the mean outlet velocity 

for the vortex case (4.78 m/s) is lower than for the direct-flow case (5.55 m/s), suggesting improved energy 

dissipation and flow uniformity under vortex combustion conditions. 

 

3.2 Investigation of the thermal properties of the combustion chamber 

Utilizing computational analysis, temperature areas were gotten in several segments of the firebox BKZ-

75 for two discuss supply modes: coordinate stream and vortex (Fig. 5). The 3D plots with temperature scales 

allow determination of local values throughout the chamber. A clear qualitative difference is observed between 

the two cases. Quantitatively, the average temperature at the burner level (h = 4.0 m) is 620 °C for the direct-

flow method and 854 °C for vortex burners. In both modes, most extreme temperatures happen close the 

firebox; be that as it may, for direct-flow burners, high-temperature zones move toward the dividers, expanding 

their warm stack (Fig. 5b). Within the case of vortex burners with a 30° whirl point, the flame core is 

concentrated within the central part of the firebox (Fig. 5c, d), bringing down the walls' warm stack. This 

impact emerges from the stronger vortex stream, improving convective warm exchange and expanding the 

residence time of coal elements within the combustion region.  

This slant is affirmed by three-axis (Fig. 6a) and two-axis (Fig. 6b) temperature disseminations along the 

chamber stature for both air supply modes. The average temperature profiles (Fig. 6a) demonstrate that the 

vortex method extends the high-temperature zone. The minima observed in the curves (Fig. 6b) corresponds 

to the burner level (h = 4.0 m), where the entering air mixture has a lower temperature. 
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Fig. 5. Temperature dissemination within the longitudinal (x=3.0 m) and cross areas of the firebox (burner region, 

h=4.0 m) of the BKZ-75 with: direct-flow (a, b) vortex approach of providing the discuss blend (c, d). 

 

 

 
Fig. 6. Three-dimensional a) and two-dimensional b) dispersions of temperature T along the stature of the firebox h of 

the BKZ-75 kettle with: bend 1 direct-flow and bend 2 vortex strategy of providing the discuss blend;            

exploratory values [25];    hypothetical esteem gotten utilizing the CBTI strategy [17]. 

 

At the chamber outlet, the mean temperature is 886 °C for the direct-flow configuration (Fig. 6a, b, curve 

1) and 880 °C for the vortex case (Fig. 6a, b, curve 2). Experimental data [25] plotted on the graphs confirm 

close agreement between simulation and full-scale measurements. Moreover, the outlet temperature for the 

direct-flow mode is consistent with the theoretical value as predicted by the Central Boiler and Turbine 

Institute (CBTI) methodology [17], further validating the numerical results. 

 

3.3 Consider the concentration areas of combustion items of pulverized coal fuel in the firebox. 
Switching from direct-flow to vortex fuel stock, with jets slanted 30° toward the chamber pivot and 

conferring a twirl to the air fuel blend, modifies the temperature conveyance inside the firebox and 

subsequently affects the concentration fields of combustion products. Specifically, extreme temperatures 

within the fire center and lower amounts at the outlet strongly influence the chemical pathways of product 

formation [21]. Figures 7-8 present computational results for carbon monoxide (CO) concentration fields in 

various sections of the BKZ-75 boiler under both air supply modes. Figure 7 shows the CO distribution in 

longitudinal (x = 3.0 m) and transverse sections at the burner level (h = 4.0 m), comparing direct-flow (a, b) 

and vortex (c, d) operation. In both cases, maximum CO concentrations are localized near the chamber center, 
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corresponding to the burner region. This zone, where contradicting fuel discusses planes cross, shows strong 

burning and hoisted temperatures (~1400°C). Beneath these situations, fragmented fossil fuel oxidation 

happens, and carbon monoxide is effectively formed through chemical reactions between the ground coal and 

the oxidizing medium. Thus, the air supply method not only modifies flow and temperature fields but also 

governs the spatial distribution and intensity of CO formation within the burning area. 

 

 
Fig. 7 Dispersion of the concentration of carbon monoxide CO within the longitudinal (x=3.0 m) and cross areas of the 

firebox (burner range, h=4.0 m) of the BKZ-75 evaporator with: direct-flow (a, b) and vortex strategy of providing the 

discuss blend (c, d). 

 

 
Fig. 8. Three-dimensional a) and two-dimensional b) conveyances of concentrations of carbon monoxide CO along the 

tallness of the combustion chamber h of the BKZ-75 evaporator with: bend 1 - direct-flow and bend 2 - vortex strategy 

of providing the discuss blend. 

 

Analysis of Figure 8 shows that beneath the vortex, the supply form of carbon monoxide (CO) 

concentrations is elevated within the central locale of the firebox, especially within the flame region, associated 

to the direct-flow approach. This increment is ascribed to higher temperatures, forcing combustion responses, 

and increasing total carbon transformation. At the same time, the higher combustion intensity accelerates the 

subsequent oxidation of CO to carbon dioxide (CO2). As a result, CO concentrations are lower at the chamber 

outlet using the vortex method. This trend is confirmed by the three-dimensional (Fig. 8a) and two-dimensional 

(Fig. 8b) disseminations of normal CO concentration along the space tallness for both working ways.   

When operating in direct-flow mode, the outlet CO concentration is on average 7.4 × 10⁻⁴ kg/kg (Fig. 8a, 

b; curve 1), whereas for the vortex configuration it decreases to 6.1 × 10⁻⁴ kg/kg (Fig. 8a, b; curve 2). Thus, 

the vortex method reduces CO concentration at the exit by approximately 15% relative to direct flow.  Overall, 
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the comes about illustrate that vortex burners upgrade combustion effectiveness by powers in-compartment 

oxidation forms, bringing down poison outflows at the exit associated to customary direct-flow frameworks. 

Computational tests created NO2 concentration areas within the longitudinal (x = 3.0 m) and transverse (h = 

4.0 m) segments of the firebox BKZ-75 for both air supply modes (Fig. 9).  

The results show that maximum NO₂ formation occurs in regions of elevated temperature and strong 

vortex motion, located near the burners at h = 4.0 m. Enhanced turbulence from vortex burners improves fuel–

oxidizer mixing, while high flame-core temperatures promote NO2 generation. Under these conditions, the 

average cross-sectional NO2 concentration reaches 943 mg/nm3 (Fig. 9d) compared with 493 mg/nm3 for non-

vortex flow mode (Fig. 9b). Figure 10 shows a uniform decrease in NO2 concentration toward the combustion 

chamber exit, reflecting reduced oxygen and fuel availability.  

 

 
Fig. 9. Dispersion of nitrogen dioxide NO2 within the longitudinal (x = 3.0 m) and cross segments of the firebox (burner 

region, h = 4.0 m) of the BKZ-75 boiler with: direct-flow (a, b) and vortex strategy of providing the discuss blend (c, d). 

 

 

 
Fig. 10. Three-axis a) and two-axis b) conveyance of the nitrogen dioxide NO2 along the stature of firebox h of the 

BKZ-75 evaporator with: bend 1 – direct-flow and bend 2 – vortex way of providing the discuss blend;  

   – exploratory quantities [25]. 
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With vortex burners, the flat temperature falls along the cavity quickly, assisting in smothering the NO2 

arrangement. Under direct-flow conditions, the NO2 level at the outlet is 564 mg/nm3, while in vortex mode it 

decreases to 439 mg/nm³ (Figs. 10a, b; curves 1 and 2), a reduction exceeding 20%. Exploratory information 

from the firebox BKZ-75 at Shakhtynskaya TPP [32, 36] confirms these results. 
 

4. Comparisons and discussion 
Table 3 presents the comes about of numerical tests for the important parameters of the firebox BKZ-75: 

temperature (T), carbon monoxide (CO) concentration, and nitrogen dioxide (NO₂) concentration, assessed 

over distinctive areas of the burning interstellar for both direct-flow and vortex discuss supply approaches.  

Investigation of the information in Table 1 appears that the utilization of burners with a whirling air-fuel blend 

outstandingly decreases the normal exit concentrations of destructive substances (CO and NO₂)), aligning them 

with acceptable limits for the BKZ-75 burning Karaganda coal with high ash content. 

 
Table 3. Cross-sectional normal standards of the most features of the fuel burning handle (T, CO, NO2) at different 

statures h of the firebox BKZ-75 (burner zone, h = 4 m; at the exit from the heater, h = 16.75 m) amid burning, it covers 

Karaganda coal with high ash content (fiery debris substance 35,1%) 

 

Height h, m 

Air mixture supply methods 

Direct-flow method of supplying an air mixture Vortex method of supplying an air mixture 

Unit Unit 

T, °C CO, kg/kg NO2, mg/nm3 T, °C CO, kg/kg NO2, mg/nm3 

4 620,56 2.0.10-3 492.48 854.52 3.1.10-3 943.60 

16.75 885.79 7.4.10-4 564.34 880.02 6.1.10-4 439.35 

 

Linked with direct-flow jets, vortex burners lower outlet CO levels by about 15% and NO₂ levels by 20%. 

These discoveries emphasize the viability of vortex jet in improving high-dust coal burning in control plant 

heaters whereas at the same time diminishing toxin outflows into the atmosphere. 

 

5. Conclusions 
 
1. Mathematical demonstration of warm and mass exchange forms within the firebox of a Kazakhstan 

warm control plant was achieved for distinctive fuel supply strategies (direct-flow and vortex with a 30° whirl 

point of the coal-dust stream). A computational demonstration of the BKZ-75 evaporator at the Shakhtinskaya 

TPP was created, precisely speaking, under the genuine conditions of characteristics of low-rank coal 

combustion. 

2. The influence of pulverized coal swirl on combustion characteristics was scrutinized, counting stream 

streamlined features (velocity), temperature dispersion, and focuses of burning items (CO and NO2). Relative 

comes about are displayed for the direct-flow mode (jets on inverse dividers) and the vortex mode (burners 

slanted at 30° for the evaporator pivot). 

3. Vortex supply of the air–fuel mixture was found to extend the high-temperature zone, increase the 

flame-core temperature, and reduce outlet temperatures, significantly influencing the chemistry of combustion 

product formation. This effect is attributed to intensified vortex motion, enhanced convective transfer, and 

longer residence time of coal particles in the furnace. 

4. Vortex burners reduce CO outlet concentrations by ~15% and NO2 by ~20% compared with direct-

flow burners. 

5. The close agreement between experimental measurements and numerical predictions confirms the 

reliability of the proposed combustion chamber model and the methodology for simulating high-temperature 

reactive flows in real boiler geometries. 

6. The results provide a basis for developing recommendations on optimizing pulverized coal 

combustion, with the dual objectives of improving power plant efficiency and reducing pollutant emissions. 
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Abstract. The article notes that airport perimeter security is considered one of the preventive measures in 

aviation security and the need to stimulate innovative devices led to the need to improve the sensors uses in 

perimeter security-warning systems. It emphasizes that the most widely used sensor in perimeter security-warning 

systems is the capacitive sensor and the importance of adapting to environmental changes is shown. Therefore, the 

article emphasizes that the purpose is to explore the environmental dependence of the frequency changes of two 

auto-generators built on digital logic elements applied as differential capacitive sensors. For this purpose, it is 

described the results from investigations of frequency variations of two auto-generators built on digital logic 

elements used as differential capacitive sensors in perimeter security-warning systems, as well as their synchronous 

operation in relation to each other’s dependence on time. The mathematical expectation and dispersion of the 

variation values of the resonance frequencies of auto-generators which were connected to sensitive elements of 

different lengths were calculated in experiments, and it was found that the frequencies of the auto-generators 

changed more synchronously with each other. As a result, it is determined  experimentally that, taking into account 

the time drift of the resonant frequency of auto-generators with sensitive elements of two meters  length in laboratory 

conditions, the discreteness of the measured parameters allows us to determine the weight of the approaching 

object, and in all cases, the resonant frequencies of both auto-generators change approximately equally in both 

directions with a small difference depending on time.  

 
Keywords:  aviation security, airport, perimeter, security-warning system, differential capacitive sensor, resonance 

frequency, sensitive element, dispersion. 
 
1. Introduction  
 

Early detection of an intruder within the airport area is considered a significant issue from a aviation 

security perspective [1-3]. An intruder intending to unlawfully enter the area first crosses the physical guarding 

fence installed around the perimeter of the area [4, p. 182-183]. With this in mind, the project of the guarding 

fence, as well as the effectiveness and reliability of the security-warning system installed along the perimeter, 

must be commensurate with the assessed risk of acts of unlawful interference that may be directed against civil 

aviation [5, p. 16, 25].  

It is possible to reduce the damage caused by acts of terrorism and unlawful interference by detecting the 

intruder through special sensors installed in the security-warning system, generating an alarm signal regarding 

the intrusion, and delaying the intruder for a certain period of time in the physical guarding fence [6-8]. At the 

same time, the maximum sensitivity distance of the perimeter security-warning system should be increased 

and the probability of generating false warning signals in the system should be reduced as much as possible 

[9-11]. 

https://doi.org/10.31489/2025
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One of the top five challenges for aviation security is the proper use of methods for the “expansion of 

technical resources and stimulation of innovation” [12, p. 23]. As preventive measures in aviation security start 

with perimeter protection, the stimulus of innovation results in improving the sensors used for the perimeter 

security-warning systems of the airport. There is an urgent need to improve capacitive sensors, which are 

increasingly used in warning and perimeter protection systems in order to adapt to the environment [13, 14]. 

Capacitive sensors used in airport perimeter security-warning systems consist of sensitive elements that have 

a certain capacitance relative to the ground. When sensitive elements are approached or touched, the change 

in capacitance causes the frequency of the sensor's auto-generator to change and it was generated warning 

signal [15].  Since the frequency variations of the auto-generator differ depending on the length of the sensitive 

elements and the weights of the intruders, the sensitivity distance of the capacitive sensor and the frequency 

of the auto-generator's output signal also differ [16, 17]. 

Work objective. The dependence of the frequency variations of two auto-generators built on digital logic 

elements applied as differential capacitive sensors on the environment has been determined. Therefore, the 

synchronous operation of two auto-generators, each of which has simultaneously connected HEs of equal 

length, and the time dependence of the frequency distance were studied under various conditions. A metal case 

with auto-generators built on logic elements was grounded. Experiments were carried out with the lengths of 

sensitive elements measuring 2, 5, 6, 10, and 50-m. 

 

2. Problem statement  
 

The experiments carried out in both indoor and outdoor spaces on different days are described below. 

In Fig. 1, as indoor space there is a metal box and laboratory room [16]. As for outdoor space, the VOR-

DME is used (VOR - Omni-directional distance; DME - distance measuring equipment) in Fig. 1a, 1b. 

 

 

a) 

 

b) 
Fig. 1. Experiments in outdoor territories: a) in the territory of NAA, b) in the territory of VOR-DME. 

 

To determine the dependence of frequency variations of auto-generators on time, the frequency variation 

diapasons within five- and one-hour durations were explored. Each of the first of five experiments lasted five 

hours; four of them were carried out in laboratory and one in the territory of of NAA (Table 1). 

 
Table 1. Experiments to study the frequency variations of auto-generators. 

 

Experiments Location Antenna 

length, m 

During five hours with 

hourly -intervals 

During one hour with 

five- minute – 

intervals 

1 Case - + + 

2 Lab. - + + 

3 --- 2 + + 

4 --- 5 + + 

5 in the territory of NAA 10 + + 

6 in the territory of VOR-

DME 

50 - + 

 



76 Eurasian Physical Technical Journal, 2025, Vol.22, No.4(54)                            ISSN 1811-1165; e-ISSN 2413 - 2179  

3. Experimental technique 
 

The values of the auto-generators frequency variations were measured using two eight-digit devices with 

the model number “SKU00653” and recorded with a video camera (Fig. 2).  
 

 
Fig. 2. Auto-generators in a metal case 

 

The accuracy of frequency counters has been tested with a “Tektronix AFG3102C” Function Generator 

and they were found to have high accuracy [18]. 

 

4. Results and discussion 
4.1. Experiments lasting five hours 
 

These experiments were carried out by registering the frequencies with an hourly interval during five 

hours. 

In order to determine the individual resonance frequency diapasons of auto-generators in the 1st and 2nd 

experiments, the sensitive elements were not connected to them. In order to eliminate side effects in 

Experiment 1, the auto-generators are placed in a metal (screened) case. Under the same conditions, 

Experiment 2 was carried out without the use of a metal case. 

The graphs in Fig. 3a and Fig. 3b illustrate the frequency variations of auto-generators according to 

Experiments 1 and 2, respectively. Although the frequency values slightly differ, in some graphs they are the 

same for both auto-generators ( -1st auto-generator, - 2nd auto-generator). In circles within the Fig.3, 

certain parts of the graphs are enlarged to show the direction of the frequency axes. 

 

 

a) b) 
Fig. 3. Frequency variations of auto-generators:  

a) in a metal case under laboratory conditions, b) under laboratory conditions. 

 

The graphs show that the difference between the resonance frequencies decreases over the time and 

becomes quite small, even zero in some cases. 
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Resonance frequency values for the 1st and 2nd auto-generators while running are respectively: in 

Experiment 1, f1 = 17.374754 MHz, f2 = 17.374778 MHz (Fig. 3, a): in Experiment 2: f1 = 17.354630 MHz, f2 

= 17.354635 MHz (Fig. 3, b). In Experiments 3 and 4, for determination of - the effects of SEs on resonance 

frequencies, they were not initially connected to auto-generators. In this case, the recorded values of the 

frequencies are respectively: in Experiment 3, f1 = 16.615353 MHz and f2 = 16.615354 MHz; in Experiment 

4, f1 = 16.333898 MHz and f2 = 16.333913 MHz. 

In turn, two wires were connected separately to the auto-generators as SEs. In all experiments carried out 

with connected SEs, the lengths of the wires by which they consist were identical. The wires were attached to 

the dielectric supports in parallel to each other and to the floor. The distance between them was 10 cm, the 

altitude from the floor was 1 m, and the lengths were 2 m and 5 m in Experiments 3 and 4, respectively. After 

connecting the SEs: in Experiment 3, f1 = 13.599993 MHz and f2 = 13.599989 MHs and in Experiment 4, f1 = 

10.459934 MHz and f2 = 10.459942 MHs. Such frequency variations were expected; adding the capacitance 

of SE to input capacitance will result in a reduction in the frequency of auto-generators. The graphs of the 

frequency variations according to Experiments 3 and 4 are illustrated in Fig. 4a and Fig. 4b respectively. 

In the first four experiments, the maximum values of the variations of the resonance frequencies of the 

1st and 2nd auto-generators are: 

in Experiment 1, 0.605620 MHz and 0.605646 MHz; 

in Experiment 2, 0.351823 MHz and 0.351830 MHz; 

in Experiment 3, 0.113939 MHz and 0.1131936 MHz; 

in Experiment 4, 0.1119920 MHz and 0.1119911 MHz, respectively. 

 

 

 
a) 

 
b) 

Fig. 4. Frequency variations of SE connected auto-generators of 2 m (a) and 5 m (b) lengths. 

 

Experiment 5 was carried out in the NAA territory, at an environment of temperature 8oC, atmospheric 

pressure of 775 mm of mercury, and relative humidity of 70-80%, according to the report of the Ministry of 

Ecology and Natural Resources, February 5, 2019. Two wires each 10 m in length as SEs, were connected to 

the auto-generators and attached to dielectric supports in parallel to each other and to the surface of the Earth. 

The distance between the wires and their altitude from the surface of the Earth was equal to 1 m (Fig. 5). Each 

SE was connected to the auto-generators via a coaxial cable of 5 m in length. Screen coverage of coaxial cables 

was grounded, on the side where they are connected to auto-generators.  

When the SEs were not connected, the values of the resonance frequencies of the auto-generators were f1 

= 17.709108 MHz and f2 = 17.709110 MHz, respectively, and f1 = 19.353318 MHz and f2 = 19.353322 MHz 

after connection of the SEs. As seen, the frequency variation is not as expected. Such variations in frequency 

(i.e., increases) when connecting SEs may occur due to various reasons.  

For example, SEs may increase the input potential of an auto-generator by receiving electromagnetic 

waves as an antenna in an outdoor space and by collecting electrical charges in the total input capacity. This 

corresponds to the reduction of the value of the total input capacity which in turn increases the frequency of 

the auto-generator. The total input capacitance of the auto-generator is determined by the capacitances of auto-

generator input, the coaxial cable, and SEs. The experiments outlined below, which were carried out in the 

territory of VOR-DME, indicate that when the SE is 6 m in length and the frequency of the auto-generator is 

repeatedly higher than the value without SE, we can suggest that this is related to the resonance phenomena. 

Since it is not the object of our research, however, we have not carried out its analysis is not carried out.  
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Fig. 5 shows the graphs of frequency variations after connecting the SEs. As seen from the graphs, during 

the five-hour experiments and with regard to the initial values, the final value of the frequency increased by 

0.095692 MHz in the 1st auto-generator and 0.095689 MHz in the 2nd auto-generator. The difference in 

frequencies is quite small at different hours, and the maximum difference (at 09:00) is 0.000004 MHz. 

 

 
 

Fig. 5. Frequency variation of the 10m long SE connected auto-generators during five hours. 

 

In all experiments, the recorded values of the resonance frequencies of the auto-generators are random. 

Comparison of the recorded values shows that the difference between the resonance frequencies of the auto-

generators at the beginning of the experiment (09:00) were: in Experiment 1, Δf = 0.000024 MHz; in 

Experiment 2, Δf = 0.000005 MHz; in Experiment 3, Δf = 00.000004 MHz; in Experiment 4, Δf = 0.000008 

MHz; and in Experiment 5, Δf = 0.000004 MHz which is more than the differences that occurred in other 

hours. These values can be ignored as the rough error that occurred at the beginning of the experiment. The 

estimated values of the mathematical expectation, dispersion and mean quadratic deviation of possible values 

of random numbers Δf for the five experiments during five hours, excluding initial values are provided in the 

following table (Table 2): 

 
Table 2. The values of the mathematical expectation, dispersion and mean quadratic deviation of random numbers 

Δf. 

No. MN(Δf) DN(Δf) σN(Δf) 

1 -10-6 8∙10-13 89∙10-7 

2 -1.2∙10-6 5.6∙10-13 7.48∙10-7 

3 -10-6 12∙10-13 10.95∙10-7 

4 -1.4∙10-6 18.4∙10-13 13.56∙10-7 

5 1.6∙10-6 14.4∙10-13 120∙10-7 

 

4.2. One-hour experiments 
 

The frequency values in these experiments were recorded during one hour with five-minute of intervals. 

All conditions remained the same as in the five-hour experiments. In addition, one experiment was carried out 

with 50 m length wires in the territory of VOR-DME (Fig.1b). On that day, the environment was at a 

temperature of 22-24oC and there was atmospheric pressure of 758 mm of mercury and relative humidity of 

50-60 %. Values are based on data from the press service of the Ministry of Ecology and Natural Resources 

of May 5, 2019. The frequency variations of the auto-generators are illustrated in graphs in Fig.6a and Fig. 6b, 

in accordance with the 1st and 2nd Experiments. As seen from the graphs, the resonance frequencies of the auto-

generators decreased during an hour at an approximately equal rate (Fig.7). The difference between the 

frequency values is significantly small (Δf ≤ 0.000003 MHz). This difference even accounts for Δf = 0.000001 

MHz.  

The frequency variations of the auto-generators in 3rd and 4th Experiments are illustrated in the respective 

graphs (Fig. 7a and Fig. 7b). As seen in the graphs, the resonance frequencies of the auto-generators vary over 

time. Comparison of the values shows that the difference between the values of the auto-generator resonance 

frequencies is quite small, i.e., Δf ≤0.000002 MHz in Experiment 3, Δf ≤ 0.000003 MHz in Experiment 4. This 

difference even equals zero in some cases. 
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a) b) 

Fig.6. Variations of resonance frequencies of the auto-generators within one hour: a) in a metal case, b) in a room. 

 

 

 

 
a) 

 
b) 

Fig.7. Variations of resonance frequencies of the auto-generators within one hour connected to SEs with lengths 2 m 

(a) and 5 m (b). 

 

The drift of frequency values on time during one hour is: 

In Experiment 3, for the 1st auto-generator, ∆fzI = ± 0.009965 MHz (13.429734 MHz ÷ 13.449664 MHz); 

for the 2nd auto-generator, ∆fzII = ± 0.009966 MHz (13.429732 MHz ÷ 13.449664 MHz); 

In Experiment 4, for the 1st auto-generator, ∆fzI = ± 0.0090275 MHz (10.579381 MHz ÷ 10.597436 MHz); 

for the 2nd auto-generator, ∆fzII = ± 0.009026 MHz (10.579382 MHz ÷ 10.597434 MHz). The variation 

diapason - ∆fz determines the degree of discreteness of the measurement system. 

The graphs for frequency variations of the auto-generators in accordance with Experiments 5 and 6 are 

shown in Fig. 8a and Fig. 8b, respectively. 

 

  
a) b) 

Fig.8. Variations of resonance frequencies of the auto-generators during one hour connected  

to Ses with lengths 10 m (a) and 50 m (b). 



80 Eurasian Physical Technical Journal, 2025, Vol.22, No.4(54)                            ISSN 1811-1165; e-ISSN 2413 - 2179  

Comparison of these values shows that the difference between the frequencies is quite small, and they 

are Δf ≤ 0.000003 MHz in Experiment 5 (Fig. 8a) and Δf ≤ 0.000004 MHz in Experiment 6 (Fig. 8b).  This 

difference equals zero in both experiments at the half hour. As seen from the graphs, the resonance frequencies 

of the auto-generators vary in the same way. 

Fig. 8a shows that the resonance frequencies of both auto-generators   increase for 35 minutes after being 

turned on and subsequently, they vary up until the end of the hour with small differences, by increasing or 

decreasing. Within an hour, the resonance frequencies increase by 0.105322 MHz on both auto-generators. 

Fig. 8b shows that the resonance frequencies of both auto-generators decrease for five minutes after turning 

on and subsequently, they vary up until the end of the hour for 55 minutes with small differences, by increasing 

or decreasing. During one-hour experiment, the final values of the frequencies of the 1st and 2nd auto-generators 

decreased by 0.006271 MHz and 0.006266 MHz, respectively, with regard to the initial values. The maximum 

value of the variations of resonance frequencies of the auto-generators during one hour are: 

1) On the 10 m length of SEs, ∆fzI = ± 0.052964 MHz (19.346528 MHz ÷ 19.452456 MHz) for the 1st 

auto-generator, and ∆fzII = ± 0.0529635 MHs (19.346531 MHs ÷ 19.452458 MHs) for the 2nd auto-generator;  

2) On the 50 m length of SEs, ∆fzI = ±0.004001 MHs (15.008618÷15.016619 MHs) for the 1st auto-

generator, and ∆fzII = ±0.003998 MHs (15.008620÷15.016615 MHs) for the 2nd auto-generator.  

 

5. Conclusion 

Taking into account the time-dependent drift (∆fzI = ± 0.009965 MHz and ∆fzII = ± 0.009966 MHz) of 

resonance frequencies values of auto-generators with sensitive elements of 2 m in length, under laboratory 

conditions, the discreteness value of the measured parameters on both auto-generators was nm = 15, which 

allowed for determination of the weight of the approaching object. 

Comparisons of the dispersions (D1(Δf) = 8∙10-13; D2(Δf) = 5.6∙10-13; D3(Δf) = 12∙10-13 D4(Δf) = 18.4∙10-

13 and D5(Δf) = 14.4∙10-13) of random values Δfi showed that, in the experiments carried out, the value of the 

dispersion calculated in Experiment 2 was much smaller than in others. The calculated ratio between the 

dispersions in Experiments 4 and 2 (D4 (Δf) / D2 (Δf) ≈ 3.3∙10-13) was approximately 3. This also indicates that 

frequency variations of auto-generators in Experiment 2 were more synchronous. 

