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In this paper, we simulate thermodynamically the morphology-dependent phase equilibria in core-shell 

nanoparticles of a phase-separating solid solution using the example of W-Cr heavy alloy. The morphology of a 

nanoparticle is described in the framework of the fractal geometry methods. It is shown that there are two 

possible heterogeneous states in a nanoparticle while the compositions of phases in both states differ from each 

other. The dependences of mutual solubilities of components on the temperature are obtained while the behavior 

of these dependences significantly differs depending on the particular state and the morphology of nanoparticle 

under consideration. In nanoparticles of a very complicated morphology, the phase separation itself gets 

suppressed and the nanoparticle remains in the homogeneous state at the temperatures significantly below the 

macroscopic value of the upper critical dissolution temperature. The demonstrated regularities are explained 

based on three mechanisms of reducing the free energy of the system and the “competition” between them. In the 

final section, a method for calculating the equlibrium size distributions and average characteristics of 

nanoparticle ensembles is described along with a technique of measuring nanoparticle fractal dimensions based 

on the microscopy data. 
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1. Introduction 

In recent years, one of the main development vectors of the contemporary metallophysics is represented 

by investigating the unique set of properties of nanoparticle-fabricated samples which are resulted from the 

formation an ultrafine-grained structure in such materials. The structure of this type is generally obtained 

using the up-to-date additive powder metallurgy technologies [1-5] including the selective laser melting 

(SLM), selective laser sintering (SLS) and, especially, spark plasma sintering (SPS) methods [1, 2]. The last 

technique consists in the high-rate heating of nanopowders in a special conducting (graphite) mold due to the 

propagation of short (dozens of milliseconds) high-power current pulses through it. The sintering is carried 

out in the vacuum or in the atmosphere of an inert gas, the one-axis pressure being applied to the sample at 

the same time. An ultrafine-grained structure is obtained and the grain growth process is hampered in the 

case of the considered technologies as a result due to the possibility of dramatically high heating rates (up to 

2000 – 2500 °C/min). It also necessary to mention that the SPS technology provides a number of “knobs” 

which make it possible to influence on the key characteristics of the obtained nanostructure of a metal 

sample through tuning the value of the applied pressure, heating temperature and heating time, heating and 

cooling rates etc. even in the course of the sintering process. 

One of the primary objects of applying the developed additive manufacturing methods are the 

nanostructured tungsten-based heavy pseudo-alloys (the components of those are boundedly soluble in each 

other while the material is obtained using the different methods from the direct alloying) including the W1-x–

Crx ones [1-4, 6, 7]. Along with the significant fracture resistance under the dynamic loading conditions [6], 

the alloys of this system are characterized, for example, by the possibility of self-passivation [1] and a 
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dramatically high corrosion resistance at high temperatures [1, 2]. These ones and many other features [4] 

together provide a large number of biomedical, construction and special applications for such alloys.  

 At the mascoscopic scale, the W1-x–Crx to not form a continuous series of solid solutions and undergo 

the phase separation with the upper critical dissolution temperature (UCDT) at 1906 K without any 

intermetallic phases [1, 7-9]. In the case of the additive powder metallurgy technologies being applied, the 

primary ways of controlling the physico-chemical properties of such materials consist in the formation of 

super-saturated solid solutions [1, 4] as well as of grain-boundary segregations with excessive contents of the 

dissolved component [7]. At the same time, in the analysis of phase equilibria in systems of a small volume, 

it is necessary to take into account several characteristic features. These peculiarities manifest themselves in 

significant dependences of mutual solubilities of components and equilibrium volume fractions of co-

existing phases on the volume [9-20], shape of a nanoparticle [12-14, 18], thermodynamical characteristics 

of the surrounding environment [20] and several other factors [15, 17, 19]. The equilibrium phase 

compositions of small-volume systems are significantly different from the phase compositions of the same 

systems in the bulk state and can be modeled using the methods of equilibrium chemical thermodynamics 

[21] and several other approaches [22] (the applicability of thermodynamical methods in the analysis of 

phase equlibria in small-volume systems as well as their applicability limits are discussed in [23]). The 

experimental observations of the abovementioned effects are described, for example, in [24, 25]. 

2. Mathematical model of the phase separation in nanoscale particles 

In the bulk state, the phase equilibria in the W1-x-Crx system are represented by the classical Becker 

curve [1, 8, 9]: the components are boundedly soluble in each other below the temperature of ~1906 K. As 

the system to be modeled below, we consider equiatomic nanoparticles of various shapes; below the UCDT, 

the nanoparticle contains a spherical-shaped inclusion (which is hereinafter referred as “core-phase”) of a 

solid-solution surrounded by a solid-solution layer (“shell-phase”) of a given shape. The nanoparticle volume 

is characterized by the effective diameter (deff, the diameter of the sphere, the volume of which being equal to 

the one of the considered nanoparticle). In a closed binary system with the core-shell configuration, the 

conservation conditions of matter interrelate the nanoparticle effective diameter, total amount of matter in the 

system (n), numbers of moles of each component (ni, indices i= 1, 2 correspond to chromium and tungsten, 

respectively) and concentrations of components i in phases j (xij, indices j = c, s correspond to core- and 

shell-phases, respectively) [18]: 

3

eff 1 2 1
π 6 ,  ,  ,  , ,  .

j i ij j ij i ij ij ij

j j i i

d V n xn n n n n n V n V x n n                                                                   (1) 

Here, Vj and Vi are the volume of phase j and the molar volume of component i, respectively. The molar 

volumes are V1 = 7.23 cm
3
/mol, V2 = 9.53 cm

3
/mol. x=0.5 in the case of equiatomic particles [9, 15]. 

In order to provide a general description of all the possible nanoparticle geometric configurations 

including the most complicated and irregular ones, the fractal geometry approach is used [18, 26-28]. In the 

framework of this approach, the nanoparticle shape is characterized by its fractal dimension D which relates 

its surface area As to its volume (effective diameter deff):  
2

3

eff
π 6

D

s
A C d . Without any losses of generality, 

constant C is assumed to be 4πC  [18, 26-28]. For regular simple structures, 3.00D  , in their turn, the 

structures of a complicated and irregular morphology correspond to the values of 3.00D   while D is also 

non-integer.  

The examples of structures with various D are given in Refs. [27, 28]. Fractal dimension D of a 

nanoparticle can also be expressed in terms of the nanoparticle surface-to-volume ratio (k):

   
2 3

2
, 3 4π

D
k V D V V , 

3

eff
π 6V d . The nanoparticles of 40 nm in effective diameter and fractal 

dimensions of 2.60, 2.75 and 2.90 correspond to the surface-to-volume ratio values of 2.51, 1.72 and 1.23, 

respectively. 

In the considered system, the characteristics of the equilibrium state are obtained by minimizing the 

Gibbs function (g) per one mole of matter including the energy contributions of all interface boundaries: 
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Here, σ
cs

 and σ
s
 are the surface energies of the inner (core-shell) and outer (shell-) interface 

boundaries while R is the universal gas constant. The parameters 
I

A , 
II

A , 
III

A  are as follows: 

I
A  = 30202.0; 

II
A = 2635.5; 

III
A = 0 [9, 15]. The energies of interface boundaries are calculated using the first 

approximation (this approach and the obtained results are not accompanied by any losses of generality, see 

also [17, 19]):  
1

σ 0.5 σ
cs j

j

x  ,    
1 1 1 2 1

σ σ σ 1
j j j

x x x   ,  
1 1 2 1

σ σ σ 1
s s s

x x   . Here,
1

σ =0.657 J/m
2
,  

2
σ =1.110 J/m

2
 [9, 15]. 

In the case of the properties of small-volume systems being considered in the framework of the 

thermodynamical approach, the problem of the thermodynamics applicability at the nanoscale and its lower 

boundary cannot be ignored. As the authors of [23] have noted, it is the most appropriate to apply the 

theoretical approaches based on the fluctuation theory to determine the applicability limits of chemical 

thermodynamics. Indeed, spontaneous fluctuations of thermodynamical characteristics (associated with the 

discreteness of the atomic-molecular structure of any system, being increased with a decrease in the amount 

of the matter which forms the system) represent the natural limitations on the application of 

thermodynamical approaches: if the fluctuation values of a parameter get comparable with the values of the 

parameter, this fact testifies, on the one hand, to the inadequate application of the thermodynamics 

techniques in this case, on the other hand, to the instability of the considered system itself as well as to the 

tendency of its decomposition due to fluctuations. 

In [23], the authors have analyzed the fluctuations of temperature and surface tension of nanostructures. 

The temperature is taken into account by the authors (instead of the density, for example) due to the fact that 

the temperature plays the role of the “only state parameter introduced in the thermodynamics in addition to 

the mechanical variables such as pressure P and volume V” for simple systems. Meanwhile, the structure 

stability of small-volume systems directly depends on the value of a temperature fluctuation. In order to 

estimate the absolute value of the root-mean-square temperature fluctuation δT , the following expression 

can be used: δ
X

T T R C N . