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Abstract. The experimental data of the elastic scattering process of the 

9
Ве+

12
С nuclear system were 

analyzed from the point of view of microscopic theory in energy near the Coulomb barrier. The new Botswana 3-

Yukawa -Fetal potential, created in a variational approach with lower-order constraints on two body matrices, 

was first used for the 
9
Ве+

12
С system as a real part of the optical potential. In the double folding model, density-

dependent parameters were introduced into the nucleon density distribution formula, and they were applied to the 

Botswana 3-Yukawa - Fetal and Michigan 3-Yukawa - Paris potentials based on effective nucleon-nucleon 

interactions. As a result, modified real microfolding potentials were created. The results of a semi-microscopic 

analysis calculated on the basis of new microfolding potentials were presented. The uniqueness of the research 

lies in the calculation of density-dependent parameters based on the incompressibility coefficient, which 

characterizes the saturation properties of the nuclear medium. The equations of state of the elastic scattering 

process were formulated at the saturation density (ρ0=0.17 fm
-3

), determined from the density dependence of the 

nuclear binding energy. The analysis results allow for a more accurate determination of nuclear properties and 

enhance the saturation properties of the nuclear medium. The efficiency of the new real potential was determined 

from a microscopic perspective, and the optimal parameters of the optical potential were found. 
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1. Introduction  
 

Accurate determination of the depth of the potential of the interaction of a 
9
Ве ion accelerated at low 

energy with light nuclei, the calculation of the contribution of the cluster transition mechanism is important 

in nuclear astrophysics. The study of the interaction of radioactive 
9
Ве ion radiation with light nuclei in 

nuclear power plants is an urgent problem in the energy sector. In a reactor, the neutron source controlling 

the chain reaction is beryllium mixed with an alpha emitter. Alpha particles formed as a result of decay lead 

to the release of neutrons from beryllium when it turns into a 
12

C - core. 

It is known from Rutherford's experience that the study of experimental data on elastic scattering at 

energies close to the Coulomb barrier is the main way to obtain information about the structure of the 

nucleus. Analysis of compound particle scattering in low-energy nuclei is an important source of information 

about the properties of the inter-nuclear potential [1]. The formation of the experimental cross-section in the 

process of elastic scattering was explained in the optical model by the fact that the real part of the optical 

potential (OP) depends on potential scattering, and the imaginary part as absorption depends on the 

mechanisms of cluster transition. In recent years, microscopically, the description of a real part of an op in 

the context of a form of local density based on effective nucleon-nucleon (NN) forces has given correct 

results [2-5]. The Michigan 3-Yukawa (M3Y) potential of effective NN interactions can be improved based 

on the density-dependent form of nucleon distribution proposed by Dao T. Khoa [6-8]. The traditional M3Y-
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Reid, M3Y-Paris potentials defined in the tensor correlation calculation of Yukawa matrix elements have 

been in use for many years [7-9].  Recently, a new B3Y-Fetal potential was developed, calculated on the 

basis of a low-order limited variation approach [10]. This was a new step in the position of microscopic 

theory. Botswana 3-Yukawa (B3Y)-Fetal potential Ochala I., Fiase J.O. scientists have successfully used in 

symmitric 
16

O+
12

C, 
12

C+
12

C systems and found that M3Y interaction is very similar in many channels [11-

12]. In double folding model (DFM), a real part of the OP is created and density-dependent parameters are 

entered. In the overlapping region of the nucleons of the colliding nuclei, the central part of the effective NN 

interaction accumulates, which makes it possible to characterize the properties of the nucleus. The equations 

of state created in this central region depend on the density of the nucleus, the saturation property of the 

medium. 

We conducted a comparative study in order to increase the saturation property of the medium by 

applying the potentials B3Y-Fetal, M3Y-Paris to the 
9
Ве+

12
С system. From this, the results of a semi-

microscopic analysis of experimental data of elastic scattering at energies of Elab=13 MeV, Elab=17.3 MeV, 

Elab=20 MeV near the Coulomb barrier were presented. Modified folding potentials in the form of CDM3Y2-

Paris and CDB3Y2-Fetal were tested. The results of the analysis are used in nuclear astrophysics in 

describing the initial nucleosynthesis and hydrostatic combustion of stars and as a way to know exactly the 

rate of nuclear reactions, to construct the nuclear state equations of a complex compound. 

 

2. Calculation of the K - incompressibility factor depending on the saturation property 
of the nucleus 

 

To increase the saturation property of nuclear matter, the equilibrium condition of the density-

dependent specific bond energy is sufficient. To satisfy this saturation condition, calculated density – 

dependent parameters that depend on K - incompressibility must be introduced into the effective M3Y 

interaction. In particular, it is necessary to construct equations of state at value ρ0=0,17 фм
-3

 of the saturation 

density of nuclear matter. 

Specific binding energy of density-dependent infinite nuclear matter [13]: 

 

                                                                         (1) 

 

where m - is the nucleon mass, JD - volume integral,  - Bessel spherical function, ρ - nucleon density, kF 

- Fermi pulse. 

From the equilibrium saturation condition of the binding energy of the nucleus [13]: 

 

                                                                                                     (2) 

 

From equation (2), the formula for bond energy, which depends on the density parameters, is written as 

follows: 

 

                                                                                                         (3) 

 

Density-dependent parameters and saturation density [13]:  

 

                                                                                                                         (4) 

 

                                                                                                                                (5) 

 

                                                                                                                                (6) 
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The nuclear incompressibility factor is calculated by the following equation [13]: 

 

                                                                                                    (7) 

 

The following figure shows a curve of dependence of the specific binding energy of the nucleus on the 

density of nucleons. The saturation density point corresponds to the value ρ0=0,17 fm
−3

. 

 

 
Fig.1. Saturation point of the density dependence of the binding energy of the nucleus [14] 

 

 

3. Interaction on effective NN forces M3Y-Paris and B3Y-Fetal potentials 
 

The interaction of M3Y is the sum of the  - direct and  - exchange potentials by effective 

NN forces. 

 

                                                                                                                      (8)   

 

Direct potential [15, 16]: 

 

                                                                                            (9) 

 

where  - direct component of effective interaction, ), ) - nucleon density of colliding 

nuclei, s - effective NN interaction distance.  

Exchange potential [16, 17]: 

 

                                      (10) 

 

where  - effective NN interaction exchange component, ),    - density 

matrix of colliding nuclei. 

For the calculation of potentials, it is important to clearly take into account the transition effects of NN - 

interaction [13]: 

 

                                                                                       (11) 

 

where   - triplet and singlet components of central forces.  

Direct and exchange components based on the G-мatrix element of the М3Y-Paris potential [18]:  
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                                                                                     (12) 

 

                                                (13) 

 

B3Y-Fetal radial form of the isoscalar portion of  interaction [10]:  

 

                                                                               (14) 

 

                                             (15) 

 

4. The theoretical basis of semi-microscopic analysis 
 
When analyzing experimental data of elastic scattering within the framework of an optical model (OM), the 

Woods-Saxon form of potential was used. 

 

                                                            (16) 

 
where Vo, WV, aV, aW, RV, RW are real, imaginery potentials, diffusion, radius,  is the Coulomb potential. 

In a semi-microscopic analysis, the optical potential of the interacting nuclei is calculated by the 

following formula [7]:  

 

                                                                    (17) 

 

where ,   – direct and exchange components of interaction potential,  – renormalization factor. 

, ,  – imaginary potential, radius, diffusion,  – Coulomb potential. 

The direct and exchange components of the real potential are calculated on the basis of DFM, resulting 

in the folding potential. 

 

                                                                                                                      (18) 

 

For the imaginary part of the optical potential, we use the woods-Saxon form factor in volumetric form. 

 

                                                                              (19) 

 

)(rVC - Coulomb potential [16], 

 

                                                                             
(20) 

 

M3Y-Paris and B3Y-Fetal potentials are density and energy dependent. 

 

                                                                                           (21)  

 

A formfactor proposed based on the density-dependent parameters [19] 

 

                                                                                                    (22)  
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the energy-dependent factor   is expressed as [7]: 

 

                                                                                                           (23) 

 

The nuclear matter density distribution was calculated in the harmonic-oscillator model [20, 2]: 

 

                                                                                           (24) 

 

where ρ0=0,17 fm
−3

, α (alfa) and a are charge density distribution parameters. For the 
9
Be core, α=1.77 fm, 

a=0.631 fm,  and for the 
12

C core, α =1.687 fm, a=1.067 fm [20]. 

 
Table 1. Density-dependent parameters [8, 14]. 

 

Density dependence  C a β (fm
3
)   (fm

3
) К (MeV) 

CDM3Y2-Paris 

CDВ3Y2-Fetal 0.3346 3.0357 3.0685 1.0 204 

CDВ3Y3-Fetal 0.2985  3.4528 2.6388 1.5 217 

 
5. Discussion of results 
 

At energies of Elab=13.0 MeV, Elab=17.3 MeV, Elab=20.0 MeV near the Coulomb barrier for the 
9
Be+

12
C 

system, the density-dependent CDM3Y2-Paris, CDB3Y2-Fetal and CDB3Y3-Fetal folding potentials were built 

on the basis of the DFM model. From the picture, the depth of the CDB3Y2-Fetal and CDB3Y3-Fetal 

potentials was more sensitive than that of the CDM3Y2-Paris version. Theoretical calculations of semi-

microscopic analysis were performed on the basis of the FRESCO code [21]. The following figure shows the 

results of a semi-microscopic analysis of experimental sections of elastic scattering for the 
9
Be+

12
C system.   

 

  
a) b) 

Fig.2.  The depth of the generated real DF potentials for the 
9
Be+

12
C system at:  

a) Elab = 13.0 MeV and b) Elab = 20.0 MeV energies  

 

Theoretical cross-sections at an energy of ЕLab=13 MeV described the experimental cross-section in the 

range of up to 90
0
, as can be seen from the images. This is because at low energies close to the Coulomb 

barrier, the scattering process prevails over the absorption process. Therefore, the share of the imaginary 

potential is small. And to characterize the increase in the Section at large angles after 90
0
, it is necessary to 

take into account the proportion of the cluster transition. The following figures show the dependence of the 

normalized scattering cross-section (dσ/dσRuth) on the scattering angle (cm) in the center-of-mass system for 

the 
9
Be+

12
C nuclear system at incident energies of ELab=13.0 MeV, ELab=17.3 MeV, and ELab=20.0 MeV. 
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Fig.3. The result of the analysis at energy ЕLab=13 MeV 

 

 

 

 
Fig.4. The result of the analysis at energy ЕLab=17.3 MeV 

 

 

 
Fig.5. The result of the analysis at energy ЕLab=20 MeV 
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The optical model (OM) potential parameters presented in Table 2 were calculated using equation (16), 

while the semi-microscopic model (DFOM) parameters were calculated using equation (17). The 

calculations were performed based on the FRESCO code. 
 

Table 2. The values of the optimal parameters of the elastic scattering Section at energies ЕLab=13.0 MeV, 

ЕLab=17.3 MeV, ЕLab=20.0 MeV for the 
9
Be+

12
C system are shown in the following table. 

 

 

E, 

MeV 

 

Model 

 

WS parameters and types of 

DF potential 

 

 

Nr 

Parameters of the imaginary 

potential WS 

 

σR, 

mb 

 

χ
2
/N 

V0, 

MeV 

rV, 

fm 

aV, 

fm 

Wo, 

MeV 

rW, 

fm 

aW, 

fm 

 

13.0 

ОМ 65.8  1.69 0.12 - 5.36  1.74  1.19 2211 0.4  

DFОМ CDM3Y2-Paris 1.0 5.36 1.88 0.9 2037 9.25 

DFОМ CDB3Y2- Fetal 1.0 5.36 1.88 0.9 2134 8.9 

DFОМ CDB3Y3- Fetal 1.0 5.36 1.88 0.9 2129 7.8 

17.3 

ОМ 28.5 1.28 0.62 - 5.6 1.49  0.19 1088 0,5 

DFОМ CDМ3Y2-Pari  0.98 5.5  1.45 0.9 1508 18.4 

DFОМ  CDB3Y2- Fetal 1.0 5.5 1.45 0.9 1492 14.2 

DFОМ  CDB3Y3- Fetal 1.0 5.5  1.45 0.9 1501 13.3 

20.0 

ОМ 154.7  1.06  0.17 - 10.6  0.78  1.48 1352 0.7 

DF CDМ3Y2-Paris  0.87 6.59  1.44  0.63 1151 19.8 

DF CDB3Y2-Fetal 0.9 6.59  1.44  0.63 1163 19.8 

DF CDB3Y2-Fetal 1.0 6.59  1.44  0.63 1158 19.8 

 

The Nr - factor of semi-microscopic analysis was determined close to 1.0. From this you can see the 

good result of the new СDB3Y2-Fetal, СDB3Y3-Fetal folding potentials, which is created as a real potential. 

As a relative error of experimental and theoretical sections, the values of the χ2/N – parameter did not exceed 

20 percent. Weak values of Wo - imaginary potential 1 indicate the opacity of the optical potential to be 

determined for system 
9
Ве+

12
С. The fact that the values of the  Wo, rW, aW – Woods-Saxon parameters are 

unchanged in different models again proves the truthfulness of the real potential. The dependence of the σR - 

cross section on the beam energy is preserved in all models (OM, DFOM). The CDB3Y2-FetaL CDB3Y3-

Fetal folding potentials created at an energy close to the Coulomb barrier were investigated relative to the 

CDM3Y2-Paris variant. 

 

6. Conclusion 
 

For the 
9
Ве+

12
С system, a new B3Y-Fetal potential based on variational calculations was used for the 

first time in a semi-microscopic analysis.  Studying the effectiveness of the new B3Y-Fetal potential was 

important from the point of view of applying the theoretical breakthrough. At the energy close to the 

Coulomb barrier, the real part of the optical potential shows dominance in the mechanism of elastic 

scattering cross-section formation. The СDМ3Y2-Paris, CDB3Y2-Fetal and CDB3Y3-Fetal folding 

potentials were established, elastic scattering sections and optimal parameters were determined. Were able to 

describe the experimental data on the basis of K - incompressibility dependent parameters calculated for the 

actual density of =0.17 fm
-3

 - in accordance with the saturation condition of nuclear matter. So we were 

able to increase the saturation property of the nuclear medium.  

The result of the work makes it possible to determine the interaction characteristics of heavy ions up to 

a very small inter-core distance. The results obtained are used in nuclear astrophysics for model calculations 

of nuclear reactions.  
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