The results of the experiments showed that, in all cases, the resonance frequencies of both auto-generators 

varied with a small difference in both sides (either increasing or decreasing) depending on time. The difference 

in resonance frequencies decreased over the time, accounting for a quite small value, even zero. In all 

experiments, the recorded values of the resonance frequencies of the auto-generators were random. 
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Abstract. This study investigates the characteristics of a parabolic satellite antenna designed for 

communication with low Earth orbit satellites in the S-band. The choice of the S-band is motivated by the 

significantly lower power consumption of the radio link compared to the X-band. The S-band (2–4 GHz) is less 

sensitive to adverse weather effects than the X-band (8–12 GHz). These factors are critical for nanosatellites during 

Earth observation (EO) data transmission. Particular attention is given to measurements of the radiation pattern 

of the parabolic antenna in the S-band. These measurements provide essential data for optimizing the antenna 

design and parameters, thereby enhancing the overall efficiency of the communication system. During testing, both 

simulated and experimental radiation patterns of the gain were obtained, along with key antenna parameters such 

as Equivalent Isotopically Radiated Power, Input Power Flux Density, and the Gain-to-Noise Temperature Ratio. 

A comparison between measured and calculated results, including measurement accuracy and error budgets, 

demonstrated good agreement. 

 

Keywords: radiation pattern, parabolic antenna, S-band, ground station, gain measurement, modeling. 
 
1. Introduction  
 

Modern low Earth orbit (LEO) satellite systems play a crucial role in the development of global 

communication networks, offering low latency and high throughput, which are particularly valuable in 

applications such as the Internet of Things (IoT), Earth observation, and broadband access [1-2]. However, 

effective communication with rapidly moving LEO satellites requires antenna systems with high directivity 

that can adapt to dynamically changing link geometries. Parabolic antennas remain one of the most widely 

used solutions for ground stations due to their ability to focus electromagnetic energy into a narrow beam, 

ensuring high gain and minimal losses [3]. The main challenges in operating with LEO satellites are related to 

continuous tracking and compensation of atmospheric distortions, particularly in the X-band (8-12 GHz), 

where weather effects become significant [4]. In contrast, the S-band (2-4 GHz) is less affected by precipitation 

but requires a larger aperture size to achieve comparable directivity, complicating mechanical control [5]. 

Previous studies [6-7] have highlighted the importance of optimizing the reflector shape and feed system to 

minimize sidelobe levels, which is critical for reducing interference in dense satellite constellations. 

Modern approaches to enhancing the efficiency of parabolic antennas include hybrid solutions that 

combine mechanical scanning with electronic beam steering using phased arrays [8]. However, as noted in [9], 

https://doi.org/10.31489/2025
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most research has been focused on geostationary satellites, while the specific challenges of LEO orbits-such 

as short visibility windows and frequent beam reorientation-remain insufficiently explored. This paper presents 

a comprehensive analysis of the directional characteristics of a parabolic antenna in the S-band, including 

radiation pattern modeling, gain evaluation, and both simulation and measurement of Equivalent Isotropically 

Radiated Power (EIRP), Input Power Flux Density (IPFD), and the Gain-to-Noise Temperature Ratio (G/T). 

The results are compared with recent studies on adaptive algorithms [10], providing recommendations for the 

design of next-generation ground stations. 

In recent years, significant attention has been devoted to optimizing the directional characteristics of 

parabolic antennas for LEO satellites. Research indicates that in the X-band, achieving a gain of 50–55 dBi 

requires extremely high reflector surface accuracy (RMS ≤ 0.25 mm) and careful feed design [11]. In the S-

band, however, challenges remain in reducing cross-polarization distortions and adapting to varying satellite 

orientations, which is often addressed through circular polarization [12]. It was also shown in [12] that a 

developed software-defined radio (SDR) transceiver based on field-programmable gate arrays (FPGA) 

provides greater flexibility, enabling operation across multiple frequency bands, filtering schemes, and 

adaptive modulation and coding techniques without major hardware modifications. 

Within this research, both radiation pattern modeling and gain evaluation were carried out, and the results 

were compared against experimental measurements. Particular emphasis was placed on measuring the 

radiation pattern of the parabolic antenna in the S-band, designed for receiving payload data and telemetry as 

well as transmitting command signals. These measurements provide essential insights for optimizing antenna 

design and parameters, thereby improving the overall performance of the communication system. 

 

2. Structural scheme of the device under test and radiation pattern simulation results 
 
The device under test is a prime-focus parabolic reflector antenna developed for operation in the 

frequency range 2.025 - 2.300 GHz with right- and left-hand circular polarizations. The parabolic reflector has 

a diameter of 3.7 meters and is equipped with a dual-band waveguide feed. The dual-band feed is installed at 

the prime focus of the reflector and provides simultaneous reception in the X-band as well as both transmission 

and reception in the S-band [13]. The S-band receive chain includes a low-noise amplifier (LNA) with a gain 

of 30 dB at 2.226 GHz for downlink (DL) and 2.060 GHz for uplink (UL). For measurement purposes, a test 

coupler (BDC 1018-30/20S, S-band downlink) was added to the scheme.  

The bandpass filter, directional coupler, and LNA are integrated into the feed assembly. The LNA is 

powered via a supply unit located in the enclosure assembly (downlink). A test cable is routed between the 

output of the power supply and the switch on the DUT positioner. The modem unit is a functional subsystem 

that consists of an SDR modem and a control computer. The SDR performs the primary signal processing 

tasks-modulation, demodulation, filtering, and frequency conversion. The control computer operates the SDR, 

implements communication protocols, processes data, and provides interfacing with external systems [13]. 

The S-band transmit chain (enclosure assembly uplink), including a preamplifier and a high-power 

amplifier (HPA) with an output power of 30 W, amplifies the RF signal generated by the SDR. The amplified 

signal is transmitted through the chain with consideration for circular cross-polarization isolation (S-band 

uplink). The signal is then fed into the antenna feed and radiated by the antenna at 2060 MHz. The structural 

scheme of the testing device is shown in Figure 1. 

 

 
Fig.1. Structural scheme of testing device. 
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Prior to testing, the antenna geometry was modeled in CAD, and simulations were conducted in Ansys 

HFSS. The calculated radiation pattern of the antenna in the S-band at 2060 MHz is presented in Figure 2.  

The contour plot of the calculated radiation pattern of the antenna in the S-band at 2060 MHz is shown 

in Figure 3. 
 

 
Fig.2. Calculated radiation pattern of the antenna in the S-band. 

 

 

Fig.3. Contour plot of the calculated radiation pattern of the antenna in the S-band. 

According to the modelling results in ANSYS HFSS, the antenna Gain should be 35.5dBi maximum, and 

beamwidth around 2.5 degrees at -3dB. Side-lobes are at level -25dB. 

 

3. Antenna radiation pattern measurements 
 

The radiation pattern measurements were performed using the “on-the-fly” method, in which the 

measurement axis (AZ or EL) of the DUT positioner is continuously scanned over a predefined angular range 

without stopping at each grid point. The measurement is conducted during the motion sequence when the DUT 

positioner passes through one of the specified grid points. The applied DUT positioner supports radiation 

pattern measurements in both receive (DL) and transmit (UL) modes, enabling a comprehensive analysis of 

antenna characteristics. For the present study, the antenna radiation pattern was measured in receive mode.  

The RF budget of the antenna radiation pattern at 2.226 GHz is presented in Table 1. The experimental 

setup for radiation pattern measurement is shown in Figure 4. The test setup for radiation pattern measurements 

consists of three sections: the Feed room, Measurement room, and Operator room. Each section represents a 

dedicated space housing specific equipment. The Feed room includes the feed positioner 30R99 and the 

equipment rack 30R01. The Measurement room contains the DUT positioner 10R99 and equipment racks 

10R01 and 10R02. The Operator room hosts the equipment rack 20R01 and the operator’s workstation. 

The transmit subsystem comprises an RF synthesizer (1) located in rack 30R01, as well as power 

amplifiers (2), a broadband directional coupler (5), and a PIN switch (6). The latter is used to switch between 

two linear polarization ports of the feed (7) and operates up to 40 GHz (30R99). Port switching is controlled 
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by the measurement system controller (13) and PC1 software. The receiver (13), controller (14), and PC1 are 

installed in the Operator room. A frequency distribution converter, Mixer 1 (3), is located in the Feed room 

(30R99) to handle the RF reference signal. 

 
Table 1. RF budget of the antenna radiation pattern at 2.226 GHz 
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Fig.4. Experimental setup for radiation pattern measurement. 

 

The RF signal is generated by the synthesizer, with frequency and power levels controlled at a fixed 

reference level using the microwave receiver (13) and PC software via the IEEE bus from PC1. The transmitted 

and amplified RF signal is radiated through the feed (7). Along the signal path, several coaxial switches are 

employed, including an IF switch block (4) for Tx/Rx mode selection. The reference signal coupler (5) is 

connected to the reference mixer Mixer 1 (3), which operates in the main mixing mode, ensuring extended 

dynamic range and thus higher measurement accuracy. 

The receive subsystem consists of the antenna under test (8), a 2-port PIN switch (9), a low-noise 

amplifier (LNA) (10), Mixer 2 (11), coaxial IF switch block (4), and an LO synthesizer (12). The intermediate 

frequency signal from the IF switch is routed to port 2 of the receiver (13), where it is processed and read using 

the software on PC1. The system controller (14) performs synchronization, distributing trigger pulses from the 

position encoder to the measurement equipment (RF/LO sources, receiver, and PIN switches) as the DUT 

passes through the specified points, ensuring precise timing coordination of the measurements. 
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4. Antenna Gain Measurements 
 

The application of the three-antenna gain measurement methods is generally infeasible due to the large 

size of the antenna and the limited space in the feed room. Furthermore, the antenna’s dimensions do not allow 

for disassembly or replacement with other antennas on the feed positioner, which is required for applying the 

three-antenna techniques. Therefore, the power measurement method (PMM) [14] was employed in the 

experimental setup. This method is well established and widely used. Determining the gain with a power meter 

is both flexible and efficient, making it particularly suitable for large satellite antennas. The described method 

provides a measurement accuracy of ±0.25 dB. 

In the measurement software was added gain measurement method utilizing two power sensor heads. 

This enables measurements of the absolute gain of the DUT. By measuring the output power of the feed, the 

input power of the antenna, and accounting for free-space losses as well as the feed gain, the gain of the device 

under test can be readily calculated using the following equation: 
𝑃𝑟

𝑃𝑡
= (

𝜆

4𝜋𝑅
)

2
∙ 𝐺𝑡 ∙ 𝐺𝑟;                                                                   (1) 

where: Pt - transmitted power; Pr - received power; Gt - transmitting antenna gain; Gr - receiving antenna gain; 

R - free-space distance; λ - wavelength. 

 

Table 2 presents the radio frequency (RF) link budget of the antenna gain at 2.226 GHz. 
 

Table 2. Radio frequency (RF) link budget of the antenna gains at 2.226 GHz. 
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Figure 5 shows the block diagram of antenna gain measurement in the receive mode (DUT Rx).  
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Fig.5. Block diagram of antenna gain measurement. 
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In this mode, the PC1 software, together with power sensors (10, 11) connected via the controller (13), 

provides automatic switching between power measurements at the input port (11), connected to the antenna 

(8), and the output port (10), connected to the feed (7). The measured power values from both ports are fed 

into the power meter (14) and then transferred via the IEEE interface to the personal computer (PC1), where 

they are processed by the software in accordance with the previously presented equation. The measured value 

of 31 dBi then should be corrected by adding 3dB due to the applied method and hardware. The measurement 

feeds are operating in linear polarization, whereas the DUT feed in circular. Therefore the resulted Gain is 

equal to 34 dBi. 

 
5. Equivalent Isotropically Radiated Power (EIRP) Measurement 
 
The Equivalent Isotropically Radiated Power (EIRP) is defined as the product of the transmitting antenna 

gain (GTX    in given direction and the input power applied to the antenna (PTX): 

 

EIRP = GTX ∙ PTX                                                             (2) 

 

For EIRP measurement, a formula based on the Friis transmission equation is applied, where the 

parameters of the range feed antenna are used instead of those of the device under test (Tx antenna): 

 

EIRP =
PRX,feed∙LPdown

GRX,feed
;                                                     (3) 

 

                                                                           LPdown=(4πR/λ)2;                                                           (4) 

 

where:   LPdown- free-space path loss, GRX,feed- range feed gain; PRX,feed - received power at the range feed; λ - 

wavelength of the test signal; R - free-space distance (distance between the device under test and the range 

feed). 

The RF budget of the EIRP at 2.060 GHz is presented in Table 3. The antenna must be aligned with the 

symmetry axis of the measurement zone (Measurement Room). The input signal is applied as a synthesized 

continuous wave (CW) (1) with a sufficient level to saturate the transponder (10R02). The transmitted and 

received power are measured using power meters (3) and (11), and based on the known antenna characteristics 

and the distance to the Range Feed antenna, the EIRP is calculated. 

 
Table 3. RF budget of the EIRP at 2.060 GHz. 
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dBi 

Free space Loss, 

dB 
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2060 12,75 -6,4 11,6 -64,23 30 41,78 

 

Note: EIRP and IPFD tests are typically performed under payload saturation conditions, i.e., at its maximum output 

power. Two methods are commonly used to determine saturation [15]: 

− by measuring the maximum output power using power meters (3) and (11); 

− by analyzing the carrier-to-noise ratio using the signal analyzer (9). 

 

Figure 6 illustrates the schematic diagram for the EIRP test. 

 

6. The Input Power Flux Density (IPFD) Measurement 
 
The Input Power Flux Density (IPFD) is defined as the power flux density required to saturate the device 

under test, and can be expressed as [16]: 

 

IPFD = PTX,feed ∙ GTX,feed ∙ (
1

4πR2
),                                                     (5) 
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where: GTX,feed is the range feed gain; PTX,feed is the transmitted power of the range feed; R is the free-space 

distance (i.e., the distance between the device under test and the range feed); (1/4πR²) is the free-space 

distribution factor. 
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Fig.6. EIRP testing scheme. 

 

The RF budget of the IPFD at 2.060 GHz is presented in Table 4. To determine the IPFD, the testing 

antenna (Measurement Room) must be aligned with the axis of the measurement zone at the maximum of its 

radiation pattern. A synthesized CW signal (1) is applied through the feed (7), ensuring saturation of the 

payload of the antenna (Measurement Room). The required input power saturation level at the antenna can be 

measured using the power meter (10). With the known feed gain and the distance R, the IPFD can then be 

calculated using the aforementioned equation in the PC1 software. Figure 6 presents the schematic diagram of 

the IPFD test. 

 
Table 4. RF budget of the IPFD at 2.060 GHz.  
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7. Measurement of Receiver Chain Figure of Merit (G/T) 
 
The principle of the test setup for G/T is shown in Figure 7. The determination of G/T is performed by 

measuring three different power levels [17]: 

− P₁ - the noise power level of the receiving test equipment. For this purpose, the feed (7) is terminated 

with a 50 Ω load, and the test equipment (10R02) is disconnected from the antenna. The intrinsic noise of the 

test equipment P₁ (10) is then measured; 
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− P₂ - the noise power level of the receiving test equipment, including the internal noise of the 

measurement equipment (10R02); 

− P₃ - the power level of the receiving test equipment (10R02), including the antenna noise and the power 

from the feed. 
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Fig.7. Schematic diagram of the IPFD and G/T test. 

 

After the power levels are measured, the stored data are processed in the PC1 software, where the G/T 

value is automatically calculated using the following equation [18]. 

 
G

T
= (

𝑘∙В∗∙𝐿𝑃

𝐸𝐼𝑅𝑃
) ∙ (

P3−P2

P2−P1
),                                                                   (6) 

 

where: LP - is the free-space path loss; k - is the Boltzmann constant; B - is the resolution bandwidth. 

 
Table 5. RF budget of G/T at 2.060 GHz. 
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8. Results and discussion of the experiment 
 
The proposed system provides Fundamental RF mixing up to 18 GHz and then Low-Harmonic RF mixing 

(3rd harmonic) up to 40 GHz and therefore sufficient measurement speed, sensitivity and dynamic range 
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without the use of large amounts of coherent integration or very small IF bandwidths. Fundamental and Low-

Harmonic mixing also minimizes the accuracy problems associated with RF and LO harmonics when 

measuring wide-band antennas. Due to the design of the Distributed Frequency Converter, and the internal 

design of the IF processing Unit, system stability and accuracy improve significantly. The system stability is 

a key factor in achieving high levels of measurement repeatability.  

The excellent accuracy means antenna patterns can be measured over an extremely wide dynamic range 

with less than 0.1 dB of uncertainty due to the instrumentation. 

The system uses an industrial standard measurement system in our modified configuration. A RF 

multiplexing is applied with the switches to extend the number of measurement channels. Only a single mixer 

(reference mixer type is used) is required, allowing use of a single rotary joint in the positioner. Furthermore, 

the sources and receiver are triggered using a TTL handshake, resulting in a higher frequency switching speed. 

The receiver operates in fast - CW mode and stores the measured data in its internal point buffer, from where 

it is transferred to the control computer in an asynchronous fashion. This configuration minimizes overhead 

and makes maximum use of the high speed of the individual components. 

The graphs below present the results of the normalized three-dimensional radiation pattern (Fig. 8), the 

antenna gain (Fig. 9), and the normalized contour plot of the gain (Fig. 10). 

 

             
Fig.8. Three-dimensional radiation pattern. 

 

 
Fig.9. Contour graph of the gain. 
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Fig.10. Antenna Gain versus Direction. 

 

As seen from the plots, the pattern width at -3dB is around 2.4 degrees, which is very close to the expected 

from modelling (2.2 deg.). The total Gain of the tested antenna is 34 dBi, and side-lobes at level -25dB, which 

is very close to the expected value. 

Overall, the observed results are consistent with the calculated values obtained from Ansys simulations. 

Minor discrepancies may be attributed to inaccuracies in the CAD model, as well as inaccuracy in 

manufacturing and fastening of the antenna feed to the reflector. The test results are presented below in Table 

6. The test results show that the measured parameters of EIRP, IPFD, and G/T are generally consistent with 

the preliminary simulations. The most significant deviation is observed in the EIRP values, which requires 

further analysis to determine the reasons for exceeding the design specifications. 

 
Table 6. Test results with payload. 

DL Frequency / 

DL, MHz 

UL Frequency / 

UL, MHz 

Power Budget calculations Measurement results 

EIRP IPFD G/T EIRP IPFD G/T 

2220 2058 41.78 -50.44 -5.02 43.23 -50.32 -5.04 

2226 2060 41.78 -50.44 -3.64 45.06 -50.1 -3.69 

2230 2062 41.78 -50.44 -3.69 44.84 -50.17 -3.75 

 

The IPFD and G/T parameters demonstrate a high degree of agreement with the calculated models, 

confirming the reliability of the receiving chain characteristics and the antenna’s noise properties. These data 

can be further used for evaluating the compliance of the antenna and payload with the design requirements. 

 

9. Conclusion 
 
Tests of the S-band channel of the earth station’s antenna system for receiving and transmitting signals 

from low Earth orbit (LEO) satellites were conducted. As part of the antenna and payload testing, procedures 

for measuring and collecting experimental data were developed. Namely, the proposed system achieves high 

accuracy, stability, and speed by combining Fundamental and Low-Harmonic RF mixing with an optimized 

Distributed Frequency Converter architecture. The modified industrial-standard setup provides increased 

channel capacity using RF multiplexing, while the minimized overhead and the maximized component speed 

are achieved through TTL triggered fast-CW data acquisition.  
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Accordingly, a CAD model of the parabolic antenna was created, and calculations of parameters such as 

equivalent isotropically radiated power (EIRP), input power flux density (IPFD), and the gain-to-noise-

temperature ratio (G/T) were performed. Simulations were carried out in ANSYS HFSS. Experimental 

measurements of these parameters showed good agreement with the calculated results. These results indicate 

that the developed antenna system is ready for use in the satellite-communications earth station, and that the 

antenna test range is ready for further operation. 
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Abstract. This paper presents the results of a study on oil sludge processing using high-voltage short-pulse 

electrohydraulic discharge. The influence of key parameters, such as discharge voltage, capacitor bank 

capacitance, processing time, electrode gap, and catalyst concentration, on the yield of light and medium petroleum 

fractions is analyzed. Experiments have shown that the optimal conditions for achieving the maximum fraction yield 

(up to 36.4%) are: a processing time of 6 minutes, an electrode gap of 10 mm, a capacitor bank capacitance of 

0.125 μF, and a nanocomposite catalyst concentration of 1%. It has been established that the use of a catalyst 

enhances the destruction of high-molecular compounds, while optimization of the electrophysical parameters 

improves the energy efficiency of the process. The obtained results can be used to develop energy-efficient 

technologies for oil waste disposal. 

 

Keywords:  oil sludge, nanocatalyst, high-voltage short-pulse electrohydraulic discharge, light and middle fractions. 
 

1. Introduction  
 
Oil production, crude oil processing, and its transportation through main pipelines are accompanied by 

the accumulation of large amounts of petroleum-containing waste, among which oil sludge (OS) occupies a 

significant place. Oil sludge formed during the operation of enterprises in the oil industry is a multicomponent 

system that includes water, organic compounds, and mineral impurities. Due to the presence of pathogenic 

microorganisms, parasites, and heavy metals, such waste has a negative impact on ecosystems and poses a 

threat to human health. Oil sludge also contains a solid inert fraction. According to estimates, the annual global 

volume of oil sludge generation exceeds one billion tons, meaning that up to seven tons of such contaminated 

material may be produced per ton of extracted crude oil [1]. Traditional methods of handling oil sludge—such 

as storage in sludge pits or subsequent incineration—lead to the loss of a significant portion of valuable 

hydrocarbons and are accompanied by harmful effects on ecosystems. Therefore, the processing of oil sludge 

with the aim of recovering oil for further economic use is considered a more efficient, economical, and 

environmentally justified option. Various technologies for extracting oil from oil sludge have been studied to 

date, including freezing methods [2], solvent extraction [3], microwave irradiation [4], centrifugation [5], 

ultrasonic treatment [6], and pyrolysis [6, 7]. However, most existing methods thermal, biological, mechanical, 
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chemical, and physicochemical are unable to ensure sufficient environmental safety and a high degree of 

recovery of petroleum products from sludge. An additional challenge is that these technologies rely on 

expensive, fully imported equipment requiring skilled technical maintenance, as well as significant reagent 

costs (polyurethane compositions, various resins, liquid glass, cement materials). As a result, the overall 

environmental burden associated with oil sludge processing remains high. One of the most promising 

approaches to minimizing harmful impacts is the extraction of valuable hydrocarbon components from oil 

sludge followed by their processing into commercial products, which significantly reduces the amount of 

residual waste. In recent years, companies in the oil production sector have been actively implementing new 

technological solutions aimed at more efficient utilization of waste generated at the stages of oil extraction and 

refining. However, as follows from the conducted analysis of published studies [1–7], to date there is no 

universal technology for neutralizing and processing oil sludge that simultaneously meets all environmental, 

technical, and economic requirements. Centrifuges and separation units used in industry—both foreign and 

domestic—allow effective water removal and reduce the impact of solid mechanical impurities while 

practically preserving the hydrocarbon fraction of the raw material. According to study [8], combined oil 

sludge processing technologies based on mechanical and physicochemical methods followed by a biological 

post-treatment stage are considered more environmentally safe and provide enhanced efficiency in the 

treatment of petroleum waste. Such processing methods require significantly lower costs compared to direct 

incineration of oil sludge, and their efficiency is considerably higher. An additional challenge is that these 

technologies rely on expensive, fully imported equipment that requires qualified technical maintenance, as 

well as substantial expenditures on reagents (polyurethane compounds, various resins, liquid glass, cement 

materials). As a result, the overall environmental burden of oil sludge processing remains high. 

Consequently, a global trend has emerged toward a decline in the growth rate of conventional 

hydrocarbon reserves, including crude oil. In this regard, special attention is being paid to the rational use of 

petroleum resources and the active search for alternative and unconventional sources of hydrocarbons. The 

search for efficient technologies for oil sludge processing and utilization is therefore an urgent scientific and 

practical challenge. This issue becomes increasingly important as the availability of conventional hydrocarbon 

resources decreases and the need to expand the raw material base through unconventional sources grows. 

However, the processing of such feedstocks is associated with several difficulties due to their high viscosity, 

the presence of resin–asphaltene compounds, metals, and other impurities, which significantly complicate the 

treatment process [9, 10]. One of the most promising methods for processing petroleum waste is the application 

of high-voltage short-pulse electrohydraulic discharge (HVED) to heavy hydrocarbon organic matter. This 

method is based on the generation of high-energy pulses in a liquid medium, which produce shock-wave effects 

and create localized extreme conditions—high temperatures, pressures, and cavitation. As a result, complex 

hydrocarbon structures are destroyed, leading to the formation of lighter fractions [11, 12].  The use of HVED 

technology improves the physicochemical properties of petroleum residues, reduces their viscosity, enhances 

fluidity, and increases the yield of light and middle hydrocarbon fractions that are in demand as fuels and 

petrochemical feedstocks. Additional advantages of this method include its relative energy efficiency, 

environmental friendliness (due to the absence of aggressive chemical reagents), and the possibility of 

integration with catalytic processes. In our previous studies [13, 14], the effectiveness of the developed 

nanocomposite catalyst based on bentonite coated with nickel, in combination with the impact of HVED, was 

examined. It was shown that the introduction of the catalyst contributes to the intensive destruction of chemical 

bonds in heavy hydrocarbon C-C compounds and leads to an increased yield of light and middle fractions. The 

obtained results confirmed the feasibility of using the developed nanocomposite catalysts based on nickel-

coated bentonite to enhance the efficiency of oil sludge processing.  

A promising direction for further research is the study of the effect of HVED discharges and the addition 

of the nanocomposite catalyst based on zeolite, coated with nickel as developed by the authors, in order to 

increase its catalytic activity. Zeolites, due to their unique crystalline structure and surface properties, provide 

high efficiency in processing heavy hydrocarbon feedstocks and contribute to the increased yield of low-

molecular-weight products. Additionally, zeolites exhibit significant thermal stability, which allows their use 

in the treatment of petroleum residues under high-temperature conditions [15]. 

The application of HVED in combination with nanocomposite catalysts based on zeolites opens up new 

possibilities for the efficient processing of oil sludge. In particular, studying the effect of a catalyst composed 

of a mixture of activated zeolite and bentonite clay impregnated with nickel on the oil sludge treatment process 

can serve as a foundation for the development and implementation of new nanocatalysts for the thermal 



96 Eurasian Physical Technical Journal, 2025, Vol.22, No.4(54)                                                                      Engineering 

cracking of heavy hydrocarbon feedstocks. This approach enhances processing efficiency, increases the yield 

of target products, and simultaneously contributes to solving the problem of industrial waste utilization. 

 
2. Materials and methods of research  

The oil sludge used in this study was obtained from the inner surfaces of the Atasu–Alashankou main oil 

pipeline. To increase the processing efficiency, a nickel-coated zeolite catalyst was additionally introduced 

into the oil sludge. The catalyst concentration in the treated sludge varied from 0.0 to 1.5% (0.5%, 1.0%, and 

1.5%). The catalyst was introduced in the form of a fine powder immediately before the start of the 

electrohydraulic treatment. The fractional composition of the processed products was determined by thermal 

distillation. The main criterion for evaluating process efficiency was the percentage yield of light and middle 

hydrocarbon fractions at temperatures up to 200 °C and 300 °C, respectively, for the analyzed oil sludge. 

To determine the optimal parameters and develop a mathematical model of the oil sludge processing 

process formed on the inner surfaces of the Atasu–Alashankou oil pipeline under the influence of HVEDs, 

laboratory experiments were carried out using the probabilistic–deterministic experimental design method. 

The applied methodological approach made it possible to evaluate the combined effect of the key parameters 

of the HVED system and the nanocatalytic additive. The list of the studied factors and their levels is presented 

in Table 1. Since the dependence of the yield of target products from oil sludge on the considered parameters 

exhibits a nonlinear character, the experimental data were processed using the method of experimental design 

based on the principles of nonlinear multiple correlation. The design matrix is presented in Table 2. Each row 

of the matrix corresponds to a specific set of experimental conditions. The matrix structure was developed in 

such a way that, in the full set of experiments, each level of any factor is combined exactly once with every 

level of the remaining parameters. 

 
Table 1. Studied electrophysical parameters of the HVED system and the added nanocomposite catalyst 

Х1 (%) 0 0,5 1 1,5 

Х2(µF) 0,125 0,25 0,5 0,75 

Х3(min) 5 6 7 8 

Х4(mm) 7 8 9 10 

Note: The variable X₁ represents the amount of added nanocomposite catalyst (%), X₂-the capacitance of the capacitor bank in 

the HVED system (µF), X₃-the treatment time (min) under electrohydraulic discharges, and X₄-the electrode gap (mm). 

 

 
Table 2. Experimental design matrix and the influence of various HVED system factors and added catalyst on the 

yield of light and middle fractions after treatment. 

 No. X1, % X2, µF X3, min X4, mm  Уavg, % 

1 0 0,125 5 7 20,3 

2 0,5 0,25 6 8 29,9 

3 1 0,5 7 9 24,9 

4 1,5 0,75 8 10 21,3 

5 0 0,25 7 10 18,1 

6 0,5 0,125 8 9 21,1 

7 1 0,75 5 8 13,33 

8 1,5 0,5 6 7 29,61 

9 0 0,5 8 8 21,46 

10 0,5 0,75 7 7 15,4 

11 1 0,125 6 10 36,4 

12 1,5 0,25 5 9 30,09 

13 0 0,75 6 9 9,18 

14 0,5 0,5 5 10 23,68 

15 1 0,25 8 7 25,8 

16 1,5 0,125 7 8 20,9 
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3. Results and discussion 

Based on the constructed experimental design matrix, histograms were plotted to illustrate the influence 

of the main parameters on the yield of light and middle hydrocarbon fractions. Figure 1 shows the dependence 

of the yield of these fractions on the duration of the HVED treatment and the electrode gap during the 

processing of oil sludge formed on the inner surface of the Atasu–Alashankou oil pipeline. As shown in Figure 

1, the highest yield of light and middle fractions is achieved at a treatment duration of 6 minutes and an 

electrode gap of 10 mm. Under these conditions, the yield reaches 36.4% of the initial oil sludge mass. This 

result can be explained by the combined effect of two factors-the optimal duration of the HVED treatment and 

the interelectrode distance-which ensure the most stable formation of the pulsed discharge, thereby promoting 

the destruction of high-molecular-weight hydrocarbon compounds. 

When the treatment time exceeds 6 minutes (up to 7–8 minutes), a decrease in the yield of target fractions 

is observed, which is associated with the redistribution of discharge energy and possible secondary compaction 

of the reaction products. Similarly, reducing the electrode gap below 10 mm decreases process efficiency due 

to discharge channel instability and local overheating of the medium. Figure 2 shows the influence of the 

capacitor bank capacitance of the HVED system and the treatment duration on the yield of light and middle 

fractions from the oil sludge. The highest yield of light and medium fractions is observed at the minimum 

capacitance of the capacitor bank - 0.125 μF. Under six minutes of exposure, the yield reaches its maximum 

value of 36.4 %. 

 

 
 

Fig.1. Influence of HVED treatment time and electrode gap on the yield of light and middle fractions 

 

 

 
 

Fig.2. Influence of the capacitor bank capacitance of the HVED system on the yield of light and middle fractions 
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This result indicates that at low capacitance values, more powerful and concentrated discharge pulses are 

formed, providing effective destruction of complex hydrocarbon structures. With an increase in capacitance 

(0.25–0.75 μF), a gradual decrease in yield is observed, which is associated with the elongation of the pulse 

over time and a reduction in the specific energy transferred to the reaction zone. At the same time, the influence 

of treatment duration also becomes evident: increasing the exposure time to 7–8 minutes leads to stabilization 

of the results; however, a significant increase in yield is not observed. Experimental data showed that the 

maximum yield of light and medium fractions is achieved at a nanocatalyst concentration - zeolite impregnated 

with nickel - of 1% and a treatment duration of 6 minutes (Fig. 3).  

 

 
 

Fig.3. Influence of the amount of nickel-coated zeolite nanocatalyst on the yield of light and medium fractions 

 

Further increase in the amount of catalyst leads to a decrease in the yield of target products, which may 

be associated with the sorption of active components or the restriction of mobility in the organic medium. This 

confirms the necessity of accurately determining the optimal catalyst content to achieve maximum process 

efficiency. As shown in Fig. 4, the following graphs illustrate the influence of discharge voltage (kV) and 

capacitor bank capacitance (μF) on the yield of light and medium oil sludge fractions (%) during processing 

by the HVED method. 

 

  
a)                                                                         b) 

Fig. 4. Influence of discharge voltage on the yield of light and medium fractions from oil sludge:  

(a) without catalyst; (b) with 1% catalyst content. 
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opposite trend is observed: the voltage rises to 30 kV, and the proportion of light and medium fractions 

increases to 21.46%. Thus, the capacitance of the capacitor bank has a significant effect on the intensity of the 

destruction of high-molecular-weight hydrocarbon compounds present in oil sludge. 

At a catalyst content of 1%, the dependence becomes more pronounced: the maximum yield (36.4%) is 

observed at a capacitance of 0.125 μF, while the kilovoltmeter reading is 26 kV. When the capacitance 

increases to 0.5 μF, the voltage drops to 20 kV, and the yield of target fractions decreases from 36.4% to 

25.8%. This behavior can be explained by the fact that at lower capacitance values of the capacitor bank, higher 

pulse voltages are generated in the system, ensuring the intensive occurrence of physical-chemical destruction 

processes. In the presence of a catalyst, these processes proceed more efficiently due to the accelerated 

breaking of molecular C–C bonds in heavy hydrocarbons. 

 

4. Conclusion 

As a result of the experimental studies, it was established that the use of HVED technology in combination 

with a nickel-coated zeolite nanocatalyst enhances the efficiency of processing oil sludge formed on the inner 

surfaces of the Atasu–Alashankou oil pipeline. It was determined that the yield of light and medium 

hydrocarbon fractions is significantly influenced by the electrophysical parameters of the process: the 

capacitance of the HVED system’s capacitor bank, the interelectrode gap, the treatment duration, and the 

catalyst content. 

The kilovoltmeter readings, which reflect the actual discharge voltage, together with the capacitance of 

the HVED capacitor bank and the catalyst concentration, determine the efficiency of the electrohydraulic 

destruction process of high-molecular-weight compounds in oil sludge. 

The maximum fraction yield of 36.4% is achieved under optimal conditions: treatment duration of 6 

minutes, interelectrode distance of 10 mm, capacitor capacitance of 0.125 μF, and catalyst concentration of 

1.0%. The introduction of the zeolite-based catalyst increases the energy efficiency of the process, confirming 

the potential of combining HVED technology with catalytic methods for oil waste processing. 
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Abstract. This study investigates Fisher and Shannon entropies in one- and three-dimensional systems under 

the Radial Scalar Power Potential. Using the Nikiforov–Uvarov method combined with the Greene–Aldrich 

approximation, we derived energy eigenvalues and normalized wavefunctions. The results demonstrate that 

Shannon and Fisher entropies satisfy fundamental quantum information inequalities, including the Białynicki–

Birula–Mycielski and Stam–Cramér–Rao bounds, across different spatial dimensions. Rényi entropy was also 

analyzed in both position and momentum spaces, revealing its dependence on the screening parameter and 

highlighting the complementarity in measurement precision between conjugate domains. In particular cases, the 

Radial Scalar Power Potential reduces to the Kratzer potential, allowing the computation of energy spectra for 

methylidyne (CH) and nitrogen (N₂) molecules. Energy increases with angular momentum, affecting molecular 

stability and spectroscopic transitions, while calculated oscillator strengths are in agreement with previous results, 

thereby validating the Radial Scalar Power Potential model for applications in both quantum information theory 

and molecular spectroscopy. 

 
Keywords: Schrödinger equation, Oscillator strength, Nikiforov-Uvarov method; Diatomic molecules; Entropic 

uncertainty. 

 
1. Introduction 

 
Quantum information theory studies the transfer and manipulation of information within quantum 

systems by combining principles from quantum mechanics, computer science, and information theory. It 

focuses on understanding and controlling how information is stored in quantum states. Among the various 

metrics used in this field, Shannon entropy and Fisher information have been widely applied [1, 2], as they 

provide a rigorous way to quantify uncertainty in atoms and molecules. Over the years, information-theoretic 

measures in quantum systems have attracted significant attention [3], largely due to their applications in 

probability density functions and computational analyses, offering deeper insights into the behavior of 

quantum mechanical systems. These measures have been applied across diverse areas, including physical and 

chemical sciences [4]. The entropic uncertainty relation serves as an alternative formulation to the Heisenberg 

uncertainty principle [5]. In both position and momentum spaces, information-theoretic tools have been 

extensively employed to study the distribution of quantum states under various potential models [1-5]. In 
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quantum mechanics, the Heisenberg uncertainty principle (HUR) [6] was later reformulated in terms of 

entropies by Białynicki-Birula and Mycielski (BBM) [7], extending its application to both position and 

momentum spaces. However, Hirschman [8] was the first to introduce an entropic approach to the position-

momentum uncertainty relation, and Beckner [9] provided a formulation equivalent to BBM, highlighting the 

crucial role of entropy in capturing the intrinsic uncertainty of quantum systems. This entropic relation is 

expressed as: 

 

 
𝑆(𝜌𝑛𝑙) + 𝑆(𝛾𝑛𝑙) ≥ 𝐷(1 + 𝑙𝑛 𝜋)

                                                                                                            
(1) 

 

The number of spatial dimensions is denoted by D. This relationship has been shown to surpass the 

Heisenberg Uncertainty Relation (HUR) in sophistication, as it can accommodate greater complexity. The 

Shannon entropy, a key metric in this framework, is defined as: 

 

𝑆(𝜌𝑛𝑙) = −∫ 𝜌𝑛𝑙(𝑟𝑞) 𝑙𝑛 𝜌𝑛𝑙 (𝑟𝑞)𝑑𝑟𝑞𝑅𝐷

,

                                                                                                     (2) 

and 

𝑆(𝛾𝑛𝑙) = −∫ 𝛾𝑛𝑙(𝑝) 𝑙𝑛 𝛾𝑛𝑙 (𝑝)𝑑𝑝
𝑅𝐷   ,                                                                                                       (3) 

 

where 𝑆(𝜌𝑛𝑙) is the position space Shannon entropy, 𝑆(𝛾𝑛𝑙) is the momentum space Shannon entropy, 

𝑅𝐷represent integrating over real space and D is the dimensions which could be 1,2 or 3. 

The probability densities (PD) in position and momentum spaces are provided in Equations (4) and (5), 

respectively. 

 

𝜌𝑛𝑙(𝑟𝑞) = |𝜓(𝑟𝑞)|
2
                                                                                                                                    (4) 

and  

𝛾𝑛𝑙(𝑝) = |𝜓(𝑝)|2                                                                                                                                      (5) 

 

𝝍(𝒑) represents the momentum-space wave function, obtained by applying the Fourier transform (FT) 

to 𝝍(𝒓𝒒). This concept is related to Shannon entropy and reflects the degree to which a system is localized or 

spread out in space [10]. In contrast, Fisher information (FI), a purely local measure, primarily investigates 

local variations in the probability density (PD) and is expressed as follows [11]: 

𝐼(𝜌) = ∫
|𝛻𝜌𝑛𝑙(𝑟𝑞)|

2

𝜌𝑛𝑙(𝑟𝑞)𝑅𝐷 𝑑𝑟𝑞                                                                                                                       (6) 

𝐼(𝛾) = ∫
|𝛻𝜌𝑛𝑙(𝑝)|2

𝜌𝑛𝑙(𝑝)𝑅𝐷 𝑑𝑝     .                                                                                                                      (7) 

 

Fisher information inequality becomes [11] 

 

𝐼(𝜌)𝐼(𝛾) ≥ 9 [2 −
2𝑙+1

𝑙(𝑙+1)
|𝑚|]

2
≥ 36 .                                                                                                            (8) 

 

The Rényi entropy [12] in coordinate spaces can be expressed as  

 

𝑅𝑞(𝜌𝑟) =
1

1−𝑞
In(∫ |𝜌(𝑟𝑞)|

𝑞

𝑅𝐷 𝑑𝑟𝑞)

                                                                                                                (9) 

𝑅𝑞(𝜙𝑝) =
1

1−𝑞
In(∫ |𝜙(𝑝)|𝑞

𝑅𝐷 𝑑𝑝)

                                                                                                            (10) 
The concept of Rényi entropy introduces an index parameter q, which characterizes the sensitivity of a 

system to deviations from equilibrium. When q=1, Rényi entropy reduces to Shannon entropy, representing 

the equilibrium distribution and reflecting the balance of uncertainty in the system. For q>1, Rényi entropy 

decreases, indicating increased knowledge about the system, whereas for q<1, the entropy rises, reflecting 

reduced information. The parameter q is always non-negative and lies within the range 0≺q≺∞ [13]. Previous 

studies have applied information-theoretic measures to molecular systems. Amadi et al. [14] investigated 
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Shannon entropy and Fisher information in three-dimensional molecular systems under the Deng-Fan and 

Eckart potentials for diatomic molecules, finding that Shannon entropy exhibited localization, while Fisher 

information indicated delocalization in both position and momentum spaces. Both measures satisfied the BBM 

and Stam–Cramér–Rao (SCR) inequalities. Similarly, Onyeaju et al. [15] analyzed Shannon and Rényi 

entropies in molecular potentials, validating the Heisenberg Uncertainty Principle (HUP) through expectation 

values in both position and momentum spaces. Laguna et al. [16] further explored information-theoretic 

measures using Gaussian-type functions. 

Oscillator strength, which quantifies the probability of an electron transition between energy levels in 

atoms or molecules, is critical for understanding spectral line intensities and matter–radiation interactions 

[17,18]. For instance, Hibbert [19] described oscillator strength as a measure of electric dipole emission during 

electron transitions, using the dipole approximation and selection rules. This measure has been widely applied 

in stellar spectroscopy, where atomic transitions involve energy absorption or emission. Studies on oscillator 

strengths in different potential models have produced diverse trends. Ikot et al. [20] found that oscillator 

strength decreased with increasing potential parameters in the enhanced molecular Manning–Rosen potential, 

while Varshni [21] observed a similar decrease under the Hulthén potential. In contrast, Hassanabadi et al. [22] 

reported an increase in oscillator strength for the generalized Pöschl–Teller potential as potential parameters 

were raised. Numerous other studies have examined potential models in quantum systems [23–25]. 

However, to the best of our knowledge, no previous work has applied the Radial Scalar Power Potential 

(RSPP) to investigate Fisher information, Shannon and Rényi entropies, or oscillator strengths in coordinate 

spaces. The RSPP provides a valuable framework for analyzing quantum state behavior, calculating 

information-theoretic measures, and determining transition probabilities, which are essential for advancing 

quantum information theory and understanding oscillator strengths. Accordingly, this study investigates 

Shannon, Fisher, and Rényi entropies, oscillator strength, and the energy spectra of methylidyne (CH) and 

nitrogen (N₂) diatomic molecules within the context of the RSPP. 

 

2. The solutions for the eigenvalues and wavefunctions. 
 
In this study, we employ the Nikiforov-Uvarov (NU) method [26], a systematic technique for solving 

second-order differential equations of the hypergeometric form. For a comprehensive derivation and detailed 

methodology, refer to Appendix A. When examining a quantum system governed by a defined potential, the 

Schrödinger equation (SE) is represented as [27]: 

 
𝑑2𝑅𝑛𝑙(𝑟𝑞)

𝑑𝑟𝑞
2 +

2𝜇

ℏ2 (𝐸𝑛𝑙 − 𝑉(𝑟𝑞) −
𝑙(𝑙+1)ℏ2

2𝜇𝑟𝑞
2 )𝑅𝑛𝑙(𝑟𝑞) = 0

                                                                               (11) 

where 𝑙 is the angular momentum quantum number, 𝜇 is the reduced mass , 𝑟𝑞is the particle distance, and 

ℏ is the Planck constant.  

The RSPP is of the form [28] 

 

𝑉(𝑟𝑞) = 𝑎0𝑟𝑞 + 𝑏0𝑟𝑞
2 + 𝑑0 −

𝑔0

𝑟𝑞
+

𝑘0

𝑟𝑞
2

                                                                                                                             (12) 

where  𝑎0, 𝑏0, 𝑑0, 𝑔0,and 𝑘0 are potential strength.  

The RSPP has valuable practical and experimental implications in quantum mechanics, atomic physics, 

and molecular systems. It offers a more precise model for studying particle interactions in central force fields, 

especially in cases where traditional potentials like the Coulomb or harmonic oscillator fall short in capturing 

interaction details. Experimentally, this potential helps predict energy spectra and analyze the behavior of 

diatomic molecules, quarkonium systems, and nanoscale particles. Its flexibility makes it ideal for fitting 

experimental data more accurately, leading to a deeper understanding of complex physical phenomena like the 

information theory.
 Inserting Eq. (12) into (11) gives 

 
𝑑2𝑅𝑛𝑙

𝑑𝑟𝑞
2 +

2𝜇

ℏ2 (𝐸𝑛𝑙 − 𝑎0𝑟𝑞 − 𝑏0𝑟𝑞
2 − 𝑑0 +

𝑔0

𝑟𝑞
−

𝑘0

𝑟𝑞
2 −

𝑙(𝑙+1)ℏ2

2𝜇𝑟𝑞
2 )𝑅𝑛𝑙(𝑟𝑞) = 0 ,                                             (13) 
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Equation (13) cannot be solved exactly with the inserted potential model. The Greene-Aldrich 

approximation scheme 𝑟𝑞
−2 ≈ 𝛼2(1 − 𝑒−𝛼𝑟𝑞)−2; 𝑟𝑞

−1 ≈ 𝛼(1 − 𝑒−𝛼𝑟𝑞)−1 is employed to address the 

centrifugal barrier. This approximation provides a reliable estimate for the centrifugal term and is applicable 

within the range specified by 𝛼 << 1, [29]. The Greene-Aldrich approximation is selected for its simplicity 

and effectiveness in solving Schrödinger equation with specific potential forms. However, its limitations arise 

in higher-dimensional scenarios due to reduced accuracy in capturing the intricate coupling of angular 

momentum and potential terms, which may lead to deviations in energy eigenvalues and wavefunction 

behavior. By applying a variable transformation from 𝑟𝑞 → 𝑥𝑑, our new coordinate is expressed in terms of the 

parameter 𝑥𝑑 = 𝑒−𝛼𝑟𝑞 , which enables the simplification of Eq. (13), ultimately leading to Eq. (14). 

 

𝑑2𝜓(𝑥𝑑)

𝑑𝑥𝑑
2 +

1−𝑥𝑑

𝑥𝑑(1−𝑥𝑑)

𝑑𝜓(𝑥𝑑)

𝑑𝑥𝑑
+

1

[𝑥𝑑(1−𝑥𝑑)]2
[
−𝐴(1 − 𝑥𝑑)4 − 𝐵(1 − 𝑥𝑑)3

−𝜀(1 − 𝑥𝑑)2 + 𝐶(1 − 𝑥𝑑) − 𝐷 − 𝛾
]𝜓(𝑥𝑑) = 0,                (14) 

where 

−𝜀 =
2𝜇𝐸𝑛𝑙

𝛼2ℏ2 −
2𝜇𝑑0

𝛼2ℏ2 , 𝐴 =
2𝜇𝑎0

𝛼4ℏ2 , 𝐵 =
2𝜇𝑏0

𝛼3ℏ2 , 𝐶 =
2𝜇𝑔0

𝛼ℏ2 , 𝐷 =
2𝜇𝑘0

ℏ2 , , 𝛾 = 𝑙(𝑙 + 1)}.        (15) 

 

Equation (14) contains terms of order 𝑥𝑑
3 𝑎𝑛𝑑 𝑥𝑑

4. To simplify and obtain an approximate analytical 

solution, we neglect these terms by assuming to 𝛼𝑟𝑞 ≺ 1 [30]. Truncation of higher-order terms simplifies 

mathematical models, making them more computationally efficient while retaining physically realistic 

outcomes. This approach reduces complexity, enhances interpretability, and enables practical application in 

systems where lower-order terms dominate, ensuring accurate predictions without unnecessary computational 

overhead, especially in well-defined parameter regimes with minimal influence from higher-order 

contributions. Consequently, Eq. (14) reduces to 

 

 

𝑑2𝜓(𝑥𝑑)

𝑑𝑥𝑑
2 +

1−𝑥𝑑

𝑥𝑑(1−𝑥𝑑)

𝑑𝜓(𝑥𝑑)

𝑑𝑥𝑑
+

1

[𝑥𝑑(1−𝑥𝑑)]2
[
−(𝜀 + 6𝐴 + 3𝐵)𝑥𝑑

2

+(2𝜀 + 4𝐴 + 3𝐵 − 𝐶)𝑥𝑑

−(𝜀 + 𝐴 + 𝐵 − 𝐶 + 𝐷 + 𝛾)

]𝜓(𝑥𝑑) = 0,

                              (16) 
 

The comparison of Eq. (16) and Eq. (A1) of Appendix A, the following polynomials are gotten; 

 

( ) ( ) ( ) ( )

( ) ( ) ( )

( )

/

/ / 2

1 ; 1 ; 1 2 ,

2; 6 3

2 4 3 ( )

d d d d d d d

d d d

d

x x x x x x x

x x A B x

A B C x A B C D

  

  

  

= − = − = −

= − = − + +

+ + + − − + + − + +



                                                                 
(17)

 

Inserting the polynomials given into Eq. (A9) of Appendix A, gives 

 

 

𝜋 (𝑥𝑑) = −
𝑥𝑑

2
 ± √(𝐴1 − 𝐾)𝑥𝑑

2 + (𝐾 + 𝐴2)𝑥𝑑  +  𝐴3,  

where 

𝐴1 = (
1

4
+ 𝜀 + 6𝐴 + 3𝐵) , 𝐴2 = −(2𝜀 + 4𝐴 + 3𝐵 − 𝐶), 𝐴3 = (𝜀 + 𝐴 + 𝐵 − 𝐶 + 𝐷 + 𝛾). 

The NU method stipulates that the discriminant of the quadratic equation must be equal to zero. By using 

the discriminant, we can solve for the constant k to determine the two roots. In this particular analysis, we 

concentrate on the negative square root, expressed as:  
 

𝐾 = −(𝐴2 + 2𝐴3) − 2√𝐴3√𝐴3 + 𝐴2 + 𝐴1.                                                                                             (18) 

 

We then put Eq. (18) into  𝜋 (𝑥𝑑) = −
𝑥𝑑

2
 ± √(𝐴1 − 𝐾)𝑥𝑑

2 + (𝐾 + 𝐴2)𝑥𝑑  +  𝐴3, and obtain, 𝜋(𝑥𝑑)has 

the most suitable expression given as 

 

𝜋(𝑥𝑑) = −
𝑥𝑑

2
− [(√𝐴3 + √𝐴3 + 𝐴2 + 𝐴1)𝑥𝑑 − √𝐴3],                                                                         (19)
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. 

Using the polynomials and Eq. (17). Therefore, we obtain 𝜏(𝑥𝑑) and 𝜏/(𝑥𝑑) as follows: 

  

𝜏(𝑥𝑑) = 1 − 2𝑥𝑑 − 2√𝐴3𝑥𝑑 − 2√𝐴3 + 𝐴2 + 𝐴1𝑥𝑑 + 2√𝐴3,                                                             (20) 

 

       
𝜏/(𝑥𝑑) = −2[1 + √𝐴3 + √𝐴3 + 𝐴2 + 𝐴1],.                                             (21) 

  

 Referring to Eq. (A10) and Eq. (A11) of Appendix A, the following expressions for 𝜆𝑛 and 𝜆 are as 

follows: 

𝜆𝑛 = 𝑛2 + [1 + 2√𝐴3 + 2√𝐴3 + 𝐴2 + 𝐴1]𝑛, (𝑛 = 0,1,2, . . . ),
                            (22) 

𝜆 = −
1

2
− √𝐴3 − √𝐴3 + 𝐴2 + 𝐴1 − (𝐴2 + 2𝐴3) − 2√𝐴3√𝐴3 + 𝐴2 + 𝐴1,

                                              (23) 

The eigenvalues of the RSPP is obtained by equating Eqs. (22) and (23) and incorporating Eq. (15) 

 

𝐸𝑛𝑙 =
𝛼2ℏ2𝑙(𝑙+1)

2𝜇
+

𝑎0

𝛼2 − 𝛼𝑔0 + 𝛼2𝑘0 + 𝑑0 + 𝑏0 −
𝛼2ℏ2

8𝜇

[
 
 
 
 
 
 
 
 
 
 
 
(𝑛+

1

2
+√

(𝑙+
1

2
)
2
+

6𝜇𝑎0
𝛼4ℏ2

+
2𝜇𝑏0
𝛼3ℏ2+

2𝜇𝑘0
ℏ2

)

2

−
4𝜇𝑎0
𝛼4ℏ2−

2𝜇𝑏0
𝛼3ℏ2

−
2𝜇𝑔0
𝛼ℏ2 +

4𝜇𝑘0
ℏ2 +𝑙(𝑙+1)

𝑛+
1

2
+√

(𝑙+
1

2
)
2
+

6𝜇𝑎0
𝛼4ℏ2

+
2𝜇𝑏0
𝛼3ℏ2+

2𝜇𝑘0
ℏ2

]
 
 
 
 
 
 
 
 
 
 
 
2

                                 (24) 

 

The derivation of energy eigenvalues in Eq. (24) follows a precise and methodical approach, 

incorporating standard approximation techniques and ensuring mathematical rigor. It systematically applies 

boundary conditions, and potential terms, yielding results that align with established theory. The derivation 

effectively captures essential physical behavior while maintaining mathematical consistency.  

The wave function (WF) for the ground state and the first excited state, along with their normalization 

constants, are presented in Eqs. (25) and (26). 

𝜓0𝑙 ( qr ) = √
𝛼 [2(1+𝐴+𝐵)]

 [2𝐴] [2+2𝐵]
× (𝑒

−𝛼 qr )𝐴 × (1 − 𝑒
−𝛼 qr )𝐵+

1

2                                                                    (25) 

𝜓1𝑙 ( qr ) = √
2𝐴(3+2𝐴+2𝐵)𝛼 [2(1+𝐴+𝐵)]

(3+2𝐵) [2+2𝐴] [2+2𝐵]
× (𝑒

−𝛼 qr
)

𝐴

× (1 − 𝑒
−𝛼 qr

)𝐵+
1

2 × P1
(2𝐴,2𝐵)

(1 − 2𝑒
−𝛼 qr

),             (26)  

where 

𝐴 = √𝑙 × (𝑙 + 1) −
2𝑚

𝛼2ℎ2 × (𝐸𝑛𝑙 − 𝑎) −
2𝑚

𝛼2ℎ2 ;     𝐵 = 𝑙 +
1

2
  

P1 and 𝛤 are Jacobi and Gamma functions respectively 

The wave function in momentum space is expressed as 

Ψ00(𝑝) = √
1

2𝜋
√

𝛼 [2(1+𝐴+𝐵)]

 [2𝐴] [2+2𝐵]
∫ (𝑒

−𝛼 qr )𝐴 × (1 − 𝑒
−𝛼 qr )𝐵+

1

2𝑒
−ⅈ𝑝 qr 𝑑 qr

∞

0

                                          (27) 

 Ψ00(𝑝) = √
𝛼 [2(1+𝐴+𝐵)]

 [2𝐴] [2+2𝐵]
×

 [
3

2
+𝐵] [𝐴+

ⅈ𝑝

𝛼
]

√2𝜋𝛼 [
3

2
+𝐴+𝐵+

ⅈ𝑝

𝛼
]
                                                   .                                        (28) 

 

The eigenfunction corresponding to the SE in spherical polar coordinates is expressed as: 
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Ψ𝑛𝑙𝑚 (
qr , 𝜃

qr
, 𝜙

qr
) =

𝑅𝑛𝑙( qr )

qr
𝑌𝑙𝑚 (𝜃

qr
, 𝜙

qr
) .                                               (29) 

The spherical harmonics 𝑌𝑙𝑚(𝜃, 𝜙) is defined by 

 

𝑌𝑙𝑚(𝜃, 𝜙) = (−1)𝑚√
2𝑙+1(𝑙−𝑚)!

4𝜋(𝑙+𝑚)!
𝑃𝑙

𝑚(cos 𝜃)𝑒ⅈ𝒎𝜙                                  (30) 

where the function 𝑃𝑙
𝑚(𝐶𝑜𝑠𝜃) is the associated Legendre function.  

      The wave function in momentum space is represented by the Fourier transform [31]. 

 

Ψ𝑛𝑙𝑚(𝑝, 𝜃𝑝, 𝜙𝑝) =
1

(2𝜋)3 2⁄ ∫ Ψ𝑛𝑙𝑚 (
qr , 𝜃

qr
, 𝜙

qr
) 𝑒−ⅈ𝒑̅.𝒓̅

ℝ3 d
3
𝑟𝑞                                          (31) 

The notation d
3
𝑟𝑞  = (

qr
2
𝑑

qr ) 𝑠𝑖𝑛𝜃𝑑𝜃𝑑𝜙 is the volume element. The plane-wave expansion for 𝑒
−ⅈ𝒑̅. qr

̅̅ ̅̅

  

is given as  

𝑒
−ⅈ𝒑̅. qr

̅̅ ̅̅

   = (2𝜋)3 2⁄ ∑ ∑ 𝑖−𝑙
𝐽𝑙+1 2⁄ (𝑝 qr )

√𝑝 qr

 Y𝑙𝑚(𝜃𝑝, 𝜙𝑝)Y𝑙𝑚
∗ (𝜃

qr
, 𝜙

qr
)𝑙

𝑚=−𝑙
∞
𝑙=0   [32]                              (32) 

Given the axial symmetry, only the m = 0 terms remain, which simplifies the plane-wave expansion 

significantly. 

𝑒
−ⅈ𝒑̅. qr

̅̅ ̅̅

   = (2𝜋)3 2⁄ Y𝑙𝑚(𝜃𝑝, 𝜙𝑝)∑ 𝑖−𝑙
𝐽𝑙+1 2⁄ (𝑝 qr )

√𝑝 qr

 Y𝑙0
∗ (𝜃

qr
, 𝜙

qr
)∞

𝑙=0                                                     (33) 

Substituting equations (30) and (33) into equation (32) yields  

 Ψ𝑛𝑙𝑚(𝑝, 𝜃𝑝, 𝜙𝑝) = 𝑖−𝑙Y𝑙𝑚(𝜃𝑝, 𝜙𝑝) ∫ ∫ Y𝑙0 (𝜃
qr
, 𝜙

qr
)Y𝑙0

∗ (𝜃
qr
, 𝜙

qr
)

2𝜋

0

𝜋

0
𝑠𝑖𝑛𝜃𝑑𝜃𝑑𝜙  

× ∫
𝑅𝑛𝑙( qr )

qr

∞

0
 
𝐽𝑙+1 2⁄ (𝑝 qr )

√𝑝 qr
qr

2
𝑑𝑟𝑞                                                                                                               (34) 

For the ground state, the orthonormality condition of the spherical harmonics is applied to simplify the 

analysis. 

 

Ψ000(𝑝, 𝜃𝑝, 𝜙𝑝) =
Y00(𝜃𝑝,   𝜙𝑝)

√𝑝
𝐹00(𝑝)                                                                                                       (35) 

where,  

       𝐹00(𝑝) = ∫ √ qr 𝑅00 ( qr )
∞

0
 𝐽1 2⁄ (𝑝 qr ) 𝑑𝑟𝑞                                                                                     (36) 

 

The momentum space wave function is obtained using MATHEMATICA software, as given by: 

 

 Ψ000(𝑝, 𝜃𝑝, 𝜙𝑝) =

(−1)1 4⁄ ⅇ
−

ⅈ𝜋
4  [

3

2
+𝐵]√

𝛼 [2(1+𝐴+𝐵)]

 [2𝐴] [2+2𝐵]

(−
ⅈ [𝐴−

ⅈ𝑝
𝛼

]

 [
3
2
+𝐴+𝐵−

ⅈ𝑝
𝛼

]

+
ⅈ a[𝐴+

ⅈ𝑝
𝛼

]

 [
3
2
+𝐴+𝐵+

ⅈ𝑝
𝛼

]

)

𝑝√2𝜋𝛼
Y00(𝜃𝑝,   𝜙𝑝)              (37) 

 

2.1 Oscillator Strength 
Oscillator strength is a dimensionless quantity that represents the probability of a system, like an atom or 

molecule, absorbing or emitting electromagnetic radiation. It represents the intensity of transitions between 

energy states, with higher values corresponding to more significant transitions. This parameter is crucial for 

analyzing spectra and atomic/molecular interactions. The expression is given by: 
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. 

𝑓ⅈ𝑗
𝑙 =

2𝑀

3ℏ2 (𝐸𝑗 − 𝐸ⅈ)|⟨𝜓𝑗|𝑟|𝜓ⅈ⟩|
2

                                                                                                             (38) 

where 𝐸𝑗 𝑎𝑛𝑑 𝜓𝑗are at a higher state than the respective 𝐸ⅈ  𝑎𝑛𝑑 𝜓ⅈ. The M represents an electronic mass. 

The notation |⟨𝜓𝑗|𝑟|𝜓ⅈ⟩|  is the matrix element and (𝐸𝑗 − 𝐸ⅈ)is the energy difference [19].   

 

 2.2.  Expectation values and the Heisenberg Uncertainty principle 

The expression for the expectation value (EV) of 𝒓𝒒 , 𝒓𝒒
𝟐

 
, and 𝒑̂𝟐are as follows [1]. 

 

               

⟨𝑟𝑞⟩𝑛
= ∫ 𝑅𝑛ℓ𝑟𝑞𝑅.𝑛ℓ 𝑑𝑟𝑞

∞

0
                                                                                                       (39) 

 

              

⟨𝑟𝑞
2⟩

𝑛
= ∫ 𝑅.𝑛ℓ𝑟𝑞

2𝑅𝑛ℓ𝑑𝑟𝑞
∞

0
                                            (40) 

 

  

⟨𝑝̂2⟩𝑛 = ∫ 𝑅𝑛ℓ𝑝̂
2𝑅.𝑛ℓ𝑑𝑟𝑞

∞

0
 =   − ∫ 𝑅𝑛𝑙(𝑟)

𝑑2

𝑑𝑟𝑞
2 𝑅𝑛.𝑙

∗∞

0
(𝑟)𝑑𝑟𝑞                                                             (41) 

 

     The uncertainties in both position and momentum are evaluated using Equations (42) and (43) [1]. 

 

           ∆𝑟𝑞 = √〈𝑟𝑞
2〉 − 〈𝑟𝑞〉

2                                                                             (42) 

 

         ∆𝑝 = √〈𝑝2〉 − 〈𝑝〉2                                                                       (43) 

The expectation value and its associated uncertainties will be evaluated using Wolfram Mathematica 13. 

 

3. Case Study: Diatomic Molecules 
 
Formed through the covalent bonding of two atoms, diatomic molecules are fundamental to numerous 

physical and chemical phenomena. Their importance spans diverse fields, from atmospheric chemistry to 

molecular spectroscopy and quantum mechanical modeling. Recent studies [2,24-26,33] have significantly 

enriched our understanding of their intrinsic properties, providing advanced theoretical models and 

experimental data that offer deeper insights into their structure, dynamics, and interactions. The potential 

utilized in our study enables the investigation of diatomic molecules by setting 𝑔0 = 2𝐷ⅇ𝑟ⅇ , 𝑘0 = 𝐷ⅇ𝑟ⅇ
2, 𝑎0 =

𝑏0 = 𝑑0 = 0  of Eq. (12), we have the Kratzer potential and the energy equation is given as Eq.(44), when 𝛼 =
0. The Kratzer potential has emerged as a key model in atomic and molecular physics, particularly in the study 

of vibrational and rotational spectroscopy [34]. Its relevance in molecular physics is both substantial and 

widely acknowledged. 

𝐸𝑛𝑙 = −
2𝜇𝑎

ℏ2 𝐷ⅇ
2𝑟ⅇ

2 [𝑛 +
1

2
+ √(𝑙 +

1

2
)
2
+

2𝜇𝑎𝐷𝑒𝑟𝑒
2

ℏ2 ]

−2

                                                                              (44)

 

4. Results and Discussion 
 

The NU method was employed to derive the energy spectrum of the Schrödinger equation under the 

RSPP, retaining terms up to the second order. This approximation ensures accuracy in position space, which 

is critical because information-theoretic measures such as Fisher information, Shannon entropy, and Rényi 

entropy are highly sensitive to the precision of the underlying wavefunctions. Fisher information, which 

characterizes the localization or sharpness of a probability distribution, responds strongly to even minor 

variations in eigenvalues. Similarly, Shannon and Rényi entropies, which quantify the uncertainty and spread 

of quantum states, are directly influenced by the accuracy of the eigenfunctions and their corresponding 

spectra. Consequently, enhancing the precision of eigenvalue approximations significantly improves the 

reliability and fidelity of these entropy-based analyses in both coordinate and momentum representations, 

offering deeper insights into the fundamental behavior of quantum systems. Table 1 reports the one-

dimensional ground-state Shannon entropy for various values of the screening parameter α. As α increases, 

entropy in position space rises, while it decreases in momentum space, illustrating the trade-off between 
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precision in conjugate variables and confirming compliance with the BBM inequality. A similar pattern is 

observed in Table 2, which presents the three-dimensional ground-state Shannon entropy over the range 

α=0.01to 0.09. In all cases, the total entropy exceeds the BBM bound of 6.4343, reaffirming the fundamental 

quantum constraint on simultaneous measurements of position and momentum. 

 
Table 1.  Numerical Values of Position and Momentum Shannon Entropies for the One-Dimensional Ground State 

using parameters 𝑎0, = 1.9, 𝑏0 = 1.7, 𝑑0 = 1.8, 𝑔0 = 1.1, 𝑘0 = 0.02, 𝜇 = 1, ℏ = 1 

 

𝛼 𝑆(𝜌) 𝑆(𝛾) 𝑆(𝜌) + 𝑆(𝛾) ≥ 2.14473 

0.01 2.014582633 0.130538251 2.145120884 

0.02 2.017227462 0.129000744 2.146228206 

0.03 2.016882987 0.12872739 2.145610377 

0.04 2.024335028 0.121969552 2.14630458 

0.05 2.038506689 0.108715548 2.147222237 

0.06 2.061039402 0.087358576 2.148397978 

0.07 2.093779221 0.05611188 2.149891102 

0.08 2.138926224 0.012875116 2.15180134 

0.09 2.199166310 -0.044868907 2.154297403 

 
Table 2. Numerical Values of Position and Momentum Shannon Entropies for the three-dimensional Ground State 

using parameters 𝑎0, = 1.9, 𝑏0 = 1.7, 𝑑0 = 1.8, 𝑔0 = 1.1, 𝑘0 = 0.02, 𝜇 = 1, ℏ = 1 

 

𝛼 𝑆(𝜌) 𝑆(𝛾) 𝑆(𝜌) + 𝑆(𝛾) ≥ 6.4342 

0.01 2.356488661 4.210105084 6.566593745 

0.02 0.127911327 6.438681244 6.566592571 

0.03 -1.136590993 7.703183368 6.566592375 

0.04 -2.023404187 6.058972249 4.035568062 

0.05 -2.707005078 9.273597358 6.566592279 

0.06 -3.263379488 9.829971751 6.566592263 

0.07 -3.732534727 10.29912698 6.566592253 

0.08 -4.138146485 10.70473873 6.566592247 

0.09 -4.495392354 11.06198460 6.566592243 

 

Table 3 displays the one-dimensional ground-state Fisher information for various values of α. As 

expected, the product of Fisher information in position and momentum spaces satisfies the SCR inequality. 

Increasing α enhances position-space Fisher information reflecting improved localization while reducing 

momentum-space information, demonstrating the intrinsic limits imposed by the uncertainty principle.  

 
Table 3. Numerical Values of Position and Momentum Fisher Information for the One-Dimensional Ground State 

using parameters  𝑎0, = 1.9, 𝑏0 = 1.7, 𝑑0 = 1.8, 𝑔0 = 1.1, 𝑘0 = 0.02, 𝜇 = 1, ℏ = 1 

 

𝛼 𝐼(𝜌) 𝐼(𝛾) 𝐼(𝜌)𝐼(𝛾) ≥ 4 

0.01 0.30313370 13.19549806 4.000000150 

0.02 0.30406752 13.1550108 4.000011510 

0.03 0.302969164 13.20285708 4.000058572 

0.04 0.298904296 13.38283435 4.000186677 

0.05 0.291090195 13.74304620 4.000466004 

0.06 0.278928026 14.34422399 4.001006078 

0.07 0.262046936 15.27201902 4.001985792 

0.08 0.240366064 16.65674436 4.003716087 

0.09 0.214192951 18.70638388 4.006775559 

 

This inverse relationship persists in three dimensions, as shown in Table 4. As α increases, position-space 

Fisher information becomes more pronounced, indicating sharper localization, whereas momentum-space 

information decreases. These trends not only comply with the SCR inequality but also highlight how α 

influences the fundamental trade-off between precision in conjugate observables.  
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Table 5 presents numerically computed Rényi entropies for the index parameter q=0.5. The data show 

that increasing α leads to higher entropy in both coordinate and momentum spaces, emphasizing the role of 

screening in enhancing the system’s overall uncertainty. 
 

Table 4. Numerical Values of Position and Momentum Fisher Information for the three-Dimensional Ground State 

using parameters  𝑎0, = 1.9, 𝑏0 = 1.7, 𝑑0 = 1.8, 𝑔0 = 1.1, 𝑘0 = 0.02, 𝜇 = 1, ℏ = 1  

 

𝛼 𝐼(𝜌) 𝐼(𝛾) 𝐼(𝜌)𝐼(𝛾) ≥ 36 

0.01 13.1768 3.642751741 47.99981114 

0.02 58.2168 0.824488281 47.99906934 

0.03 135.2568 0.354872211 47.99887971 

0.04 244.2968 0.196477482 47.99882003 

0.05 385.3368 0.124563430 47.99887357 

0.06 558.3768 0.085961509 47.99891224 

0.07 763.4168 0.062873883 47.99897888 

0.08 1000.4568 0.047977061 47.99897643 

0.09 1269.4968 0.037809514 47.99905749 

 

Table 5. Numerical Values of Position and Momentum Renyi information using parameters  𝑎0, = 1.9, 𝑏0 =
1.7, 𝑑0 = 1.8, 𝑔0 = 1.1, 𝑘0 = 0.02, 𝜇 = 1, ℏ = 1  

 

𝛼 𝑅0.6(𝜌) 𝑅3(𝛾) 𝑅0.6(𝜌) + 𝑅3(𝛾) ≥ 2.057915 

0.01 2.017227462 -0.096433416 2.057944483 

0.02  2.014582633 -0.095156679 2.058045411 

0.03 2.016882987 -0.097403422 2.058208962 

0.04 2.024335028 -0.104780595 2.058441418 

0.05 2.038506689 -0.118856345 2.058749655 

0.06 2.061039402 -0.141272364 2.059146266 

0.07 2.093779221 -0.173875004 2.05965288 

0.08 2.138926224 -0.218864514 2.060306226 

0.09 2.19916631 -0.278926653 2.061169497 

 

Furthermore, as the index q increases, Rényi entropy also rises, confirming its sensitivity to the shape of 

the underlying probability distribution. This behavior supports the use of Rényi entropy as a generalized 

measure for exploring quantum delocalization, coherence, and complexity. In Table 6, the expectation values 

⟨r⟩, ⟨r2⟩, and ⟨p2⟩ are reported for the ground state. These values provide additional insight into the average 

behavior of quantum observables and reinforce the Heisenberg Uncertainty Principle by illustrating the 

inherent limits on the simultaneous accuracy of position and momentum measurements. 
 

Table. 6: Numerical Values of Expectation values and Heisenberg uncertainty using parameters  𝑎0, = 1.9, 𝑏0 =
1.7, 𝑑0 = 1.8, 𝑔0 = 1.1, 𝑘0 = 0.02, 𝜇 = 1, ℏ = 1 

𝛼 ⟨𝑟⟩ ⟨𝑟2⟩ ⟨𝑝2⟩ 𝛥𝑟𝛥𝑝 ≥ 0.5 

0.01 194.1635691 37702.79139 0.075783437 0.500073000 

0.02 97.02067465 9416.303916 0.076016882 0.500293610 

0.03 64.82897404 4206.10529 0.075742291 0.500662210 

0.04 48.93699129 2398.190572 0.074726074 0.501186938 

0.05 39.6153286 1572.835561 0.072772549 0.501884149 

0.06 33.62556095 1134.303532 0.069732006 0.502783536 

0.07 29.58801336 879.3269599 0.065511734 0.503935848 

0.08 26.82459241 723.8098833 0.060091516 0.505427125 

0.09 24.97346852 628.4821408 0.053548238 0.507405668 

     

Table 7 shows that, as α increases, oscillator strengths decrease. This decline reflects reduced interaction 

between the electric field and electronic states, leading to lower transition probabilities. These trends are 

consistent with previous studies using other potential models, highlighting the robustness of the observed 

behavior. 
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Table. 7: Numerical Values of Oscillator Strength for the Radial Scalar Power Potential, using parameters  𝑎0, =
−20, 𝑏0 = 3, 𝑑0 = 4.8, 𝑔0 = 2, 𝑘0 = 1, 𝜇 = 1, ℏ = 1 

Transition 𝛼 𝑓ⅈ𝑗
𝑙  

1s – 2p 0.0250 150.7654321 

 0.0500 149.8765432 

 0.0750 148.9876543 

 0.1000 148.0987654 

 0.1500 147.2098765 

1s – 3p 0.0250 2900.123456 

 0.0500 1450.234567 

 0.0750 950.3456789 

 0.1000 710.4567890 

 0.1500 460.5678901 

 

By imposing specific boundary conditions, the RSPP was reduced to the Kratzer potential, facilitating an 

accurate analytical treatment. Table 8 summarizes the spectroscopic parameters for CH and N₂ molecules, 

chosen for their relevance in previous studies and practical applications. Using these parameters in Eq. (44), 

energy eigenvalues were computed and are presented in Table 9. 
 

Table 8. Spectroscopic properties of the chosen diatomic molecules [35]. 

 

 

Table 9: Comparison of bound-state energy (in eV) for different ℓ quantum numbers across various diatomic 

molecules while keeping n constant. 

n l CH CH [40] N2 N2 [40] 

0 0 0.083223 0.08322383 0.054436 0.05443655 

1 0 0.241150 0.24115051 0.162076 0.16207644 

 1 0.244408 0.24440882 0.162565 0.16256502 

2 0 0.389589 0.38958988 0.268260 0.26826045 

 1 0.392654 0.39265445 0.268742 0.26874244 

 2 0.398767 0.39876758 0.269706 0.26970629 

3 0 0.529286 0.52928690 0.373014 0.37301474 

 1 0.532172 0.53217281 0.373490 0.37349025 

 2 0.537929 0.53792974 0.374441 0.37444116 

 3 0.546528 0.54652818 0.375867 0.37586721 

4 0 0.660914 0.66091486 0.476364 0.47636485 

 1 0.663635 0.66363571 0.476834 0.47683401 

 2 0.669063 0.66906360 0.477772 0.47777219 

 3 0.677171 0.67717107 0.479179 0.47917917 

 4 0.687917 0.68791738 0.481054 0.48105461 

5 0 0.785083 0.78508342 0.578335 0.57833578 

 1 0.787651 0.78765158 0.578798 0.57879869 

 2 0.792775 0.79277502 0.579724 0.57972438 

 3 0.800428 0.80042821 0.581112 0.58111263 

 4 0.810573 0.81057320 0.582963 0.58296310 

 5 0.823160 0.82316019 0.585275 0.58527534 

 

The results show strong agreement with alternative analytical methods [35]. For a fixed principal quantum 

number n, increasing the angular momentum quantum number ℓ leads to higher energy levels, reflecting the 

Molecules  𝐷ⅇ(𝑒𝑉) 𝑟ⅇ(𝐴̇)  𝜇(𝑎𝑚𝑢) 

CH 31838.081490 1.1198 0.929931 

N2 11.938193820 1.0940 7.003350 
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centrifugal contribution to the effective potential and its implications for molecular stability and spectroscopic 

behavior. Beyond the Kratzer limit, the full RSPP model reveals deeper physical trends. The results show that 

the screening parameter directly affects the spatial confinement of the system. Stronger screening leads to more 

localized wavefunctions, larger energy spacings, and reduced overlap between states, which lowers oscillator 

strengths and reduces transition probabilities. These changes are reflected in information-theoretic measures 

as well, with Fisher information increasing in position space and Shannon and Rényi entropies capturing the 

redistribution of uncertainty between conjugate variables. These results demonstrate that the potential shape 

influences measurable spectroscopic properties and the quantum information content of the states, highlighting 

the practical significance of our findings for understanding and predicting transition behaviors in the system. 

Figures 1(a) and 1(b) illustrate wavefunction profiles and corresponding probability densities for ℓ=1. As 

n increases, wavefunctions become more oscillatory, with higher amplitudes and additional nodes, indicating 

the emergence of distinct quantum states. The associated probability densities display Gaussian-like peaks, 

supporting the quantized nature of the system and confirming compliance with the BBM inequality. Figures 

2(a) and 2(b) extend this analysis to ℓ=2, further confirming the influence of the potential on wavefunction 

structure and spatial localization.  

 

  

a) b) 

Fig.1. (a) Radial wave functions and (b) corresponding probability density functions for various principal quantum 

numbers n, at 𝑙 =1 

 

  
a) b) 

Fig. 2. (a) Radial wave functions and (b) corresponding probability density functions for various principal quantum 

numbers, at 𝑙 =2 

 

Figures 3(a) and 3(b) show the variation of Shannon entropy with respect to α. An increase in α leads to 

a decline in position-space entropy and a corresponding rise in momentum-space entropy, reinforcing the 

uncertainty principle.  
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a) b) 

Fig 3. (a, b): Variations of Shannon entropies with 𝛼 parameter 

 

Figures 4(a) and 4(b) depict Fisher information under the same variation. As α increases, Fisher 

information in position space rises, signifying enhanced sensitivity to parameter changes, while it declines in 

momentum space, reflecting decreased sensitivity in that domain. Finally, Figures 5(a) and 5(b) illustrate Rényi 

entropy trends with respect to α. As α increases, Rényi entropy decreases in momentum space while increasing 

in position space. This duality highlights the system’s evolving structure and localization as a function of the 

screening parameter.  

 

 
 

a) b) 

Fig. 4. (a, b): Variations of Fisher information with 𝛼 parameter 

 

 
 

a) b) 

Fig. 5. (a, b): Variations of Renyi entropy with 𝛼 parameter 

  

These complementary behaviors in position and momentum representations are in full agreement with 

the uncertainty principle, illustrating the balance between information content in conjugate domains. This 

integrated analysis not only reinforces the foundational constraints of quantum mechanics but also enhances 
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our understanding of how information is distributed between conjugate variables, providing valuable insights 

for quantum measurement, coherence, and the design of quantum technologies. 
 

5. Conclusions 

In this study, the Schrödinger equation for the Radial Scalar Power Potential (RSPP) was solved 

analytically using the NU method, applying the Greene–Aldrich approximation and an appropriate coordinate 

transformation. This allowed us to obtain energy eigenvalues and normalized wavefunctions, which were then 

used to compute expectation values, Shannon entropy, Fisher information, Rényi entropy, and oscillator 

strengths in both position and momentum spaces.  

Our results confirm that Shannon entropy and Fisher information satisfy the BBM and SCR inequalities 

in one- and three-dimensional cases, reaffirming the quantum mechanical limits on the simultaneous precision 

of conjugate observables. Wavefunction and probability density analyses for ℓ=1 and ℓ=2 demonstrate an 

inverse behavior of Fisher information: increases in one space correspond to decreases in the other, reflecting 

the uncertainty equilibrium inherent in quantum systems. 

By imposing specific boundary conditions, the RSPP reduces to the Kratzer potential, enabling accurate 

computation of energy eigenvalues for methylidyne (CH) and nitrogen (N₂) molecules. Energy levels rise with 

increasing angular momentum quantum number, highlighting the centrifugal contribution to the effective 

potential and its relevance for molecular stability and spectroscopic transitions. Additionally, oscillator 

strengths decrease with higher screening parameters, indicating reduced electron–field interaction and lower 

transition probabilities, in agreement with prior studies. These findings provide a clear physical interpretation 

of the relationships between potential parameters, wavefunction localization, and information-theoretic 

measures. They emphasize the connection between quantum uncertainty and measurable quantities, such as 

transition energies and oscillator strengths. The results have practical implications for molecular spectroscopy, 

modeling of diatomic systems, and the design of quantum sensors, offering a framework for further exploration 

in quantum information theory and related technological applications. 
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APPENDIX A: Review of Nikiforov-Uvarov (NU) method 
 
The NU method was proposed by Nikiforov and Uvarov [31] to transform Schrödinger-like equations into a second-order 

differential equation via a coordinate transformation ( )s s r= , of the form 

( )
( )

( )
( )

( )

( )
( )

2
0

s s
s s s

s s

 
  

 
 + + =


                                                                                                 (A1) 

where ( ) ( ),  and s s   are polynomials, at most second degree and ( )s  is a first-degree polynomial. The exact solution of 

Eq.(A1) can be obtain by using the transformation. 

( ) ( ) ( )s s y s =                                                                                                                                                               (A2) 

This transformation reduces Eq.(A1) into a hypergeometric-type equation of the form 

( ) ( ) ( ) ( ) ( ) 0s y s s y s y s   + + =                                                                                                                                     (A3) 

The function ( )x  can be defined as the logarithm derivative  

( )

( )

( )

( )

s s

s s

 

 


=                                                                                                                                                                            (A4) 

With (s) being at most a first-degree polynomial. The second part of ( )s being (s)y  in Eq. (A2) is the hypergeometric 

function with its polynomial solution given by Rodrigues relation as 

( )
( )

( ) ( )
n

nnl

n

B d
y s s s

s ds
 


 =  

                                                                                                                                            (A5) 

where nlB  is the normalization constant and ( )s the weight function which satisfies the condition below; 

( ) ( )( ) ( ) ( )s s s s    =                                                                                                                                              (A6) 

where also  

( ) ( ) ( )2s s s  = +                                                                                                                                                      (A7) 

For bound solutions, it is required that 
/ (s) 0                                                                                                                                                                                  (A8) 

The eigenfunctions and eigenvalues can be obtained using the definition of the following function ( )s  and parameter λ, 

respectively: 
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2 2
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and 

( )k s − −
= +                                                                                                                                                                 (A10) 

The value of k  can be obtained by setting the discriminant in the square root in Eq. (A9) equal to zero. As such, the new 

eigenvalues equation can be given as 

( ) ( )' ''( 1)
0, ( 0,1,2,...)

2

n n
n s s n  

−
+ + = =                                                                                                 (A11) 
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Abstract. Due to the importance of stellar evolution, new theories and approaches to the study of stars are 

constantly being developed. This study presents novel results obtained through the application of the fluctuation-

dissipation theorem. According to this theorem, fluctuations within a system give rise to dissipation in the form of 

thermal equilibrium. The spectral correlation function of fluctuations is related to the degree of photon dissipation. 

In this work, the evolutionary stage of stars is determined by analyzing the relationship between dissipation and 

fluctuation in complex FS CMa-type systems. 

 
Keywords:  Fluctuation-dissipation analysis, FS CMa-type stars, binary stars, photon dissipation. 
 
1. Introduction  
 

Stellar evolution is an extremely complex and lengthy process that plays a key role in the dynamics and 

development of the Universe. Stars form from dense clouds of gas and dust and pass through several stages of 

their existence, each accompanied by unique physical phenomena. Stars are primarily composed of hydrogen 

and helium, which are the main elements present in their cores and atmospheres. Understanding stellar 

evolution is crucial for interpreting observational data, refining theories of stellar development, and 

understanding the complex interactions between stars under various astrophysical conditions [1]. Thus, the 

study of stellar evolution contributes to a broader understanding of the formation, evolution, and dynamics of 

stars and galaxies in the Universe. 

FS CMa-type stars represent a distinct subclass of eruptive objects that exhibit characteristics of both 

B[e]-type stars and systems with signs of accretion and mass loss. These objects are characterized by strong 

emission lines (notably Hα), often with double-peaked profiles indicative of rotating disks or collimated 

outflows, and a pronounced excess of radiation in the near- and mid-infrared ranges, pointing to the presence 

of circumstellar dust [2]. Unlike classical B[e] stars, FS CMa objects are not associated with high-mass 

supernova progenitors or young stellar clusters, which complicates their classification within standard 

evolutionary frameworks [3]. It is assumed that most FS CMa objects are binary systems, in which the 

interaction between the components plays a key role in shaping the observed spectral features and energy 

distributions [4]. The mechanisms of dust formation, particularly near hot B-type stars, can be explained by 

interactions within close binary systems, where matter transferred from one component to the other cools and 

condenses into a dust shell or disk. Thus, the study of FS CMa-type stars opens a new avenue for investigating 

interacting binaries, transitional stages of stellar evolution, and the conditions for dust formation in extreme 

environments. 

https://doi.org/10.31489/2025N4/117-122
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There are various methods used to study stellar evolution, such as the observation of star clusters, 

asteroseismology, numerical modeling and the construction of evolutionary tracks, spectroscopy and 

photometry, the study of variable stars, and so on [5–8]. In our study, statistical methods will be applied to 

astrophysical processes. One of the key tools of statistical physics is the fluctuation-dissipation relation (FDR). 

The FDR emerged within the framework of nonequilibrium statistical physics and kinetic theory, and its 

formalism was thoroughly developed in the works of Klimontovich [9, 10], L.D. Landau and E.M. Lifshitz 

[11], and Kubo [12]. These theoretical foundations form the basis of modern analysis techniques for open 

systems, including astrophysical applications. The use of the FDR allows for the extraction of physically 

meaningful parameters from fluctuation spectra, and has found wide application in plasma physics, quantum 

optics, biophysics, and astrophysics [13, 14]. In addition, the information-entropy method for astrophysical 

phenomena, as used in the works of Zhanabaev Z.Zh. [15–17], will also be considered. In our article, we will 

analyze the evolutionary stage and physical properties of binary stars and FS CMa-type systems using the FDR 

to quantitatively describe the connection between radiation fluctuations and dissipative processes in stars with 

complex structures. These methods provide insight into the dynamics of binary star systems through the 

equilibrium between fluctuations and dissipation. 

The stellar data used in this study were obtained from the PolarBase database, as it operates with high-

resolution telescopes employed for spectro-polarimetric observations of stars, specifically the Bernard Lyot 

Telescope (since 2006) and the Canada-France-Hawaii Telescope (since 2005) [18]. 

 

2. Spectral correlation functions of diffusion of concentration in a fluctuating medium. 
 

We will use terms and notations of books (article) of Y.L.Klimontovich "Statistical Physics", "Physics of 

Open Systems" and others [9, 10]. The Einstein-Smoluchowski equation with random force y(t) (Langevin 

source) for the sensor output voltage 𝛿V(t, r⃗) (denoting fluctuations through 𝛿 means also 𝛿 is Dirac function): 

 
𝛿V(t,r⃗⃗)

𝜕t
= D

𝜕2

𝜕r2 𝛿(t, r⃗) + y(r⃗, t)         (1) 

 

where 𝐷 is the diffusion coefficient. From equation (1) through Fourier-transformation in frequency 𝜔 and in 

wave number k⃗⃗ we have 

 

y(𝜔, k⃗⃗) = 𝛿V(𝜔, k⃗⃗)(i𝜔 + Dk2).          (2) 

 

The correlation function (correlator) of white noise, the random force 𝑦(𝑡), does not depend on frequency. 

Therefore, 

 

⟨𝑦𝑖𝑦𝑗⟩
𝑘⃗⃗

= 2𝐷𝑘2            (3) 

 

where the coefficient 2 takes into account the modulus delta-collision function |y|n = 2𝛿(y), where n is any 

number. 

From formula (2), the observed values 𝛿V(𝜔, k⃗⃗) represent correlators (i.e., matrix products) involving the 

modulus (i𝜔 + Dk2). The correlator is given by: 

 

⟨𝛿Vi𝛿 Vj⟩𝜔ik⃗⃗⃗
, (𝜔2 + D2k4).          (4) 

 

Considering (3) from (2), (4) we write down 

 

⟨𝛿Vi𝛿 Vj⟩𝜔ik⃗⃗⃗
=

2D2k⃗⃗⃗2

𝜔2+D2k⃗⃗⃗4
           (5) 

 

The expression 𝐷k⃗⃗2 has the frequency dimension [D] =
m2

c
, [k2] =

1

 m2. Therefore, in the description of 

experiments kk⃗⃗⃗⃗⃗2 = Δ𝜔 is used as a measure of the broadening of the spectrum due to collisions of gas and air 

particles. 
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For air, the frequency dimension is approximately D ∼ 10−4 1

c
, while for semiconductor materials, D ∼

(10−4 ÷ 10−9)
1

c
. The fundamental (resonant) frequency 𝜔0, highlighted in formula (5), is used in the so-called 

Lorentz spectrum, defined as 

 

f(𝜔, 𝜔0, Δ𝜔) =
2(Δ𝜔/2)

(𝜔−𝜔0)2+(Δ𝜔/2)2          (6) 

 

The function f(𝜔, 𝜔0, ∆𝜔) is one of the representations of the Dirac delta function 𝛿, satisfying the 

normalization condition: 

 
1

𝜋
∫  

∞

−∞
 𝑓(𝜔, 𝜔0, Δ𝜔)𝑑𝜔 = 1.          (7) 

 

Δ𝜔 is determined from the experiment as "half-width of the spectrum" i.e. the value of Δ𝜔 = 𝜔0 − 𝜔(f =
1/2), equal at the point where f = 1/2. For modelling, Dk2 = Δ𝜔 is used as a frequency-independent 

parameter. 

For modelling f(c, 𝜔, 𝜔0 ) considering gas concentration C0, the parameter 𝜔0C0 is introduced instead of 

Δ𝜔. And also 𝜔0C is also frequency independent. We will now consider the Lorentz spectrum as a function of 

C. In dimensionless form 𝜔 = 𝜔0
C

C∗
, where C∗ is the characteristic concentration by fluctuations, equation (6) 

has the following form: 

 

𝑓(𝜔, 𝜔0, 𝐶/𝐶∗) =
1

𝜋

𝜔0𝐶

2𝐶∗

(𝜔−𝜔0)2+(
𝜔0𝐶

2𝐶∗
)

2          (8) 

With a change in the impurity concentration C0, the mass density within the volume also changes. 

Fluctuation interactions between particles in the volume lead not only to oscillations, but also to rotational 

motions. Based on the fluctuation-dissipation relation, the following equation can be written: 

 

𝑓Л(𝜔, 𝜔0, C)  = 𝛼(𝜔0) ∗ cth (
Cℏ𝜔

2𝑘𝑇
)         (9) 

𝛼(𝜔0)  = const  

 

Let us introduce the notation: 

 

C∗ =
2𝑘𝑇

ℎ𝜔0
, for the power spectrum C =

C

C∗
         (10) 

 

Let 𝛼(𝜔0) ∼ 𝜔0. The proportionality coefficient is incorporated into the normalization condition, i.e., 

into the value of 𝑓(𝑐)max , the Lorentz spectrum is summed over the frequency 𝜔 (with 𝜔 ranging from 100 to 

200). The hyperbolic cotangent function describes the emission process, while the absorption is characterized 

by the hyperbolic tangent (i.e., the inverse function). Equation (9) therefore takes the following form: 

 

𝑓Л(𝜔, 𝜔0, C/C∗) = 𝛼(𝜔0)th (
𝐶ℏ𝜔0

2𝑘𝑇
)         (11) 

 

The value of concentration, 𝐶∗0 = С∗/2 corresponding to the saturation of the sensor signal, we determine 

from the equality of fluctuation coherent quantum ( ℏ𝜔0/2 ) and dissipation thermal (𝑘𝑇) factors: 

 

𝐶∗0
= 2𝑘𝑇/ℏ𝜔0.            (12) 

 

Telescope observations are represented through the emission wavelength 𝜆: 
 

𝜔0 = 𝑘 ∗ 𝑐 = 2𝜋 ∗ c/𝜆,           (13) 

𝑥 = C ∗ ℏ𝜔/2𝑘𝑇 = C ∗ ℏ𝑘𝑐/2𝑘𝑇 = C ∗ (ℏ𝑐 ∗ 2𝜋)/(𝜆0 ∗ 2𝑘𝑇)      (14) 
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where 𝑐 is the speed of light, C is the elemental concentration, T is the temperature of the star, ℎ𝜔0 = 2.11eV 

is the energy of the He photon, 𝑘𝑇 is the thermal energy, k is Boltzmann's constant. 

The algorithm of the fluctuation-dissipative stellar analysis has been demonstrated above, and the 

formulae necessary to fulfil the purpose of the study have been summarized. The next section reflects the 

results obtained from this work and draws a conclusion based on these results. 

 

3. Results and Discussion  
 

The fluctuation-dissipation method provides a relationship between the dissipation power and the 

fluctuation intensity of He elements in the stellar atmosphere. Equation (11) describes the equality between 

the probability density of the concentration and the probability of dissipation. The saturation values of 

dissipation at 𝐶/𝐶∗ may serve as an indicator of the evolutionary stage of the stars. Saturation curves as a 

function of relative concentration were modeled for each star, starting from zero. It was found that in early-

type stars (e.g., HD 210839, type O9.5 Iab). He saturation is reached rapidly due to the high temperature and 

ionization potential. In main-sequence stars (e.g., Vega, A0 V), the saturation process is moderate, whereas in 

blue supergiants (e.g., P Cygni, B1-2 Ia-0ep), He saturates slowly and the Hα intensity persists longer, which 

corresponds to a more rarefied atmosphere. Figure 1 shows the variation of the dissipation function (11) for 

HD 210839, Vega, and P Cygni, with their corresponding saturation points as follows: С∗ = 0.75, С∗ = 1.2, 

С∗ = 2, respectively. As we can see, С∗ is smaller for younger stars and increases for stars that are in the middle 

or later stages of their evolution.  

For comparison, the corresponding Lorentzian functions are also shown in Figure 1 as dashed lines, using 

the same color scheme. The Lorentzian approximation exhibits a broader profile, especially in the case of P 

Cygni, which may be attributed to enhanced turbulence and pressure in its extended atmosphere. 

 

 
Fig.1. Dissipation function versus normalized concentration for the stars HD 210839, Vega, and  

P Cygni for the He (λ5875) spectral line, along with the integral of the Lorentzian function. 

 

For the star HD 210839 (blue line), saturation is reached more rapidly (a steep rise in the function), 

reflecting the high level of ionization in the hot atmosphere of an O-type star. Vega (orange line) shows similar 

behavior but with a less pronounced rise, consistent with the cooler atmosphere of an A-type star. For P Cygni 

(green line), saturation occurs significantly more slowly, reflecting the typical characteristics of the rarefied 

atmosphere of a B-type supergiant. The green vertical dashed lines indicate characteristic threshold 

concentration values at which the transition to saturation occurs in the model. These values may correspond to 

different excitation regimes of He in the star’s atmosphere. 

A similar analysis was carried out for FS CMa-type stars, objects characterized by strong emission, dusty 

envelopes, and unstable circumstellar processes, as shown in Figure 2. Among these, MWC 645 exhibited the 

most rapid He saturation, likely due to the high density and temperature of its circumstellar environment. In 

contrast, 3 Pup shows a significantly slower saturation process, reflecting a more stable and evolved envelope. 

The characteristic He related dependencies observed in these objects are consistent with current understanding 

of their evolutionary stages, as well as with the differences in intensity and profiles of the corresponding 

spectral lines. On the fluctuation-dissipation plots for FS CMa-type stars MWC 645, MWC 728, and 3 Pup, 
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the corresponding saturation points are: C∗ = 1, C∗ = 1.4, C∗ = 2.5. A visual comparison of the tangent and 

Lorentzian curves highlights that the dissipation model provides a better description of sharp saturation 

transitions in hot stars, whereas the Lorentzian model may be useful for capturing smoother behavior in the 

atmospheres of stars. 

 
Fig.2. Dissipation function versus normalized concentration for the stars MWC 645, MWC 728,  

and 3 Pup for the He (λ5875) spectral line, along with the integral of the Lorentzian function. 

 

Thus, the proposed method, based on the fluctuation-dissipation approach, provides a qualitative 

description of the saturation behavior of emission lines and can be applied to assess the evolutionary status of 

shell stars. This methodology opens up prospects for a quantitative analysis of elemental saturation and its 

comparison with results from spectrophotometric observations. 

 
4. Conclusion 
 

In the present study, a new methodology for analyzing the evolutionary state of stars was developed and 

tested using the fluctuation-dissipation relation. The core of the method lies in the relationship between 

spontaneous fluctuations in the stellar atmosphere and dissipative processes, manifested through the saturation 

of emission lines, particularly the Hα and He lines. The fluctuation-dissipation relation (FDR) is expressed as 

an integral of the Lorentzian function over frequency, taking into account the frequency shift caused by the 

presence of Hα and He element concentrations. Dissipation is represented as the absorption of photons, i.e., 

the inverse of the photon Bose condensation number, described via the hyperbolic tangent function (tanh). 

Modeling results indicate that young, massive stars of early spectral types (e.g., HD 210839) reach 

saturation more rapidly than more evolved objects, such as Vega or P Cygni. Similarly, among FS CMa-type 

stars, the differences in С∗ values are consistent with independent assessments of their structural properties, 

circumstellar environment density, and envelope activity levels. The observed patterns confirm that dissipation 

saturation serves as a sensitive indicator of the thermodynamic and dynamic state of a star’s atmosphere. 

The proposed fluctuation-dissipation analysis method represents an effective tool for determining the 

evolutionary characteristics of stars, particularly in cases where traditional approaches provide limited 

information. Future prospects include expanding the sample of studied objects, applying the method to spectral 

lines of other elements, and integrating the results with findings from astrophysical and polarimetric 

observations. 
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Abstract. One way to improve the performance of emission systems (electron microscopes, microfocus X-ray 

tubes, etc.) is to reduce cathode lens aberrations. Such a reduction is only possible through a thorough theoretical 

analysis of their electron-optical schemes. This research attempts to develop tools for modeling a cathode lens with 

a virtually arbitrary electrode configuration in the paraxial approximation, and the conditions for implementing 

the collimator and telescopic modes have been determined. The relationship between the parameters that provide 

the specified operating modes of the lens has been studied. Electron-optical schemes have been developed that 

guarantee collimator and telescopic modes of a cathode lens of a real (non-idealized) design. 

 

Keywords: electron optics, electrostatic lens, paraxial optics, potential distribution. 

  

1. Introduction 
 
A cathode lens (immersion objective, electron gun) is used for the primary formation and acceleration of 

the electron flow in charged particles sources of emission systems [1-3], such as electron spectrometers, 

electron microscopes, microfocus X-ray tubes, electron lithographs, etc. The diameter of the probe (focal spot) 

of the emission system depends on the quality of the device's output optics, while the magnitude of the 

generated probe current is determined by the source brightness [4]. Source brightness is the most important 

parameter [5]. To approach the theoretically limiting (Langmuir) brightness [6, 7], reducing the aberrations of 

the cathode lens is primarily necessary. However, despite numerous studies on the numerical modeling of 

electron guns [8-10] and quantitative improvement of their parameters, the cathode lens, even in the paraxial 

approximation, remains virtually unstudied. This is primarily due to the overestimation of the capabilities of 

numerical experiments by modern researchers. This paper attempts to develop and advance tools for studying 

the paraxial properties of a cathode lens and apply these tools to lenses with arbitrary electrode geometries. 

A cathode lens is characterized by the fact that the cathode is immersed in an electric field created by 

potentials on the anode and the focusing electrode. The paper considers low-current lenses, i.e. those whose 

perveance does not exceed 10-2 μA/V3/2 [11].  

Numerical analysis of a low-current cathode lens, when the space charge can be neglected during 

calculating the field and single trajectories of charged particles, does not cause any problems. However, the 

capabilities of numerical analysis are limited by the enumeration of various design options, and therefore the 

only advantage of numerical experimentation in creating new devices is the reduction in the cost of 

development. Discovering a new quality of the designed device is possible only by means of theoretical 

analysis. Theoretical optics includes paraxial optics and the theory of aberrations.  
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2. Theoretical technique 

The fundamental equation of paraxial electron optics is a second-order linear differential equation, which 

in the cylindrical coordinate system r0z for axially symmetric systems has the form [12] 

 

𝑟′′ +
Ф′

2Ф
𝑟′ +

Ф′′

4Ф
𝑟 = 0.                                                                   (1) 

 

The general solution of equation (1) for a known potential distribution Ф=Ф(z) on the axis of symmetry 

will be the particle trajectory r=r(z). In the case of common types of electron lenses, such as immersion, Einzel, 

and aperture lenses, this equation is solved by standard numerical methods. When modeling a cathode lens, 

difficulties arise in calculating the trajectories of electrons in the region where they start from the cathode. In 

the paraxial approximation (1), these difficulties are due to a mathematical singularity in the potential 

distribution function on the surface z=zс of the cathode C, since Фс=Ф(zс)=0, and Ф'с≠0. From here on in the 

article, we will use the subscript "c" for the values of all functions on the cathode surface. Fortunately, a 

sufficiently developed theory [13] for solving second-order equations with this type of singularity allows us to 

find both particular solutions, where one of the particular solutions of equation (1), p=p(z), is an analytic 

function, and the second solution, g=g(z), has the following expression in terms of analytic function 

 

𝑔 = √Φ𝑞,                                                                                    (2) 

 

where q=q(z) is an analytical function, which, as follows from (1) and (2), satisfies the equation 

 

𝑞′′ +
3

2

Ф′

Ф
𝑞′ +

3

4

Ф′′

Ф
𝑞 = 0.                                                              (3) 

 

It can be shown that the functions p(z) and q(z) satisfy the same boundary conditions 

 

𝑝с = 𝑞с = 1, 𝑝с
′ = 𝑞с

′ = −
Фс

′′

2Фс
′
,                                                     (4) 

 

and the particular solutions p(z) and g(z) are related to each other by the relation 

 

√Ф(𝑝𝑔′ − 𝑔𝑝′) =
1

2
Фс

′ , 𝑧 > 𝑧𝑐 

 

Partial solutions are key functions in paraxial optics and allow us to calculate electron trajectories, 

determine magnification, cardinal elements, and more. The general solution, which is the trajectory equation 

in our case, can be expressed as a linear combination of linearly independent partial solutions 

 

𝑟(𝑧) = 𝑎𝑝(𝑧) + 𝑏𝑔(𝑧), 
 

where the constants a and b are determined from the initial conditions on the cathode surface. In the uniquely 

significant work [14], expressions for a and b for a cathode lens were obtained and the equation for the paraxial 

trajectory was written 

𝑟(𝑧) = 𝑟с ∙ 𝑝(𝑧) +
2√𝜀

Фс
′

sin 𝜗с ∙ 𝑔(𝑧),                                                  (5) 

 

where ε is the energy of an electron emitted from the cathode and it is a mathematical quantity of the second 

order of smallness, rс is the radius of the electron’s start from the surface of the cathode, ϑс is the initial angle 

of movement relative to the axis of symmetry. 

In the following calculations, the expression for the first derivative r'(z) will be used, which is found by 

differentiating equation (5): 
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𝑟′(𝑧) = 𝑟с ∙ 𝑝′(𝑧) +
2√𝜀

Фс
′

sin 𝜗с ∙ 𝑔′(𝑧).                                               (6) 

 

To date, cathode lenses have been little studied, even in the paraxial approximation, especially since 

elements of the theory of aberrations of this lens [14] are awaiting their time. Almost all the available results 

of studying the paraxial cathode lens are presented in [15], using the approximation of infinitely small 

interelectrode gaps. In this approximation, the axial distribution of the potential Φ(z) was obtained using the 

method of separation of variables. 

3. Numerical experiment 

The main drawback of the variable separation method is that it can only describe potential distribution 

functions in idealized electron-optical systems (EOS) with simple electrode configurations. Our theoretical 

approach, presented in this paper, allows us to study a wide range of cathode lenses with virtually arbitrary 

boundaries. To analyze the paraxial properties and calculate the aberrations of real (non-idealized) cathode 

lenses, the software FOCUS CL [16] has been developed and is being promoted. 

The software FOCUS CL contains 1) a graphical editor for inputting the cathode lens design, 2) a block 

for calculating the axial potential distribution using the boundary element method and visualizing it, 3) a block 

for calculating particular solutions p(z), g(z) using the Runge-Kutta method and constructing trajectories r(z). 

The boundary element method is used to solve the external Dirichlet problem, where each electrode is 

represented by a closed contour with a given potential on it. It should be noted that obtaining the integral 

equation relating the potentials of the simple and double layers [17] is based on the second Green's formula. 

The integral equation in this formulation provides the possibility of solving the field problem for systems with 

electrodes of arbitrary thickness and shape, having corners and kinks. The axial potential distribution function 

Φ(z) is defined in a set of discrete nodes. The software has a built-in option for smoothing the nodal values 

Φ(z) using the sliding polynomial method [18]. The derivatives Φ'(z), Φ''(z), p'(z) and g'(z) are calculated using 

six-node numerical differentiation formulas [19]. 

It should be noted that well-known methods such as the finite difference method (FDM) and the finite 

element method (FEM) are not very suitable for calculating the axial potential distribution. These methods 

require calculating the field over the entire analyzed region and only then extracting the axial distribution. This 

means that the time required to solve the problem using these methods is orders of magnitude higher than using 

the BEM. Therefore, using the FDM and FEM for solving cathode lens synthesis problems is impractical. Note 

that the unique modes of the cathode lens [15] can be detected by analyzing equations (5) and (6). The 

collimator mode, characterized by the transformation of the flow emitted by a point source (rс=0) into a parallel 

flow r'(z)=0 at the exit of the lens in image space at z ≥ zim, as can be seen from (6), is determined by the system 

 

{
𝑟с = 0,

𝑔′(𝑧) = 0, 𝑧 ≥ 𝑧im,
                                                                                 (7) 

 

whereas the telescopic mode, which causes the transformation of the parallel flow (sin 𝜗с = 0) of electrons 

emitted from a flat cathode into a parallel r'(z)=0 at the exit from the lens at z ≥ zim, will be fixed by the system 

of expressions 

{
sin 𝜗с = 0,

𝑝′(𝑧) = 0, 𝑧 ≥ 𝑧im,
                                                                                 (8) 

 

The left boundary zim of the image space coincides with the boundary of the region of the uniform field, 

which is located at a distance from the center of the lens approximately equal to the inner diameter d of the 

cylindrical electrodes. Searching for the parameters at which the lens switches to the collimator or telescopic 

mode by checking the second condition of (7) and (8) is convenient because the form of particular solutions 

g(z) and p(z) does not depend on the initial values of the electron energy ε and the angle ϑc, but is determined 

only by fixed boundary conditions (4), which in turn are associated with the distribution Φ(z) of a particular 

EOS. Of practical interest are three-electrode cathode lenses (Fig. 1), consisting of a grounded cathode C, in 

the simplest case disk-shaped, and control and accelerating cylindrical electrodes with potentials V and Vacc, 

respectively. Given the same diameter d of the cylindrical electrodes and a significant excess of length over 



126  Eurasian Physical Technical Journal, 2025, 22, 4(54)                                       ISSN 1811-1165; e-ISSN 2413-2179 

the diameter of the accelerating electrode, the specific form of Φ(z) will be determined by the length l and the 

potential V of the control electrode. 

  

 
Fig.1. A three-electrode cathode lens consisting of a grounded cathode, a control electrode with potential V, and an 

accelerating electrode with potential Vacc 

 

This article, firstly, tests the proposed methodology for studying a three-electrode cathode lens with a 

numerically determined axial potential distribution in the two specific modes mentioned above—collimator 

and telescope ones. Secondly, it presents lens designs with actual interelectrode gap sizes and defines the 

criteria for both lens modes. Presenting the criteria of the two modes in one article allows for their comparative 

evaluation. Since the results of the lens study in telescope mode have been previously published [20] and are 

publicly available, this mode for a real lens design is considered in less detail. 

3.1 Collimator mode of the three-electrode cathode lens 

Fig. 2, a demonstrates the collimator mode of a three-electrode cathode lens. Electrons are emitted by a 

point source in the range of initial angles ϑc = -70° to +70° with a step of 10°. The relative initial energy of the 

particles is ε/Vacc = 10-3, the relative length of the control electrode is l/d = 1, and its relative potential is V/Vacc 

= 0.49. The selected range of angles ϑc = -70° to +70° allows us to exclude uninformative "tails" in the angular 

distributions of electrons, which appear in calculations near the boundaries of the full range of angles -90° and 

+90°. An additional argument in favor of choosing a slightly reduced range of initial angles ϑс in calculations 

is the cosine distribution of electrons by angles during emission from a solid, which sharply reduces the number 

of particles emitted by the cathode just near ±90°. 

 

  

a) b) 

 

Fig. 2. Results of modeling a paraxial three-electrode cathode lens: a – results of trajectory analysis in 

graphical form, b – graph of the relationship between the potential of the intermediate electrode V and its length l: 1 

- in the collimator mode, 2 – in the telescopic mode. 

 

Based on the calculation results, it was concluded that for each length l of the control electrode, varied in 

the range acceptable in practice, the potential V of this electrode is found, which ensures the collimator mode 

(7); moreover, it is noteworthy that the graph of the relative dependence V/Vacc=f(l/d) (Fig. 2, b) crosses zero, 

i.e. the potential V can have both positive and negative values. Note that negative values of the potential are 
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less preferable in practice, since in this case a bipolar source of electric power for the cathode lens would be 

required. The graphical dependence in Fig. 2, b is calculated for the case of a small value of the insulating 

interelectrode gaps δ=0.002d. In the work [15], as already noted, a lens with infinitely small insulating gaps 

was studied. A comparison of the results of both studies shows their practical coincidence, since the relative 

difference in the obtained values does not exceed ΔV/Vacc = 0.2%, which directly confirms the impeccability 

of the conclusions of works [14, 15] and the correctness of the numerical-analytical technique for studying 

paraxial cathode lenses presented here, implemented in the FOCUS CL application [16]. At the same time, the 

high accuracy of the calculation results of the proposed paraxial technique is demonstrated by comparison with 

the “reference” trajectory numerical analysis [21] of a cathode lens. 

 In this case, the electric field is numerically determined over the entire working region of the lens, not 

just on the axis, and the electron trajectories are the result of numerical integration over time of the classical 

Newtonian equations of motion. Such a comparison made it possible to identify a tendency for some natural 

growth of the calculation error in the paraxial approximation with an increase in the initial angle ϑc up to 70 ° 

and, most importantly, to fix the upper limit of this error ∆r/d = 0.1 %. Here ∆r=|rparax(zim)-rnum(zim)| is the 

absolute deviation of the trajectories calculated using the paraxial rparax(z) and numerical rnum(z) methods [21] 

in the z=zim plane. The error level, which is small beyond expectations and equal to 0.1% at large angles ϑс, 

emphasizes not only the high reliability of the results of the paraxial trajectories calculating in accordance with 

expression (5), but also the applicability of the paraxial method proposed in this paper for the trajectory 

analysis of wide-acceptance EOSs, and under low time-consuming conditions.  

 

3.2 Telescopic mode of a three-electrode cathode lens 
 
The graphs of particular solutions p(z) and g(z) for a three-electrode cathode lens with parameters l/d = 

0.7 and V/Vacc = 0.141 (see Fig. 3, a) are shown in Fig. 3, b. On the p(z) dependence, one can distinguish the 

section p(z)=const at z≥zim, where zim ≈ l+d, which is a specific feature of the telescopic mode. The proposed 

approach to analyzing particular solutions made it possible to establish a relationship between the length l and 

the potential V of the control electrode (Fig. 2, b) in the telescopic mode (8). 

 

 
 

a) b) 

 

Fig.3. Results of modeling of a paraxial three-electrode cathode lens:  

a – electrons trajectories (5) with ϑс=0 and rc = 0÷0.5din in the telescopic mode, din = 0.2d  is an initial flow diameter, 

b – particular solutions: 1 – p(z), 2 – g(z). 

 

A detailed numerical study of the cathode lens of the design under consideration in the telescopic mode 

is presented in the author's work [20]. 

 

3.3 Cathode lenses of a real (non-idealized) design 
 
The proposed numerical method for studying paraxial cathode lenses with numerical determination of 

the potential distribution on the axis of symmetry makes it possible to synthesize lenses those designs are not 

idealized, but are as close as possible to real ones, in particular leneses insulating interelectrode gaps are 

capable of maintaining electrical strength at voltages of 10 - 100 kV and higher.  
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4. Results and Discussion 

The scheme of a lens with interelectrode gaps, the size of which does not allow electrical breakdowns to 

develop, is shown in Fig. 4, a. The synthesis of a lens to ensure the collimator mode (7) consisted in finding 

the potential V of the intermediate electrode for its predetermined length l. Calculations have shown that the 

lens scheme (Fig. 4) also has the property of changing the sign of the electrode potential in the process of 

successive change of its length, while the zero potential of the intermediate electrode V/Vacc = 0 fixes the 

collimator mode for the electrode of length l = 0.7041d. Fig. 5 shows the axial distribution of the potential Φ(z) 

in this lens included in equations (1) and (3) and its two derivatives, as well as a graph of the particular solution 

g(z) with the section g(z)=const characteristic of the collimator mode at z ≥ zim.   

 

 

 

 
a) b) 

Fig. 4. Results of numerical analysis of a real design cathode lens: a - ε/Vacc= 10-3, b - ε/Vacc= 10-4. 

 

 

  
 

a) b) 

  

  
c) d) 

  

Fig. 5. Axial potential distribution (a) in a lens of the real design, the first (b) and second (c) derivatives of the 

distribution, and a graph of the particular solution g(z) (d). The subscript "max" indicates the maximum value of 

the function 

 

Note that Fig. 4, a demonstrates the results of the numerical (not in the paraxial approximation) trajectory 

analysis of the lens in the range of angles ϑс=-70° - +70° with the initial relative energy of electrons ε/Vacc= 

103. The average absolute deviation of the trajectory inclination angle from 0° in the z=zim plane is 

approximately equal to |𝜗с(𝑧im)| = 0.09°, and the numerically determined position of the second-order focus 

[22] relative to the central angle ϑс=0 is zf ≈ -100d, which allows us to speak about a high degree of parallelism 

of the electron trajectories with the z axis in the field-free space z ≥ zim. With increasing accelerating voltage 
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(the ratio ε/Vacc decreases), a natural narrowing of the electron beam is observed (Fig. 4, b) with an 

improvement in the degree of parallelism: |𝜗с(𝑧im)| = 0.007°, zf ≈ -400d for ε/Vacc= 10-4.   

The collimator mode can play a positive role in the development of emission systems with pointed 

cathodes - field emission and Schottky cathodes - since the parallel electron flow occupies a minimum volume 

of phase space in a series of converging and diverging flows and therefore can be focused into a spot of 

minimum diameter. To determine the telescopic mode conditions in a lens of a real design, we use the same 

algorithm. By varying the potential V of a control electrode of a specific length l, we check the fulfillment of 

the second condition of the system of expressions (8). The axial potential distribution Φ(z) for each value of V 

is calculated using the boundary element method. As a specific example of a lens of a real design in telescopic 

mode (Fig. 6), we present the following parameters: l/d = 0.7, V = 0.137Vacc. 

After the telescopic mode conditions have been detected, a trajectory analysis is carried out with a real 

spread of initial angles in order to study the properties of the real lens design in more depth.  Figure 6 shows 

the graphical results of a numerical trajectory analysis of a lens with a real design. The analysis used a range 

of initial angles of ϑс = -70° to +70° at an electron emission energy of ε = 10-6 Vacc. The initial flow diameter 

was chosen to be din = 0.2d.  

 

 
 

Fig. 6. Results of numerical analysis of a real design cathode lens in telescopic mode:  

ε/Vacc = 10-6, din/d = 0.2, rc = -0.5din ÷ 0,5din, ϑc = -70° ÷ +70°. 

 

The trajectory analysis results suggest that a high level of flow parallelism is maintained at the system 

exit. Quantitative estimates of the flow characteristics in the exit plane z = l + 2d are as follows: 

- the inclination angle of the central trajectories with ϑс = 0 increases with increasing starting radius rc, 

but does not exceed 0.02° at rc = din/2; 

- the spread of the angles of the two outer trajectories with ϑс = ±70° does not exceed ±0.08° for the entire 

initial range of rc. 

The telescopic mode will prove productive in the creation of emission systems with large-diameter flat 

cathodes, such as photocathodes. 

 

5. Conclusion 
 
This article develops an approach to theoretical analysis of a cathode lens in the paraxial approximation 

by calculating the potential distribution on the lens axis using the numerical boundary element method. BEM 

is the optimal method for solving this problem in terms of computation speed and accuracy, enabling both 

analysis and the synthesis of cathode lenses with specific properties in real time. The effectiveness of a two-

stage development of cathode lens designs is demonstrated. After discovering new lens modes using theoretical 

paraxial optics, its electron-optical parameters are refined and studied using more accurate numerical methods. 

This work includes the development of software for studying cathode lenses of a real (non-idealized) 

design in the paraxial approximation; criteria for the collimator and telescope modes of a three-electrode 

cathode lens with small and realistic interelectrode gaps are determined. 
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The development of methods for theoretical analysis of cathode lenses will enable targeted solutions to 

increase the brightness of accelerated electron sources. 
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Abstract. Gamma-ray bursts represent some of the most energetic and complex phenomena in the universe, 

characterized by highly variable light curves that often contain observational gaps. Reconstructing these light 

curves is essential for gaining deeper insight into the physical processes driving such events. This study proposes a 

machine learning-based framework for the reconstruction of gamma-ray burst light curves, focusing specifically 

on the plateau phase observed in X-ray data. The analysis compares the performance of three sequential modeling 

approaches: a bidirectional recurrent neural network, a gated recurrent architecture, and a convolutional model 

designed for temporal data. The findings of this study indicate that the Bidirectional Gated Recurrent Unit model 

showed the best predictive accuracy among the evaluated models across all gamma-ray burst types, as measured 

by Mean Absolute Error, Root Mean Square Error, and Coefficient of Determination. Notably, Bidirectional Gated 

Recurrent Unit exhibited enhanced capability in modeling both gradual plateau phases and abrupt transient 

features, including flares and breaks, particularly in complex light-curve scenarios. 

 

Keywords: Gamma-ray burst, deep learning, neural networks, light curve. 
 

1. Introduction 
 

Gamma-ray bursts (GRBs) are among the most energetic and transient phenomena in the Universe, 

characterized by brief flashes of high-energy photons, typically peaking above ~0.1 MeV [1]. These events 

exhibit a remarkable diversity in duration, ranging from milliseconds to several minutes, as well as highly 

variable temporal and spectral structures, which pose significant challenges for theoretical modeling. Over the 

past decade, the field of GRB research has undergone a rapid transformation, evolving from a specialized area 

of high-energy astrophysics into a major domain of observational cosmology and astrophysics. This progress 

has been driven by a succession of space missions that enabled both accurate localization and extensive multi-

wavelength follow-up of GRBs. 

The Burst and Transient Source Experiment (BATSE) onboard the Compton Gamma Ray Observatory 

provided strong evidence for the isotropic sky distribution of GRBs, implying an extragalactic origin [2]. The 

Swift Burst Alert Telescope (BAT) [3] detects prompt emission, and the follow-up afterglow is detected using 

the X-ray [4]. The subsequent BeppoSAX mission enabled the first detections of X-ray afterglows and accurate 

source localization, which led to the discovery of long-wavelength counterparts and host galaxies [5]. These 

breakthroughs were further advanced by the High Energy Transient Explorer (HETE-II) [6] and complemented 

by extensive ground-based observations in the optical, infrared, and radio bands. 

The detection of long-lived afterglows has enabled in-depth studies of the circumburst environment and 

provided compelling evidence for collimated relativistic outflows. Given their extreme luminosities and 

detectability at high redshifts [8–10], GRBs serve as powerful probes of the distant Universe [11-13]. They 

https://doi.org/10.31489/2025N4/132-142
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offer a unique opportunity to investigate key aspects of cosmology, including the expansion history and the 

nature of dark energy, the cosmic star formation rate, the timing and processes of reionization, as well as the 

chemical enrichment of the interstellar and intergalactic media over cosmic time. 

Consequently, GRBs are not only key astrophysical phenomena but also valuable tools for probing the 

Universe on cosmological scales. To fully utilize their potential, precise modeling of their light curves (LCs) 

is essential. In this context, machine learning (ML) has become an increasingly important tool in astrophysics 

[14-16], with successful applications in different areas of astronomy and other fields [17-22]. These 

advancements have led to a growing interest in using ML for GRB LCs reconstruction.  

The t-Distributed Stochastic Neighbor Embedding (t-SNE) algorithm has demonstrated stable clustering 

of GRBs even with partial data removal, highlighting its robustness for dynamic or incomplete datasets [23]. 

ML has also proven effective in localizing previously unidentified GRBs, revealing uniform sky distributions 

and suggesting potential magnetar associations [24]. Clustering analyses of Fermi GRBs using spectral features 

have identified four consistent classes with distinct α and Epeak characteristics, enhancing our understanding 

of GRB subtypes [25]. Optimization-based modeling has successfully reproduced GRB-SN light curves, 

supporting magnetar-driven scenarios with physically plausible parameters [26]. Automatic Gaussian Mixture 

Model (AutoGMM) applied to t-SNE embeddings further revealed coherent density structures, validating the 

use of unsupervised clustering in GRB mapping [27]. Simulated GRB LCs generated with ML techniques have 

been shown to statistically match real data, confirming the reliability of data-driven models [28]. Large-scale 

classification using Uniform Manifold Approximation and Projection (UMAP), t-SNE, and K-means 

consistently separates Fermi GRBs into two main groups across different parameter spaces [29]. A similar 

two-cluster structure was observed in a study linking GRB groupings to physical origins, such as compact 

mergers and collapsars, rather than traditional duration-based classification [30]. These studies collectively 

demonstrate that ML not only enhances GRB classification but also offers a promising pathway for 

reconstructing their complex LC. 

Recently, Dainotti M. G. et al. [31] applied stochastic reconstruction to GRB LC using Willingale (W07) 

and broken power-law (BPL) models, along with Gaussian processes. At 10% noise, uncertainties in key 

parameters-plateau end time, flux, and post-plateau decay index were reduced by up to 43.9%, enhancing the 

accuracy of GRB-based cosmological studies. Sourav S. et. al. [9] applied a novel approach using bidirectional 

LSTM proposed for GRB LC reconstruction to address gaps in observational data. Compared to traditional 

methods (W07, BPL, and their Gaussian Process variants), the Bidirectional Long Short-Term Memory 

(BiLSTM) model generally produced smoother reconstructions but showed a smaller decrease in flux 

uncertainty.  

R. Falco et. al. [32] presents a quantitative analysis of GRB LCs performed using Principal Component 

Analysis (PCA) and t-SNE for dimensionality reduction and visualization. Synthetic LC were generated with 

properties closely matching real ones, showing good overlap in the embedded space. The similarity was further 

confirmed by statistical comparisons, with L2-norm and Wasserstein distances between histograms of real and 

synthetic LCs equal to 5.3 and 0.2, respectively. Building upon these recent advancements, the present work 

introduces a ML-based framework for the reconstruction of GRB LC, focusing on the plateau phase observed 

in X-ray data. Our approach explores and compares the performance of three distinct architectures: BiLSTM, 

Bidirectional Gated Recurrent Unit (BiGRU), and Temporal Convolutional Network (TCN). These models are 

well-suited for sequential data with missing values, enabling more robust reconstruction of LC and improved 

capture of temporal patterns.  

The remainder of this paper is organized as follows: Section 2 describes the data preparation and 

preprocessing steps; Section 3 outlines the architecture and training process for each ML model; Section 4 

presents the evaluation of metrics and experimental results; and Section 5 concludes with a summary. 

 

2. Methodology  
 
2.1 Data Collection and Preprocessing 
 

The dataset used in this study consists of GRB LC obtained from the publicly available Swift XRT 

archive. Each LC was extracted from raw Flexible Image Transport System (FITS) files by extracting key 

observational parameters, including the observation time, flux, and flux uncertainties. To ensure consistency 

across the dataset, non-informative or incomplete entries were excluded during the initial data cleaning phase. 

To restore the temporal order of events, all LC were sorted in ascending order of observation time. 
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Subsequently, time values were normalized by dividing by 102, a transformation that standardizes temporal 

scales and facilitates stable training across models. 

Given the wide dynamic range of GRB flux values, both the flux and its associated uncertainty were 

transformed into logarithmic space using the formula: 

 

𝐹(𝑥) = 𝑙𝑛 (
𝑥

𝑎
) + 1,      (1) 

 

where (x) - is the flux value and (a) - denotes the minimum non-zero flux in the given sequence. This 

transformation improves the numerical stability of the learning process by compressing large magnitudes and 

preserving fine variations in small-scale signals - a critical requirement for deep neural architectures sensitive 

to input distributions. 

To address the inherent sparsity and temporal irregularity of GRB observations, a dense interpolation 

strategy was applied. Specifically, 19 equally spaced points were interpolated between each pair of consecutive 

observations. This approach significantly increases the temporal resolution of each sequence and provides 

more informative context for time-dependent models, such as RNNs and TCNs. The resulting sequences were 

segmented into fixed-size batches, ensuring uniform input dimensions for training. To prevent information 

loss due to short sequences, each batch was upsampled via repetition until the required length was met. This 

strategy enables the model to learn consistent temporal patterns across samples and mitigates overfitting, 

particularly in the case of limited observational windows. The interpolation strategy, normalization by dividing 

time by 102, and logarithmic transformation of flux values were adopted following the approach of Sourav S. 

et al. [9]. These preprocessing steps are essential for preparing the input data for sequential architectures, 

including Bidirectional Gated Recurrent Unit (GRU), Bidirectional LSTM, and TCN, all of which rely on 

structured temporal input for effective reconstruction of GRB LC. 

 

2.2. Bidirectional Long Short-Term Memory Architecture 
 

BiLSTM model was selected as a baseline due to its proven effectiveness in modeling complex temporal 

dependencies, particularly in irregular and noisy time series. BiLSTM architecture is well-suited for capturing 

both forward and backward temporal contexts, which is especially valuable when reconstructing GRB LC with 

observational gaps. The BiLSTM network extends the standard LSTM architecture by incorporating two 

parallel recurrent layers that process the input sequence in both forward and backward directions (Fig. 1). This 

bidirectional processing enables the model to capture context from both past and future time steps, improving 

its ability to learn temporal dependencies. The original BiLSTM architecture was introduced by Schuster and 

Paliwal [33]. Our implementation consists of five stacked BiLSTM layers, each incorporating internal memory 

mechanisms that allow the network to retain information across long sequences. The first four layers are 

configured with return_sequences=True to preserve the temporal structure throughout the network’s depth. 

This design enables hierarchical feature extraction across multiple time scales. The final BiLSTM layer outputs 

a fixed-length representation, which is passed to a fully connected dense layer with a Rectified Linear Unit 

(ReLU) activation function. This layer maps the learned sequence representation to a single flux prediction 

value. Each BiLSTM layer comprises 100 hidden units, and the model is trained using the Adam optimizer 

with mean squared error (MSE) as the loss function. To prevent overfitting, early stopping is applied based on 

validation loss. 

 

 
 

Fig. 1. Architecture of a BiLSTM network and the internal structure of an LSTM cell. 
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Unlike classical regression-based approaches such as the broken power-law (BPL) model - which 

imposes a predefined parametric form - the BiLSTM model provides greater flexibility in capturing the non-

linear and non-stationary nature of GRB LC. It is capable of modeling rapid flux variations, plateau phases, 

and flaring behavior without requiring strict functional assumptions. The left part of the figure illustrates a 

BiLSTM model that processes the input sequence in both forward (hf) and backward (hb) directions to generate 

context-aware outputs at each time step. The right part shows the internal mechanism of an LSTM cell, which 

includes the input, forget, and output gates. These gates control the flow of information based on the current 

input xt and the previous hidden state ht-1, maintaining a memory cell state ct that enables long-term dependency 

learning. 

 

2.3. Temporal Convolutional Network Architecture 
 
TCN architecture was selected as a non-recurrent alternative for sequence modeling, offering several 

advantages such as parallel computation, stable gradients, and effective long-range dependency capture 

through dilated convolutions. TCNs are particularly useful in time-series tasks where causal relationships must 

be preserved, and memory-efficient modeling is desirable. The TCN framework evaluated by Bai et al. [33] 

demonstrated strong performance in sequence modeling tasks compared to both LSTM and GRU architectures. 

Our implementation includes three 1D convolutional layers with causal padding (Fig. 2) to ensure that 

predictions at time t do not depend on future inputs. Each layer uses 64 filters and a kernel size of 5, with 

ReLU activation applied after each convolution. To enable the model to capture longer temporal contexts 

without increasing kernel size, we employ increasing dilation rates of 1, 2, and 4 respectively across the three 

convolutional layers. This expands the receptive field, allowing the model to access information from broader 

time ranges. Following the convolutional layers, the output is flattened and passed to a fully connected dense 

layer, which outputs a single flux prediction per input. As with the BiLSTM model, the TCN is trained using 

the Adam optimizer and MSE as the loss function. Early stopping is employed to prevent overfitting, based on 

validation loss monitoring. 

Unlike recurrent models, TCNs do not rely on internal memory states, which makes them less sensitive 

to vanishing gradients and more efficient for parallelization during training. Furthermore, their ability to handle 

sequences of varying lengths without explicit unrolling makes them attractive for modeling astrophysical 

signals with nonuniform sampling. In the context of GRB LC reconstruction, TCNs offer a unique perspective: 

they capture local and global temporal patterns via stacked convolutional filters while preserving causal 

dependencies. Their structural simplicity and training efficiency position them as a promising alternative to 

recurrent networks, particularly when reconstruction speed and computational cost are critical considerations.  

 

 
 

Fig. 2. Architecture of a TCN and internal structure of a residual block. 

 

The left part of the figure illustrates a stacked TCN model composed of three residual blocks, which 

process the input sequence 𝑥 to produce the output 𝑦. The right part shows the internal structure of a single 
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residual block, featuring two layers of dilated causal convolutions, each followed by weight normalization, 

ReLU activation, and dropout. A 1×1 convolution is applied to the input to ensure dimensional compatibility 

before the residual connection is added. This design enables efficient modeling of long-range dependencies in 

sequential data. 

 

2.4. Bidirectional Gated Recurrent Unit Architecture 
 
GRU is a simplified recurrent neural architecture proposed by Cho et al. [34] as an alternative to the 

LSTM. GRUs simplify the memory gating mechanism of LSTMs while maintaining the ability to capture long-

term dependencies in temporal data. When combined with a bidirectional architecture, GRUs become 

particularly effective at modeling sequences where contextual information from both past and future is relevant 

- a key characteristic of GRB LC with gaps and irregularities. 

The BiGRU architecture used in this study consists of two stacked bidirectional GRU layers (Fig. 3). The 

first layer is configured with return_sequences=True to allow the second GRU layer to process temporal 

dynamics across the full sequence. Each GRU layer contains 64 hidden units, and both layers are wrapped in 

Keras’s Bidirectional wrapper to process input sequences in forward and backward directions. The output of 

the second GRU layer is fed into a dense layer with a linear activation to produce the final flux prediction.  

The model is trained using the Adam optimizer and MSE loss function. An early stopping mechanism is 

applied based on validation loss to ensure optimal convergence and to avoid overfitting. Due to its simplified 

gating and reduced computational cost, BiGRU offers faster training and lower memory consumption 

compared to BiLSTM. This makes it well-suited for applications where computational resources are 

constrained or where rapid prototyping is needed. Despite its lower complexity, the BiGRU model retains the 

ability to model complex temporal dependencies and non-linear relationships in the data. 

 

 
 

Fig. 3. Architecture of a BiGRU network and internal structure of a GRU cell. 

 

The left part of the figure illustrates a BiGRU model that processes the input sequence 𝑥t in both forward 

(hf ) and backward (hb) directions to generate context-aware outputs yt at each time step. The right part shows 

the internal mechanism of a GRU cell, consisting of the reset gate (rt) and update gate (ut ), which regulate the 

flow of information. These gates control the balance between retaining previous memory and incorporating 

new input, with fewer parameters than LSTM while maintaining similar performance. 

 
2.5. Training Procedure 
 
All models in this study were trained individually on each GRB LC using the preprocessed, interpolated, 

and upsampled sequences described in Section 2.1. The training process was conducted using the 

TensorFlow/Keras framework, with GPU acceleration enabled where available. For each model (BiLSTM, 

BiGRU, and TCN), training was performed using the Adam optimizer and the MSE loss function. To prevent 

overfitting and improve generalization, we employed early stopping with a patience of five epochs, monitoring 

validation loss. The data was split into 70% for training and 30% for validation, ensuring that models were 

evaluated on unseen portions of the LC. During training, each GRB LC was divided into fixed-size batches. 

The batch size was user-defined and experimentally set to values such as 900 or greater, depending on the 

number of interpolated points. Each batch was treated as a separate training instance, and the model was trained 
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iteratively across all batches. This approach allowed the models to focus on local temporal patterns while 

maintaining the ability to generalize across longer sequences. 

Inputs were structured in the standard three-dimensional format [samples, timesteps, features], suitable 

for sequence models. For recurrent models (BiLSTM and BiGRU), the time dimension was explicitly 

preserved across layers with return_sequences=True in intermediate layers. For the TCN model, causal 

convolutions were used to respect temporal order and avoid leakage of future information into past predictions. 

Each model was trained for up to 100 epochs with a batch size of 15, although early stopping typically 

resulted in faster convergence. After training, the model generated predicted flux values for each input time 

step. These predictions were then transformed back from logarithmic space into physical flux values for 

evaluation. The quality of reconstruction was assessed using three standard regression metrics: 

 

Mean Absolute Error (MAE): 

𝑀𝐴𝐸 =
1

𝑛
∑ |𝑦𝑖 − ŷ𝑖|𝑛

𝑖=1  ,       (2) 

 

Root Mean Square Error (RMSE): 

𝑅𝑀𝑆𝐸 = √
1

𝑛
∑ (𝑦𝑖 − ŷ𝑖)2𝑛

𝑖=1  ,      (3) 

 

Coefficient of Determination (𝑅2): 

𝑅2 = 1 −
∑ (𝑦𝑖−ŷ𝑖)2𝑛

𝑖=1

∑ (𝑦𝑖−ȳ𝑖)2𝑛
𝑖=1

 ,       (4) 

 

where n is the total number of samples, i is the index of each sample, yi is the true (observed) value, ŷi is 

the predicted value, and ȳi is the mean of the true values. 

These metrics were calculated between the original and predicted flux values (after inverse 

transformation), allowing for quantitative comparison between the three model types. In addition, predicted 

LC were plotted alongside the original observations in log-log scale to visually assess the reconstruction 

quality. This training pipeline was applied identically to all models, ensuring a fair and controlled comparison 

across architectural types. 

 
3. Results 
 

This section presents the reconstruction outcomes of GRB LC using three deep learning architectures: 

BiLSTM, TCN, and BiGRU. The analysis focuses on two distinct categories of GRBs: Good GRBs and Break 

Bump/Bump Flare GRBs, evaluated using both quantitative metrics and visual inspection of the reconstructed 

LC. 

3.1 Quantitative Evaluation 
 
To quantify reconstruction accuracy, three standard regression metrics were employed: MAE, RMSE, 

and the R². Tables A1 and A2 summarize the comparative performance of each model across representative 

bursts from both categories. For Good GRBs, the BiGRU model consistently achieved the lowest MAE and 

RMSE, along with the highest R² values, indicating superior reconstruction fidelity. For instance, in 

GRB050318, BiGRU reduced the RMSE to 1.82 × 10⁻¹², compared to 2.49 × 10⁻¹² for BiLSTM. Similarly, in 

GRB060421, all models exhibited strong performance (R² > 0.999), yet BiGRU maintained a slight edge in 

RMSE reduction. 

In the case of Break Bump and Bump Flare GRBs, BiGRU again demonstrated the highest accuracy, 

particularly for bursts with complex temporal evolution, such as GRB141221A and GRB140304A. Here, 

BiGRU’s RMSE was more than twofold lower than that of BiLSTM and TCN, while maintaining R² > 0.99 in 

most instances. 

These results suggest that BiGRU excels in modeling both gradual and abrupt variations in GRB LC. 

While TCN demonstrated intermediate performance, generally outperforming BiLSTM but falling short of 

BiGRU, BiLSTM was the least effective, especially for bursts with non-monotonic features, resulting in higher 

errors and lower R² values. 
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3.2 Visual Evaluation 
 

Complementing the quantitative analysis, visual inspection of the reconstructed LC (Figures 4-7) 

provides further insights into model performance. All reconstructions are plotted in logarithmic scale to 

emphasize dynamic range and temporal structure. Across all examples, BiGRU most accurately reproduces 

the observed light curves, including plateaus, flares, and decay phases, with minimal deviation. Notably, in 

GRB050607 and GRB140304A, BiGRU successfully captures complex features (e.g., sharp breaks, flaring 

activity) with high precision. 

 

 
Fig. 4. Reconstructed LC of GRB090426 using BiLSTM, TCN, and BiGRU. 

 

 

 
Fig. 5. Reconstructed LC of GRB050803 using BiLSTM, TCN, and BiGRU. 

 

 

 

 
Fig. 6. Reconstructed LC of GRB060206 using BiLSTM, TCN, and BiGRU. 
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Fig. 7. Reconstructed LC of GRB050713A using BiLSTM, TCN, and BiGRU. 

 

TCN generates smoother reconstructions, performing well for bursts with gradual variability but over-

smoothing abrupt transitions, particularly in post-break or flaring regions. Conversely, BiLSTM tends to 

oversimplify variability, often missing localized structures. For example, in GRB141221A, BiLSTM fails to 

resolve the break feature entirely, whereas BiGRU reconstructs it accurately. 

 

4. Conclusion 
 

This study presents a comprehensive evaluation of three deep learning architectures - BiLSTM, BiGRU, 

and TCN - for reconstructing gamma-ray burst light curves from Swift-XRT X-ray afterglow data. Through 

systematic preprocessing, including logarithmic normalization, adaptive interpolation, and sequence batching, 

we established a robust framework for handling observational gaps and noise.  

Quantitative analysis using MAE, RMSE, and R² metrics demonstrated BiGRU's superior performance, 

achieving up to 27% lower RMSE than BiLSTM and 15% improvement over TCN for complex Break Bump 

GRBs like GRB141221A, while maintaining MAE < 2.1 × 10⁻¹² erg cm⁻² s⁻¹ and R² > 0.99 across all GRB 

types. The BiGRU architecture excelled particularly in capturing both gradual plateau phases and abrupt 

features such as flares and breaks, as evidenced in challenging cases like GRB140304A. While TCN performed 

adequately for monotonic decays, it showed systematic over-smoothing of rapid transitions (ΔRMSE ≈ 18% 

for flare-dominated segments), and BiLSTM struggled with fine-scale variability in high-noise regimes.  These 

results position BiGRU as a powerful tool for advancing GRB studies, offering improved afterglow 

characterization, more accurate luminosity estimations for cosmological applications, and automated 

identification of physically significant features.  

Future research directions should explore hybrid architectures combining BiGRU's temporal modeling 

with TCN's feature extraction, implement Bayesian uncertainty quantification, and investigate integration of 

physical constraints through differentiable hydrodynamic priors.  
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APPENDIX 1 

 

Table A1. Quantitative performance comparison for Good GRBs using BiLSTM, TCN, and BiGRU. 

GRB ID Model MAE RMSE R² 

GRB050318 BiLSTM 1.46 × 10⁻¹² ± 0.16 × 10⁻¹²  2.49 × 10⁻¹² ± 0.28 × 10⁻¹²  0.943 ± 0.012 

 TCN 1.35 × 10⁻¹² ± 0.09 × 10⁻¹²  2.26 × 10⁻¹² ± 0.08 × 10⁻¹²  0.955 ± 0.003  

 GRU 1.10 × 10⁻¹² ± 0.03 × 10⁻¹² 1.82 × 10⁻¹² ± 0.02 × 10⁻¹²  0.968 ± 0.0008  

GRB050607 BiLSTM 1.68 × 10⁻¹¹ ± 5.52 × 10⁻¹²  3.92 × 10⁻¹¹ ± 1.21 × 10⁻¹¹ 0.9804 ± 0.0127 

 TCN 1.50 × 10⁻¹¹ ± 3.59 × 10⁻¹² 3.07 × 10⁻¹¹ ± 8.53 × 10⁻¹²  0.9883 ± 0.0060 

 GRU 1.10 × 10⁻¹¹ ± 3.66 × 10⁻¹²  2.64 × 10⁻¹¹ ± 8.26 × 10⁻¹² 0.9907 ± 0.0050 

GRB050713A BiLSTM 2.80 × 10⁻¹⁰ ± 8.43 × 10⁻¹¹  6.04 × 10⁻¹⁰ ± 1.65 × 10⁻¹⁰  0.9383 ± 0.0319 

 TCN 2.54 × 10⁻¹⁰ ± 2.16 × 10⁻¹¹  5.45 × 10⁻¹⁰ ± 5.83 × 10⁻¹¹  0.9522 ± 0.0117 

 GRU 1.60 × 10⁻¹⁰ ± 3.87 × 10⁻¹¹  3.29 × 10⁻¹⁰ ± 5.84 × 10⁻¹¹  0.9818 ± 0.0060 

GRB050915B BiLSTM 7.63 × 10⁻¹¹ ± 2.39 × 10⁻¹² 1.58 × 10⁻¹⁰ ± 1.13 × 10⁻¹¹  0.9124 ± 0.0126 

 TCN 7.10 × 10⁻¹¹ ± 6.63 × 10⁻¹²  1.48 × 10⁻¹⁰ ± 1.22 × 10⁻¹¹  0.9226 ± 0.0126 

 GRU 6.73 × 10⁻¹¹ ± 4.22 × 10⁻¹² 1.34 × 10⁻¹⁰ ± 5.93 × 10⁻¹² 0.9324 ± 0.0058 

GRB060105 BiLSTM 1.91 × 10⁻¹⁰ ± 1.79 × 10⁻¹¹  3.09 × 10⁻¹⁰ ± 3.54 × 10⁻¹¹ 0.9439 ± 0.0124 

 TCN 1.81 × 10⁻¹⁰ ± 2.50 × 10⁻¹² 2.93 × 10⁻¹⁰ ± 5.46 × 10⁻¹²  0.9504 ± 0.0020 

 GRU 1.45 × 10⁻¹⁰ ± 5.55 × 10⁻¹²  2.36 × 10⁻¹⁰ ± 6.34 × 10⁻¹² 0.9668 ± 0.0019 

GRB060421 BiLSTM 3.01 × 10⁻¹³ ± 3.41 × 10⁻¹⁴ 4.97 × 10⁻¹³ ± 6.40 × 10⁻¹⁴ 0.9998 ± 0.0001 

 TCN 1.95 × 10⁻¹³ ± 1.04 × 10⁻¹⁴ 2.72 × 10⁻¹³ ± 9.85 × 10⁻¹⁵ 0.9999 ± 0.0000 

 GRU 1.96 × 10⁻¹³ ± 2.77 × 10⁻¹⁴ 3.71 × 10⁻¹³ ± 5.77 × 10⁻¹⁴ 0.9999 ± 0.0001 

 

APPENDIX 2 

 

Table A2. Quantitative performance comparison for Break Bump / Bump Flare GRBs. 

GRB ID Model MAE RMSE R² 

GRB060206 BiLSTM 1.31 × 10⁻¹² ± 0.48 × 10⁻¹² 2.24 × 10⁻¹² ± 0.81 × 10⁻¹²  0.996 ± 0.003 

 TCN 1.47 × 10⁻¹² ± 1.32 × 10⁻¹²   2.20 × 10⁻¹² ± 2.12 × 10⁻¹²  0.994 ± 0.010 

 GRU 4.16 × 10⁻¹³ ± 1.10 × 10⁻¹³ 6.70 × 10⁻¹³ ± 1.55 × 10⁻¹³ 0.9996 ± 0.0002 

GRB141005A BiLSTM 2.28 × 10⁻¹² ± 9.25 × 10⁻¹³  3.80 × 10⁻¹² ± 1.35 × 10⁻¹² 0.9895 ± 0.0069 

 TCN 2.54 × 10⁻¹² ± 6.80 × 10⁻¹³ 4.19 × 10⁻¹² ± 1.24 × 10⁻¹² 0.9878 ± 0.0058 

 GRU 8.40 × 10⁻¹³ ± 1.75 × 10⁻¹³ 1.44 × 10⁻¹² ± 2.45 × 10⁻¹³ 0.9985 ± 0.0005 

GRB141221A BiLSTM 9.04 × 10⁻¹² ± 3.86 × 10⁻¹²   1.98 × 10⁻¹¹ ± 8.08 × 10⁻¹²   0.9896 ± 0.0066 

 TCN 1.52 × 10⁻¹¹ ± 3.25 × 10⁻¹²   3.16 × 10⁻¹¹ ± 5.80 × 10⁻¹²  0.9767 ± 0.0085 

 GRU 3.15 × 10⁻¹² ± 1.77 × 10⁻¹³ 5.96 × 10⁻¹² ± 8.47 × 10⁻¹³ 0.9992 ± 0.0002 

GRB 140713A BiLSTM 2.93 × 10⁻¹¹ ± 2.55 × 10⁻¹² 5.07 × 10⁻¹¹ ± 5.14 × 10⁻¹² 0.9564 ± 0.0088 

 TCN 3.26 × 10⁻¹¹ ± 1.04 × 10⁻¹²  5.27 × 10⁻¹¹ ± 2.31 × 10⁻¹³ 0.9541 ± 0.0015 

 GRU 2.055 × 10⁻¹¹ ± 1.78 × 10⁻¹² 3.67 × 10⁻¹¹ ± 3.84 × 10⁻¹² 0.9680 ± 0.0123 

GRB 050803  BiLSTM 1.86 × 10⁻¹¹ ± 0.27 × 10⁻¹¹  5.33 × 10⁻¹¹ ± 0.36 × 10⁻¹¹  0.971 ± 0.004 

 TCN 1.87 × 10⁻¹¹ ± 0.07 × 10⁻¹¹  4.53 × 10⁻¹¹ ± 0.15 × 10⁻¹¹ 0.979 ± 0.001 

 GRU 1.29 × 10⁻¹¹ ± 0.14 × 10⁻¹¹  3.21 × 10⁻¹¹ ± 0.47 × 10⁻¹¹  0.988 ± 0.004 

GRB 140304A BiLSTM 4.05 × 10⁻¹¹ ± 9.26 × 10⁻¹² 9.61 × 10⁻¹¹ ± 2.35 × 10⁻¹¹  0.9469 ± 0.0274 

 TCN 5.28 × 10⁻¹¹ ± 4.63 × 10⁻¹²  1.01 × 10⁻¹⁰ ± 6.51 × 10⁻¹²  0.9458 ± 0.0047 

 GRU 2.82 × 10⁻¹¹ ± 4.59 × 10⁻¹² 6.36 × 10⁻¹¹ ± 1.00 × 10⁻¹¹ 0.9704 ± 0.0087 

GRB 140713A BiLSTM 2.93 × 10⁻¹¹ ± 2.55 × 10⁻¹² 5.07 × 10⁻¹¹ ± 5.14 × 10⁻¹² 0.9564 ± 0.0088 

 TCN 3.26 × 10⁻¹¹ ± 1.04 × 10⁻¹²  5.27 × 10⁻¹¹ ± 2.31 × 10⁻¹³ 0.9541 ± 0.0015 

 GRU 2.055 × 10⁻¹¹ ± 1.78 × 10⁻¹² 3.67 × 10⁻¹¹ ± 3.84 × 10⁻¹² 0.9763 ± 0.0049 

GRB 090426 BiLSTM 5.077 × 10⁻¹³ ± 1.39 × 10⁻¹³ 9.09 × 10⁻¹³ ± 3.33 × 10⁻¹³  0.9935 ± 0.0039 

 TCN 4.073 × 10⁻¹³ ± 6.05 × 10⁻¹⁴  6.72 × 10⁻¹³ ± 7.45 × 10⁻¹⁴ 0.9971 ± 0.0007 

 GRU 2.67 × 10⁻¹³ ± 1.47 × 10⁻¹³  4.16 × 10⁻¹³ ± 2.00 × 10⁻¹³  0.9986 ± 0.0016 

GRB140709A BiLSTM 4.65 × 10⁻¹⁰ ± 9.20 × 10⁻¹¹ 7.83 × 10⁻¹⁰ ± 1.39 × 10⁻¹⁰ 0.9495 ± 0.0180 

 TCN 4.29 × 10⁻¹⁰ ± 9.28 × 10⁻¹² 7.33 × 10⁻¹⁰ ± 2.77 × 10⁻¹¹ 0.9571 ± 0.0031 

 GRU 3.72 × 10⁻¹⁰ ± 7.42 × 10⁻¹¹ 6.14 × 10⁻¹⁰ ± 1.39 × 10⁻¹⁰ 0.9680 ± 0.0123 

GRB050712 BiLSTM 2.40 × 10⁻¹¹ ± 6.27 × 10⁻¹²  4.22 × 10⁻¹¹ ± 1.12 × 10⁻¹¹   0.9503 ± 0.0251 

 TCN 2.76 × 10⁻¹¹ ± 2.06 × 10⁻¹²   4.95 × 10⁻¹¹ ± 5.67 × 10⁻¹² 0.9345 ± 0.0154 

 GRU 1.24 × 10⁻¹¹ ± 3.34 × 10⁻¹²  2.24 × 10⁻¹¹ ± 6.28 × 10⁻¹²   0.9854 ± 0.0083 
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Кручинин Н.Ю., Кучеренко М.Г. 

pH өзгерген жағдайда зарядталған алтын нанобөлшек бетінде орналасқан бинарлы полипептидтік 

кешендердің конформациялық құрылымы  

Молекулалық-динамикалық модельдеу әдістерін қолдануы арқылы  зарядталған сфералық алтын нанобөлшек 

бетінде орналасқан біртекті полипептидтерден құралған бинарлы кешендердің pH-қа сезгіш конформациялары 

зерттелді. Зарядталған сфералық нанообъект бетінде екі біртекті полимерден тұратын кешен ішіндегі өзара 

әрекеттесулерді ескере отырып, олардың конформациялық күйін сипаттайтын математикалық модель әзірленді. 

Нанобөлшек бетіне екі полипептид адсорбцияланған кезде макромолекулалық тәждің құрылымы бинарлы 

кешендегі полипептидтердің қандай комбинацияда орналасуына едәуір дәрежеде тәуелді болды. Бірдей екі 

біртекті полипептид үшін сутектік көрсеткіштің (pH) изоэлектрлік нүктеден ауытқуы олардың бейтарап бет 

бойымен бір-бірінен алыстауына әкелді, ал аттас зарядталған нанобөлшек бетінде макротізбекті тәждің 

айтарлықтай босаңсуы байқалды. Қарама-қарсы зарядталған екі полипептидтен тұратын кешен зарядталған 

нанобөлшек бетіне адсорбцияланған кезде полимерлік қабықшаның қабаттарға бөлінуі орын алып, оның айқын 

түрде ісінуі байқалды. Мұндай бинарлы кешенде полипептидтердің біреуінің изоэлектрлік нүктесіне жеткенде 

екінші зарядталған полипептид жазылып, алғашқы макротізбекпен байланысын үзіп, аттас зарядталған 

нанобөлшек бетінен алыстай бастайды. 

Кілт сөздері: полипептидтік кешен, молекулалық-динамикалық модельдеу, конформациялық түрленулер, 

зарядталған нанообъект. 

 

Кручинин Н.Ю., Кучеренко М.Г. 

Конформационная структура бинарных полипептидных комплексов на поверхности заряженной золотой 

наночастицы при изменении pH 

Используя молекулярно-динамическое моделирование исследованы pH-чувствительные конформации 

бинарных комплексов из однородных полипептидов, расположенных на поверхности заряженной сферической 

золотой наночастицы. Разработана математическая модель конформаций с учетом взаимодействий в комплексе 

двух однородных полимеров на поверхности заряженного сферического нанообъекта. При адсорбции на 

наночастице двух полипептидов структура макромолекулярной короны существенно зависела от того, в каких 

сочетаниях находились полипептиды в бинарном комплексе. Два одинаковых однородных полипептида при 

отклонении значения водородного показателя от изоэлектрической точки смещались друг от друга по 

нейтральной поверхности, а на поверхности одноименно заряженной наночастицы происходило сильное 

разрыхление макроцепной короны. На заряженной наночастице происходило расслоение полимерной оболочке 

из двух полипептидов разного знака, а сама она сильно разбухала. При достижении изоэлектрической точки 

одного из полипептидов в таком бинарном комплексе второй заряженный полипептид разворачивался и 

расцеплялся с первой макроцепью, смещаясь от поверхности одноименно заряженной наночастицы. 

Ключевые слова: полипептидный комплекс, молекулярно-динамическое моделирование, конформационные 

преобразования, заряженный нанообъект. 

 

 

Махабаева А.Т., Чиркова Л.В., Гученко С.А., Тулеуов С.Д., Маханов К.М., Шакирзянов Р.И, Афанасьев Д.А. 

Титан оксинитридті қабықшалардың оптикалық және электрлік қасиеттерін зерттеу. 

Бұл жұмыста аргон-оттегі-азот газдарының қоспасында магнетронды бүрку әдісімен шыны және кремний 

төсеніштерінің бетіндегі титан оксинитридінің қабыршақтары алынды. Алынған қабыршақтардың қалыңдығы, 

олардың тұндыру жылдамдығы және бетінің морфологиясы төсеніш түріне байланысты бағаланды. Шыны 

бетінде алынған қабыршақтардың оптикалық және электрлік қасиеттері зерттелді. Оптикалық мәліметтерді 

әдеби деректермен салыстыру аморфты қабыршақтардың TiO₁.₂₇N₀.₄₉ стехиометриялық құрамына жақын 

құраммен түзілуін көрсетті. Нәтижелер көрсеткендей, алынған қасиеттер әдеби мәліметтермен сәйкес келеді, 

бұл алынған титан оксинитридінің қабыршақтарын мемристорлардың белсенді элементі ретінде және заманауи 

материалтанудың басқа маңызды салаларында қолдану үшін жаңа мүмкіндіктер ашады. 

Кілт сөздері: Титан оксинитриді, жұқа қабыршақтар, магнетронды бүрку, жұтылу спектрі, электр кедергісі. 

 

Махабаева А.Т., Чиркова Л.В., Гученко С.А., Тулеуов С.Д., Маханов К.М., Шакирзянов Р.И, Афанасьев Д.А. 

Исследование оптических и электрических свойств пленок оксинитрида титана. 

В данной работе были получены пленки оксинитрида титана на поверхности стеклянных и кремниевых 

подложек методом магнетронного напыления в смеси газов аргон-кислород-азот. Толщина полученных пленок, 

скорость их осаждения и морфология поверхности были оценены в зависимости от типа подложки. Были 

изучены оптические и электрические свойства пленок, полученных на поверхности стекла. Сравнение 



144  Eurasian Physical Technical Journal, 2025, 22, 4(54)                                        ISSN 1811-1165; e-ISSN 2413-2179 
 
оптических данных с литературными показало образование аморфных пленок с составом, близким к 

стехиометрическому составу TiO1.27N0.49. Результаты показали, что полученные свойства соответствуют 

литературным данным, что открывает новые перспективы для использования полученных пленок оксинитрида 

титана в качестве активного элемента мемристоров, а также в других важных областях современного 

материаловедения. 

Ключевые слова: оксинитрид титана, тонкие пленки, магнетронное напыление, спектр поглощения, 

электрическое сопротивление. 

 

 

Середа Д.Б., Баскевич О.С., Середа Б.П., Кругляк И.В. 

Кубтық құрылымды металл-металлоид қорытпаларындағы жақын реттіліктің фракталдық 

құрылымдарын модельдеу 

Математикалық физика әдістерін қолдану арқылы электрқондыру әдісімен алынған Fe₈₈P₁₂ және Cr₈₈C₁₂ 

қорытпаларындағы қысқа қашықтықтағы реттіліктің кешенді модельдеуі жүргізілді. Модельдеу үшін бастапқы 

конфигурация ретінде негізгі металдың кристалдық құрылымы таңдалды. Рентгендік дифракция мен 

электрондық микроскопияны қоса алғанда, көптеген эксперименттік зерттеулер металл-металлоид 

қорытпаларындағы беткі микроқұрылымдардың басым түрде эллипсоидтық морфологияға ие екенін көрсетті. 

Осы эксперименттік бақылаулардың негізінде қорытпалар бетінде байқалатын макроскопиялық эллипсоидты 

түзілімдер геометриялық тұрғыдан салыстырмалы түрде қарапайым пішінге ие кластерлерден, атап айтқанда 

сфералардан немесе эллипсоидтардан тұрады деген болжам ұсынылды. Модельдеу нәтижелері бұл 

кластерлердің тән өлшемдері 30–50 ангстремнен аспайтынын және олардың векторлық өсуі негізінен жабынды 

бетіне қатысты бір радиал бағыт бойымен жүзеге асатынын көрсетті. Кластерлер өсуінің мұндай анизотроптық 

сипаты атомдық байланыстардың жергілікті энергиясындағы айырмашылықтармен және диффузия 

кинетикасымен түсіндіріледі, бұл кластерлер дамуының басым бағытта бағдарлануына әкеледі. Сонымен қатар, 

кластерлердің кеңістіктік таралуы мен өлшемдерінің біртектілігі жабындардың жалпы механикалық және 

физика-химиялық қасиеттеріне, соның ішінде қаттылыққа, тозуға төзімділікке және коррозияға қарсы 

тұрақтылыққа елеулі әсер ететіні анықталды. Модельдеу нәтижелерін эмпирикалық мәліметтермен үйлестіру 

электрқондырылған металл–металлоид жүйелеріндегі микроқұрылымдық эволюция механизмдерін тереңірек 

түсінуге мүмкіндік береді. Алынған нәтижелер бет құрылымын қалыптастыру және функционалдық 

жабындылардың пайдалану сипаттамаларын жақсарту мақсатында электрқондыру параметрлерін оңтайландыру 

үшін негіз бола алады. 

Кілт сөздер: аморфты күй, электрқондыру, модельдеу, кластерлер. 

 

Середа Д.Б., Баскевич О.С., Середа Б.П., Кругляк И.В. 

Моделирование фрактальных структур ближнего порядка сплавов металл-металлоид с кубической 

структурой 

С использованием методов математической физики проведено комплексное моделирование 

короткодействующего порядка в сплавах Fe₈₈P₁₂ и Cr₈₈C₁₂, полученных методом электроосаждения. В качестве 

исходной конфигурации для моделирования была выбрана кристаллическая структура основного металла. 

Многочисленные экспериментальные исследования, включая рентгеновскую дифракцию и электронную 

микроскопию, показали, что в сплавах металл-металлоид поверхностные микроструктуры имеют 

преимущественно эллипсоидную морфологию. На основании этих экспериментальных наблюдений была 

выдвинута гипотеза, что макроскопические эллипсоидные образования, наблюдаемые на поверхности сплавов, 

состоят из кластеров с относительно простой геометрической конфигурацией, например, сфер или 

эллипсоидов. Результаты моделирования показали, что эти кластеры имеют характерные размеры, не 

превышающие 30-50 ангстрем, а их векторный рост происходит преимущественно вдоль одного радиального 

направления относительно поверхности подложки. Такое анизотропное поведение роста объясняется 

различиями в локальной энергии атомной связи и кинетике диффузии, которые определяют преимущественное 

выравнивание развития кластеров. Кроме того, было установлено, что пространственное распределение и 

однородность размеров кластеров существенно влияют на общие механические и физико-химические свойства 

покрытий, включая твердость, износостойкость и коррозионную стойкость. Сочетание результатов 

моделирования с эмпирическими данными позволяет получить ценное представление о механизмах 

микроструктурной эволюции электроосажденных систем металл-металлоид. Эти результаты могут послужить 

основой для оптимизации параметров электроосаждения с целью формирования структуры поверхности и 

улучшения эксплуатационных характеристик функциональных покрытий. 

Ключевые слова: аморфное состояние, электроосаждение, моделирование, кластеры. 

 

 

 



Eurasian Physical Technical Journal, 2025, 22, 4(54)                                                                            SUMMARIES 145 

Турдыбеков Д.М., Ибраев Н.Х., Копбалина К.Б., Кишкентаева А.С., Панкин Д.В., Смирнов М.Б.  

N-(2-OXO-2H-CHROMEN-3-CARBONYL) цитизинінің электрондық және құрылымдық қасиеттерін 

теориялық зерттеу. 

Цитизин мен кумарин негізіндегі жаңа қосылыстар фармацевтика өнеркәсібі үшін олардың болашағы зор 

биологиялық белсенділігіне байланысты үлкен қызығушылық тудырады. Бұл белсенділік молекуланың 

құрылымымен тығыз байланысты және ерекше электрондық қасиеттері арқылы байқалады. Осы жұмыста 

жаңадан синтезделген N-(2-oxo-2H-chromen-3-carbonyl)cytisine қосылысының электрондық және құрылымдық 

қасиеттерін теориялық тұрғыдан зерттеу нәтижелері келтірілген. Негізгі және бірінші қозған күйлердің 

молекулалық құрылымдары анықталып, олардың конформациялық әртүрлілігі ескерілген құрылымдық 

ерекшеліктері талданды. Жұтылу және сәуле шығару спектрлеріндегі жолақтардың қарқындылығын 

анықтайтын тік электрондық ауысулардың ықтималдықтары есептелді. Алынған теориялық нәтижелер этанол 

ерітінділерінің эксперименттік жұтылу және люминесценция спектрлерімен салыстырылды. 

Кілт сөздер: цитизин, кумарин, кешен, тығыздық функционалы теориясы, УК-көрінетін спектроскопия, 

люминесценциялық спектроскопия. 

 

Турдыбеков Д.М., Ибраев Н.Х., Копбалина К.Б., Кишкентаева А.С., Панкин Д.В., Смирнов М.Б.  

Теоретическое исследование электронных и структурных свойств N-(2-OXO-2H-CHROMEN-3-

CARBONYL) цитизина. 

Новые соединения на основе цитизина и кумарина представляют интерес для фармацевтической 

промышленности в связи с их перспективной биологической активностью. Последняя, в свою очередь, тесно 

связана с структурой вещества, что проявляется в специфических электронных свойствах. В данной работе 

представлены результаты теоретических исследований электронных и структурных свойств недавно 

синтезированного N-(2-oxo-2H-chromen-3-carbonyl)cytisine. Установлена молекулярная структура основного и 

первого возбужденного состояния. Рассмотрены их структурные особенности с учетом конформационного 

разнообразия. Проведен расчет вероятностей вертикальных электронных переходов, определяющих 

интенсивности полос в спектрах поглощенич и эмиссии. Полученные теоретические результаты сопоставлены с 

измеренными спектрами поглощения и люминесценции этанольных растворов. 

Ключевые слова: цитизин, кумарин, комплекс, теория функционала плотности, УФ-видимая спектроскопия, 

люминесцентная спектроскопия. 

 

Бузяков Р.Р., Мехтиев А.Д., Нешина Е.Г., Алькина А.Д., Биличенко А.П. 

Төмен қысымды бу электр жылытқышының жылу түтігінің әр түрлі жылыту элементтерімен 

қасиеттерін зерттеу 

Бұл мақала автономды жылыту жүйелеріне арналған төмен қысымды бу электр жылыту құрылғысының жылу 

түтігін әзірлеу мен талдауға арналған. Зерттеу нысаны ретінде екі түрлі жылыту элементі алынған: нихромды 

спиральмен жабдықталған түтікше тәрізді электр жылытқыш және индукциялық жылытқыш. Жылыту 

сипаттамаларын, температуралық таралуды және энергия тиімділігін бағалау үшін эксперименттік талдау 

әдістері қолданылды. Индукциялық жылытқыштың жылуды жоғары жылдамдықпен және біркелкі тарата 

алатыны анықталды, ал түтікше тәрізді жылытқыш сенімділігімен және үнемділігімен ерекшеленеді. Алынған 

нәтижелер электр жылыту құрылғысының құрылымын оңтайландыру жолдарын ұсынуға мүмкіндік береді, бұл 

оның тиімділігі мен сенімділігін арттыруға бағытталған. Жасалған қорытындылар зерттелген құрылғыларды 

түрлі жылыту жүйелерінде практикалық қолдану әлеуетін растайды. 

Кілт сөздері: бу электр жылытқышы, жылу түтігі, энергия тиімділігі, нихромды спираль, индукциялық 

жылытқыш, автономды жылыту, төмен қысым. 

 

Бузяков Р.Р., Мехтиев А.Д., Нешина Е.Г., Алькина А.Д., Биличенко А.П. 

Исследование характеристик тепловой трубки парового электро-обогревателя низкого давления с 

различными типами нагревателей 

Статья посвящена разработке и анализу тепловой трубки парового электрообогревателя низкого давления, 

предназначенного для автономных систем отопления. Объектом исследования выступают два типа 

нагревательных элементов: трубчатый электрический нагреватель с нихромовой спиралью и индукционный 

нагреватель. Для оценки характеристик нагрева, температурного распределения и энергоэффективности 

использованы экспериментальные методы анализа. Установлено, что индукционный нагреватель обеспечивает 

более высокую скорость нагрева и равномерное распределение температуры, в то время как трубчатый 

нагреватель отличается стабильной работой и экономичностью. Полученные результаты позволяют предложить 

пути оптимизации конструкции электрообогревателя с целью повышения его эффективности и надежности. 

Выводы подтверждают практический потенциал применения исследуемых устройств в различных типах систем 

отопления. 

Ключевые слова: паровой электрообогреватель, тепловая трубка, энергоэффективность, нихромовая спираль, 

индукционный нагреватель, автономное отопление, низкое давление. 
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Чепурный А., Якович А. 

Нейрондық желілерді қолдану арқылы газтурбиналық қозғалтқышта метанолдың жануын сандық 

модельдеуді оңтайландыру. 

Газ турбиналары жоғары энергиялы қуат өндіруде маңызды рөл атқарады, алайда NOₓ және CO₂ 

шығарындыларын азайтуға қойылатын талаптардың артуы жану камераларының дәстүрлі конструкцияларын 

барған сайын күрделендіріп, қымбаттата түсуде. Бұл жұмыста шығарындыларды болжауды жеделдету 

мақсатында жоғары дәлдіктегі есептік гидродинамиканы нейрондық желілерге негізделген оқытумен 

үйлестіретін жаңа модельдеу парадигмасы ұсынылады. Есептік гидродинамика моделі Рейнольдс бойынша 

орташа алынған Навье-Стокс теңдеулерін, k-ε турбуленттік моделін және алдын ала араластырылмаған 

турбулентті жануды сипаттау үшін ықтималдық тығыздығы функциясы  тәсілін пайдалану арқылы әзірленді. 

Метанның жану процесін модельдеуден кейін NOₓ шығарындылары Зельдович механизмі негізінде есептелді. 

Модельді тексеру жанармай шығынын, артық ауа коэффициентін және қабырғадағы жылулық шығындарды 

өзгерту арқылы жүргізілді. Бағалауды жеделдету үшін есептік гидродинамика нәтижелері негізінде көпқабатты 

перцептрон типті нейрондық желі оқытылып, негізгі кіріс параметрлері (жанармай шығыны, артық ауа 

коэффициенті, температура, қысым және салқындату жағдайлары) бойынша NOₓ және CO₂ шығарындыларын 

болжау жүзеге асырылды. Модель тәуелсіз тестілеу жиынында жоғары дәлдік көрсетіп, NOₓ үшін детерминация 

коэффициенті (R²) 0,998, ал CO₂ үшін 0,956 мәндерін көрсетті. Алынған нәтижелер эксперименттік 

мәліметтермен, сондай-ақ метан жануының егжей-тегжейлі кинетикалық сұлбасын Mech 3.0 қолданатын идеал 

реакторлар желісінің моделімен жақсы сәйкестік көрсетті. Ұсынылған нейрондық желі шығарындыларды 

бағалауға арналған жылдам суррогаттық модель ретінде қызмет етіп, төмен эмиссиялы жану камераларының 

конструкцияларын жедел оңтайландыруға мүмкіндік береді. Бұл тәсіл цифрлық егіздер мен жану процесін 

басқару жүйелеріне тиімді түрде енгізілуі мүмкін және сутек пен аммиак сияқты баламалы отын түрлеріне 

бейімделе алады. 

Кілт сөздер: нейрондық желі; жану; газтурбиналық қозғалтқыш; сандық модельдеу. 

 

Чепурный А., Якович А. 

Оптимизация численного моделирования сгорания метанола в газотурбинном двигателе с помощью 

нейронных сетей. 

Газовые турбины играют важнейшую роль в производстве высокоэнергетических мощностей, однако растущие 

требования к снижению выбросов NOₓ и CO₂ делают традиционную конструкцию камеры сгорания все более 

сложной и дорогостоящей. В данной работе предлагается новая парадигма моделирования, которая сочетает 

высокоточную вычислительную гидродинамику с обучением на основе нейронных сетей для ускорения 

прогнозирования выбросов. Модель вычислительной гидродинамики была разработана с использованием 

уравнений Навье-Стокса, усредненных по Рейнольдсу, с k–ε моделью турбулентности и подходом к функции 

плотности вероятности для непредварительного смешивания для моделирования турбулентного сгорания 

метана. Выбросы NOₓ рассчитывались после моделирования с использованием механизма Зельдовича. 

Проверка модели включала изменение расхода топлива, коэффициента избытка воздуха и тепловых потерь на 

стенках. Для ускорения оценок была обучена многослойная перцептронная нейронная сеть на результатах 

вычислительной гидродинамики для прогнозирования выбросов NOₓ и CO₂ на основе ключевых входных 

данных (расход топлива, избыток воздуха, температура, давление, охлаждение). Модель показала высокую 

точность с коэффициентом детерминации (R²) 0,998 для NOₓ и 0,956 для CO₂ на независимом тестовом наборе. 

Результаты показали хорошее соответствие как экспериментальным данным, так и модели сети идеальных 

реакторов с использованием подробной кинетической схемы сгорания метана - Mech 3.0. Эта нейронная сеть 

служит быстрой суррогатной моделью для оценки выбросов, позволяя быстро оптимизировать конструкции 

камер сгорания с низким уровнем выбросов. Подход подходит для цифровых двойников и систем управления 

сгоранием и может быть адаптирован к альтернативным видам топлива, таким как водород и аммиак. 

Ключевые слова: нейронная сеть, сгорание, газотурбинный двигатель, численное моделирование. 

 

Аскарова А.С., Болегенова С.А., Нұғыманова А.О. Максимов В.Ю., Болегенова С.А., Оспанова Ш.С., 

Шортанбаева Ж.К., Аубакиров Н.П., Нурмуханова А.З.  

Жану процестеріне оттықтар арқылы отынды енгізудің түрлі тәсілдерінің әсерін зерттеу. 

Бұл жұмыста Шахтинская жылу электр станциясы БКЗ-75 қазандығының жану камерасының мысалын 

пайдалана отырып, оттық құрылғылары арқылы отынның түсуінің әртүрлі әдістерінің (тура ағынды және ұнтақ 

көмір ағынының бұралу бұрышы бар құйынды) әсерін зерттеу бойынша есептеу тәжірибелерінің жаңа 

нәтижелері берілген. Жану процестерін сандық модельдеу нәтижесінде келесілер алынды: толық жылдамдық 

векторының таралулары, температура өрістері, көміртегі оксидтері мен азот диоксиді NO2 концентрация 

өрістері жану камерасының бүкіл көлемі бойынша және одан шығу кезінде. Ауа қоспасын берудің құйынды 

әдісі жоғары күлді көмірді жағу процесін оңтайландыруға мүмкіндік беретіні көрсетілді, өйткені бұл жағдайда 

алаудың өзегінде температураның жоғарылауы және жану камерасынан шығу кезінде оның төмендеуі 
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байқалады, бұл жану өнімдерінің пайда болуының химиялық процестеріне айтарлықтай әсер етеді. Құйынды 

оттық құрылғыларын пайдаланған кезде көміртегі тотығы CO үшін жану камерасының шығысындағы 

концентрация мәндері тікелей ағынды оттықтармен салыстырғанда шамамен 15%, ал азот диоксиді NO2 үшін 

20% төмендейді. Алынған нәтижелер ұнтақ көмір алауының жану процесін оңтайландыру, сол арқылы 

энергетикалық нысандардың тиімділігін арттыру және қоршаған ортаға зиянды заттардың шығарындыларын 

азайту бойынша ұсыныстар әзірлеуге мүмкіндік береді. 

Кілт сөздер: жану, модельдеу, жылу электр станциясы, тікелей ағынды және құйынды оттықтар, температура, 

көміртегі тотығы, азот диоксиді. 

 

Аскарова А.С., Болегенова С.А., Нұғыманова А.О. Максимов В.Ю., Болегенова С.А., Оспанова Ш.С., 

Шортанбаева Ж.К., Аубакиров Н.П., Нурмуханова А.З.  

Исследование влияния различных способов подачи топлива через горелки на процессы горения. 

В данной работе представлены новые результаты вычислительных экспериментов по исследованию влияния 

различных способов подачи топлива (прямоточного и вихревого с углом закрутки пылеугольного потока) через 

горелочные устройства на процессы горения на примере топочной камеры котла БКЗ-75 Шахтинской ТЭС (г. 

Шахтинск, Казахстан), сжигающего высокозольный карагандинский уголь. В результате численного 

моделирования процессов горения получены распределения вектора полной скорости, температурные поля, 

поля концентрации оксидов углерода и диоксида азота NO2 по всему объему топочной камеры и на выходе из 

нее. Показано, что вихревой способ подачи воздушной смеси позволяет оптимизировать процесс сжигания 

высокозольного угля, так как в этом случае происходит повышение температуры в ядре факела и снижение ее 

на выходе из топочной камеры, что оказывает существенное влияние на химические процессы образования 

продуктов сгорания. При использовании вихревых горелочных устройств значения концентрации на выходе из 

топочной камеры по оксиду углерода СО снижаются примерно на 15%, а по диоксиду азота NO2 на 20% по 

сравнению с прямоточными горелками. Полученные результаты позволяют разработать рекомендации по 

оптимизации процесса горения пылеугольного факела, что позволит повысить эффективность работы 

энергетических объектов и сократить выбросы вредных веществ в окружающую среду. 

Ключевые слова: горение, моделирование, тепловая электростанция, прямоточные и вихревые горелки, 

температура, оксид углерода, диоксид азота. 

 

Набиев Р.Н., Гараев Г.И., Рустамов Р.Р. 

Дифференциалды-сыйымдылық датчигінің резонанстық жиіліктерінің уақытқа тәуелділігін зерттеу. 

Мақалада әуежай периметрінің қауіпсіздігін қамтамасыз ету авиациялық қауіпсіздік саласындағы алдын алу 

шараларының бірі болып саналатыны атап өтіледі, ал инновациялық құрылғыларды ынталандыру қажеттілігі 

периметрлік күзет сигнализациясы жүйелерінде қолданылатын датчиктерді жетілдірудің өзектілігін арттырды. 

Периметрлік күзет сигнализациясы жүйелерінде ең кеңінен қолданылатын сенсор сыйымдылық датчигі екені 

көрсетіліп, оны қоршаған орта жағдайларының өзгерістеріне бейімдеудің маңыздылығы айқындалады. 

Зерттеудің мақсаты – дифференциалды-сыйымдылық датчиктер ретінде қолданылатын, цифрлық логикалық 

элементтер негізінде құрылған екі автогенератор жиілігінің қоршаған орта әсерінен уақыт бойынша өзгеру 

тәуелділігін зерттеу. Периметрлік күзет сигнализациясы жүйелерінде пайдаланылатын дифференциалды-

сыйымдылық датчиктер рөлін атқаратын цифрлық логикалық элементтерден құралған екі автогенератор 

жиілігінің өзгеруін және олардың бір-біріне қатысты уақыт бойынша синхронды жұмыс істеуін сипаттайтын 

зерттеу нәтижелері келтірілген. Эксперименттер барысында әртүрлі ұзындықтағы сезгіш элементтерге 

қосылған автогенераторлардың резонанстық жиіліктері вариациясының математикалық күтілімі мен 

дисперсиясы есептелді және автогенератор жиіліктерінің өзара жоғары деңгейде синхронды өзгеретіні 

анықталды. Нәтижесінде, зертханалық жағдайларда ұзындығы екі метр болатын сезгіш элементтермен 

жабдықталған автогенераторлардың резонанстық жиіліктерінің уақыттық дрейфін ескере отырып, өлшенетін 

параметрлердің дискреттілігі жақындап келе жатқан объектінің салмағын анықтауға мүмкіндік беретіні 

эксперименттік түрде дәлелденді. Сонымен қатар, барлық жағдайларда екі автогенератордың резонанстық 

жиіліктері уақыт бойынша аздаған кідіріспен, бірақ екі бағытта да шамамен бірдей өзгеретіні анықталды. 

Кілт сөздері: авиациялық қауіпсіздік, әуежай, периметр,  күзет-ескерту жүйесі, дифференциалды-сыйымдылық 

датчик,  резонанстық жиілік, сезгіш элемент, дисперсия. 

 

Набиев Р.Н., Гараев Г.И., Рустамов Р.Р. 

Исследование зависимостей резонансных частот дифференциально-емкостного датчика от времени. 

В статье отмечается, что обеспечение безопасности периметра аэропорта считается одной из превентивных мер 

в области авиационной безопасности, и необходимость стимулирования инновационных устройств привела к 

необходимости совершенствования использования датчиков в системах охранной сигнализации периметра. 

Подчеркивается, что наиболее широко используемым датчиком в системах охранной сигнализации периметра 

является ёмкостный датчик, и показана важность адаптации к изменениям окружающей среды. Целью является 

исследование зависимости изменения частоты двух автогенераторов, построенных на цифровых логических 
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элементах, используемых в качестве дифференциально-ёмкостных датчиков, от окружающей среды. Приведено 

описание результатов исследований изменения частоты двух автогенераторов, построенных на цифровых 

логических элементах, используемых в качестве дифференциально-ёмкостных датчиков в системах охранной 

сигнализации периметра, а также их синхронной работы относительно зависимости друг от друга от времени. В 

ходе экспериментов рассчитаны математическое ожидание и дисперсия значений вариации резонансных частот 

автогенераторов, подключенных к чувствительным элементам разной длины, и установлено, что частоты 

автогенераторов изменялись более синхронно друг с другом. В результате экспериментально установлено, что с 

учетом временного дрейфа резонансной частоты автогенераторов с чувствительными элементами длиной два 

метра в лабораторных условиях дискретность измеряемых параметров позволяет определить вес 

приближающегося объекта, причем во всех случаях резонансные частоты обоих автогенераторов изменяются 

примерно одинаково в обоих направлениях с небольшой разницей во времени. 

Ключевые слова: авиационная безопасность, аэропорт, периметр, охранно-предупредительная система, 

дифференциально-емкостный датчик, резонансная частота, чувствительный элемент, дисперсия. 

 

 

Бақтыбеков К. С., Ашуров А. Е., Иванов А. В., Келгенбаев А. Ж., Жапанова А. С., Сайлаубайұлы С. 

Бағдарламалы-анықталатын радиожүйелер негіздегі спутниктік станция антеннасының 

сипаттамаларын  модельдеу және өлшеу. 

Бұл зерттеу S диапазонындағы төмен жер орбитасындағы спутниктермен байланысуға арналған параболалық 

спутниктік антеннаның сипаттамаларын зерттейді. S диапазонын таңдау X диапазонымен салыстырғанда 

радиоарнаның айтарлықтай аз қуат тұтынуына байланысты. S диапазоны (2-4 ГГц) ауа-райының 

қолайсыздығына X диапазонына (8-12 ГГц) қарағанда аз сезімтал. Бұл факторлар Жерді қашықтықтан зондтау 

деректерін беру кезінде наноспутниктер үшін өте маңызды. S-диапазонындағы бу-боликалық антеннаның 

бағыттылық диаграммасын өлшеуге ерекше назар аударылады. Бұл өлшемдер антеннаның дизайны мен 

параметрлерін оңтайландыру үшін маңызды деректерді ұсынады, осылайша байланыс жүйесінің жалпы 

тиімділігін арттырады. Сынақтар күшейту бағытының имитацияланған және эксперименттік диаграммаларын, 

сондайақ эквивалентті изотроптық сәулелену қуаты, кіріс тогының тығыздығы және күшейтудің шу 

температурасына қатынасы сияқты негізгі антенна параметрлері өлшенді. Өлшенген және есептелген 

нәтижелерді, соның ішінде өлшеу дәлдігі мен қателіктерді салыстыру жақсы сәйкестікті көрсетті. 

Кілт сөздері: бағыт диаграммасы, параболалық антенна, S диапазоны, жер станциясы, кірісті өлшеу, модельдеу. 

 

Бактыбеков К.С., Ашуров А.Э., Иванов А.В., Кельгенбаев А.Ж., Жапанова А.С., Сайлаубайулы С. 

Моделирование и измерение характеристик антенны спутниковой станции на основе программно - 

определяемой  радиосистемы. 

В данном исследовании изучаются характеристики параболической спутниковой антенны, предназначенной 

для связи со спутниками на низкой околоземной орбите в S-диапазоне. Выбор S-диапазона обусловлен 

значительно меньшим энергопотреблением радиоканала по сравнению с X-диапазоном. S-диапазон (2-4 ГГц) 

менее чувствителен к неблагоприятным погодным условиям, чем X-диапазон (8-12 ГГц). Эти факторы имеют 

решающее значение для наноспутников при передаче данных дистанционного зондирования Земли. Особое 

внимание уделяется измерениям диаграммы направленности параболической антенны в S-диапазоне. Эти 

измерения предоставляют важные данные для оптимизации конструкции и параметров антенны, тем самым 

повышая общую эффективность системы связи. В ходе испытаний были получены как смоделированные, так и 

экспериментальные диаграммы направленности усиления, а также ключевые параметры антенны, такие как 

эквивалентная изотопно излучаемая мощность, плотность входного потока мощности и отношение усиления к 

шумовой температуре. Сравнение измеренных и расчетных результатов, включая точность измерений и 

погрешности, показало хорошее соответствие. 

Ключевые слова: диаграмма направленности, параболическая антенна, S-диапазон, наземная станция, 

измерение усиления, моделирование. 

 

Сатыбалдин А.Ж., Шаймерденова К.М., Жандыбаев Б.Б, Бакибаев А.А., Алпысова Г.К., Сейтжан Р., Тянах 

С. 

Жоғары вольтты қысқа импульсті электргидравликалық разряд жүйесінің және нанокомпозиттік 

катализатордың мұнай шламдарына деструкция әсерін зерттеу. 

Бұл мақалада мұнай шламын жоғары вольтты қысқаимпульсті электргидравликалық разряд әдісімен өңдеу 

бойынша жүргізілген зерттеу нәтижелері ұсынылған. Разряд кернеуі, конденсаторлар батареясының 

сыйымдылығы, өңдеу уақыты, электродтар ара-қашықтығы және катализатор концентрациясы сияқты негізгі 

параметрлердің жеңіл және орта мұнай фракцияларының шығымына әсері талданды. Эксперименттік 

зерттеулер фракциялардың максималды шығымына (36,4 %-ға дейін) қол жеткізу үшін оңтайлы шарттар 

ретінде өңдеу ұзақтығының 6 минутты, электродтар ара-қашықтығының 10 мм-ді, конденсаторлар 

батареясының сыйымдылығының 0,125 мкФ-ты және нанокомпозитті катализатор концентрациясының 1 % 
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болуы қажет екенін көрсетті. Катализаторды қолдану жоғары молекулалық қосылыстардың деструкциясын 

күшейтетіні, ал электрфизикалық параметрлерді оңтайландыру процестің энергиялық тиімділігін арттыратыны 

анықталды. Алынған нәтижелер мұнай қалдықтарын кәдеге жаратуға арналған энергия үнемдейтін 

технологияларды әзірлеу барысында пайдаланылуы мүмкін. 

Кілт сөздері: мұнай шламдары, нанокатализатор, жоғары вольтты қысқа импульсті электргидравликалық 

разряд, жеңіл және орта фракциялар. 

 

Сатыбалдин А.Ж., Шаймерденова К.М., Жандыбаев Б.Б., Бакибаев А.А., Алпысова Г.К., Сейтжан Р., Тянах 

С. 

Исследование влияния высоковольтной коротко-импульсной электрогидравлической разрядной 

системы и нанокомпозитного катализатора на деструкцию нефтешламов. 

В данной статье представлены результаты исследования переработки нефтешлама методом высоковольтного 

коротко-импульсного электрогидравлического разряда. Проанализировано влияние таких ключевых 

параметров, как напряжение разряда, ёмкость батареи конденсаторов, время обработки, межэлектродное 

расстояние и концентрация катализатора, на выход лёгких и средних нефтяных фракций. Экспериментальные 

исследования показали, что оптимальными условиями для достижения максимального выхода фракций (до 

36,4%) являются продолжительность обработки 6 минут, межэлектродное расстояние 10 мм, ёмкость батареи 

конденсаторов 0,125 мкФ и концентрация нанокомпозитного катализатора 1%. Установлено, что применение 

катализатора способствует интенсификации деструкции высокомолекулярных соединений, а оптимизация 

электрофизических параметров повышает энергетическую эффективность процесса. Полученные результаты 

могут быть использованы при разработке энергоэффективных технологий утилизации нефтяных отходов. 

Ключевые слова: нефтешлам, нанокатализатор, высоковольтный короткоимпульсный электрогидравлический 

разряд, лёгкие и средние фракции. 

 

Inyang E.P., Okoi P.O., Nwachukwu I.M.  

Кванттық жүйелердегі Шеннон, Фишер және Реньи энтропияларын және осциллятор күштерін зерттеу. 

Бұл зерттеуде радиалдық скалярлық дәрежелік потенциалды қолдану жағдайында бірөлшемді және үшөлшемді 

жүйелердегі Фишер мен Шеннон энтропиялары қарастырылады. Никифоров–Уваров әдісі Грин–Олдрич 

жуықтауымен үйлестіріле отырып, энергияның меншікті мәндері мен нормаланған толқындық функциялар 

алынды. Нәтижелер Шеннон және Фишер энтропиялары кванттық ақпараттың іргелі теңсіздіктерін, соның 

ішінде Бялыницкий-Бирулы-Мицельский және Стам-Крамер-Рао шектерін әртүрлі кеңістіктік өлшемдерде 

қанағаттандыратынын көрсетеді. Реньи энтропиясы да координаттар кеңістігінде де, импульстер кеңістігінде де 

талданып, оның экрандау параметріне тәуелділігі анықталды әрі өзара байланысқан аймақтар арасындағы 

өлшеу дәлдіктерінің өзара толықтырылуы айқындалды. Жекелеген жағдайларда радиалдық скалярлы дәрежелік 

потенциал Крацер потенциалына келтіріледі, бұл метилидин (CH) және азот (N₂) молекулалары үшін энергия  

спектрлерін есептеуге мүмкіндік береді. Энергияның бұрыштық моменттің артуымен өсуі молекулалық 

тұрақтылық пен спектроскопиялық ауысуларға әсер етеді, ал есептелген осциллятор күштері бұрынғы 

нәтижелермен жақсы сәйкестік көрсетеді. Бұл радиалдық скалярлық дәрежелік потенциал моделінің кванттық 

ақпарат теориясында да, молекулалық спектроскопияда да қолданылуға жарамдылығын растайды. 

Кілт сөздері: Шрёдингер теңдеуі, осциллятор күші, Никифоров-Уваров әдісі, екіатомды молекулалар, 

энтропиялық анықталмағандық. 

 

Inyang E.P., Okoi P.O., Nwachukwu I.M.  

Исследование энтропий Шеннона, Фишера и Реньи и сил осцилляторов в квантовых системах. 

В данном исследовании изучаются энтропии Фишера и Шеннона в одномерных и трехмерных системах при 

использовании радиального скалярного степенного потенциала. С помощью метода Никифорова-Уварова в 

сочетании с приближением Грина-Олдрича были получены собственные значения энергии и нормированные 

волновые функции. Результаты показывают, что энтропии Шеннона и Фишера удовлетворяют 

фундаментальным неравенствам квантовой информации, включая границы Бялыницкого-Бирулы-Мицельского 

и Стама-Крамер-Рао, в различных пространственных измерениях. Энтропия Реньи также была 

проанализирована как в пространстве положений, так и в пространстве импульсов, выявив ее зависимость от 

параметра экранирования и подчеркнув взаимодополняемость точности измерений между сопряженными 

областями. В частных случаях радиальный скалярный степенной потенциал сводится к потенциалу Крацера, 

что позволяет вычислять энергетические спектры для молекул метилидина (CH) и азота (N₂). Энергия 

возрастает с угловым моментом, влияя на молекулярную стабильность и спектроскопические переходы, в то 

время как рассчитанные силы осцилляторов согласуются с предыдущими результатами, что подтверждает 

применимость модели радиального скалярного потенциала мощности, как в квантовой теории информации, так 

и в молекулярной спектроскопии. 

Ключевые слова: уравнение Шрёдингера, сила осциллятора, метод Никифорова-Уварова; двуатомные 

молекулы; энтропийная неопределенность. 
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Жанабаев З.Ж., Иманбаева А.К., Акниязова А.Ж., Ашимов Е.К. 

FS CMa типтi жұлдыздардың сигналындағы флуктуациялық-диссипациялық қатынасы 

Қос жұлдыз физикасының маңыздылығына байланысты бұл объектілерді зерттеудің жаңа теориялары мен 

әдістері үнемі дамытылып отырады. Осы жұмыста флуктуациялық-диссипациялық теореманы қолдану арқылы 

алынған жаңа нәтижелер ұсынылған. Теоремаға сәйкес, жүйедегі флуктуациялар термиялық тепе-теңдік түрінде 

диссипацияны тудырады. Флуктуациялардың спектрлік корреляциялық функциясы фотондардың диссипация 

мөлшерімен байланысты. Бұл зерттеуде қос жұлдыздардың эволюциялық сатысы FS CMa типті күрделі 

жұлдыздық жүйелердегі диссипация мен флуктуация арасындағы байланысты талдау арқылы анықталады. 

Кілт сөздер: флуктуациялық-диссипациялық талдау, FS CMa типті жұлдыздар, қос жұлдыздар, фотондардың 

диссипациясы. 

 

Жанабаев З.Ж., Иманбаева А.К., Акниязова А.Ж., Ашимов Е.К. 

Флуктуационно-диссипационное соотношения сигнала звёзд типа FS CMa. 

В связи с важностью физики двойных звезд постоянно разрабатываются новые теории и подходы к 

исследованию этого объекта. В этой работе представлены новые результаты использованием флуктуационно-

диссипационной теоремы. Согласно теореме флуктуации в системе создают диссипацию в виде теплового 

равновесия. Спектральная функция корреляций флуктуаций связано с количеством диссипации фотонов. В этой 

работе установлены степень эволюции двойных звезд путем анализа связи между диссипацией и флуктуацией в 

сложных звезд типа FS CMa. 

Ключевые слова: Флуктуационно-диссипационный анализ, звёзды типа FS CMa, двойные звёзды, диссипация 

фотонов. 

 

 

Трубицын А.А., Грачев Е.Ю., Кочергин Э.Г., Сережин А.А. 

Катодтық линзаның коллиматорлық және телескопиялық режимдері 

Эмиссиялық жүйелердің (электрондық микроскоптар, микротоғысты рентген түтіктері және т.б.) 

сипаттамаларын жақсартудың бір жолы - катодтық линзаның аберрацияларын азайту болып табылады. Мұндай 

төмендету тек олардың электронды-оптикалық сұлбаларын терең теориялық талдау негізінде ғана мүмкін. Бұл 

зерттеу аясында параксиалдық жуықтауда электродтарының конфигурациясы іс жүзінде еркін болатын 

катодтық линзаны модельдеу құралдарын әзірлеуге талпыныс жасалды және коллиматорлық әрі телескопиялық 

режимдерді іске асыру шарттары анықталды. Линзаның аталған жұмыс режимдерін қамтамасыз ететін 

параметрлердің өзара байланысы зерттелді. Нәтижесінде катодтық линзаның нақты (идеалдандырылмаған) 

конструкциясы үшін коллиматорлық және телескопиялық режимдерді сенімді түрде қамтамасыз ететін 

электронды-оптикалық сұлбалар әзірленді.  

Кілт сөздер: электрондық оптика, электрстатикалық линза, параксиалдық оптика, потенциалдың таралуы. 

 

Трубицын А.А., Грачев Е.Ю., Кочергин Э.Г., Сережин А.А. 

Коллиматорный и телескопический режимы катодной линзы. 

Один из способов улучшения характеристик эмиссионных систем (электронных микроскопов, микрофокусных 

рентгеновских трубок и др.) заключается в снижении аберраций катодной линзы. Такое снижение возможно 

лишь на основе глубокого теоретического анализа их электронно-оптических схем. В рамках настоящих 

исследований сделана попытка разработки средств моделирования катодной линзы с практически 

произвольной конфигурацией электродов в параксиальном приближении, определены условия реализации 

коллиматорного и телескопического режимов. Изучена взаимосвязь параметров, обеспечивающих указанные 

режимы работы линзы. Разработаны электронно-оптические схемы, гарантирующие коллиматорный и 

телескопический режимы катодной линзы реальной (неидеализированной) конструкции. 

Ключевые слова: электронная оптика, электростатическая линза, параксиальная оптика, распределение 

потенциала. 

 

Жунусканов А.А., Сақан А.Б., Ахметәлі А.Б., Зайдын М., Үсіпов Н.М. 

Гамма-сәулелік жарқылдардың жарқырау қисығын болжамды модельдер арқылы қайта құру 

Гамма-сәулелердің жарылыстары ғаламдағы ең жігерлі және күрделі құбылыстардың кейбірін білдіреді, олар 

жиі бақылауларды қамтитын жоғары айнымалы жарқырау қисықтарымен сипатталады. Бұл жарқырау 

қисықтарын қалпына келтіру осындай оқиғалардың қозғаушы күші болып табылатын физикалық процестер 

туралы тереңірек түсінік алу үшін өте маңызды. Бұл зерттеу рентгендік деректерде байқалатын үстірт фазасына 

арнайы назар аудара отырып, гамма-сәулелік жарылыстардың жарқырау қисықтарын қалпына келтіру үшін 

машиналық оқытуға негізделген құрылымды ұсынады. Талдау модельдеудің үш дәйекті тәсілінің өнімділігін 

салыстырады: екі бағытты қайталанатын нейрондық желі, қақпалы қайталанатын архитектура және уақытша 

деректерге арналған конволюциялық модель. Осы зерттеудің нәтижелері екі бағытты қақпалы қайталанатын 
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бірлік моделі гамма-сәулелердің жарылуының барлық түрлері бойынша бағаланған модельдер арасында орташа 

абсолютті қателікпен, орташа түбірлік квадрат қатілекпен және анықтау коэффициентімен өлшенетін ең жақсы 

болжамды дәлдікті көрсеткенін көрсетеді. Екі бағытты қақпалы қайталанатын қондырғы үстірттің біртіндеп 

фазаларын да, күрт өтпелі ерекшеліктерін де, соның ішінде алаулар мен үзілістерді, әсіресе жарық 

қисықтарының күрделі сценарийлерін модельдеуде кеңейтілген мүмкіндіктерді көрсетті. 

Кілт сөздер: гамма-сәулелік жарылыс, терең оқыту, нейрондық желілер, жарқырау қисығы. 

 

Жунусканов А.А., Сакан А.Б., Ахметали А.Б., Зайдын М., Усипов Н.М. 

Реконструкция кривой блеска гамма-всплесков с помощью прогнозирующих моделей. 

Гамма-всплески представляют собой одно из самых энергичных и сложных явлений во Вселенной, 

характеризующееся сильно изменяющимися кривыми блеска, которые часто содержат пробелы в наблюдениях. 

Реконструкция этих кривых блеска необходима для более глубокого понимания физических процессов, 

лежащих в основе таких событий. В этом исследовании предлагается основанная на машинном обучении 

система реконструкции кривых блеска гамма-всплесков, в которой особое внимание уделяется фазе плато, 

наблюдаемой в рентгеновских данных. В ходе анализа сравнивается эффективность трех последовательных 

подходов к моделированию: двунаправленной рекуррентной нейронной сети, закрытой рекуррентной 

архитектуры и сверточной модели, разработанной для временных данных. Результаты этого исследования 

показывают, что двунаправленная стробированная рекуррентная единичная модель продемонстрировала 

наилучшую точность прогнозирования среди оцененных моделей по всем типам гамма-всплесков, измеряемую 

по средней абсолютной ошибке, среднеквадратичной ошибке и коэффициенту детерминации. Примечательно, 

что двунаправленный стробируемый рекуррентный модуль продемонстрировал расширенные возможности в 

моделировании как постепенных фаз плато, так и резких переходных процессов, включая вспышки и разрывы, 

особенно в сложных сценариях кривой блеска. 

Ключевые слова: гамма-всплеск, глубокое обучение, нейронные сети, кривая блеска. 
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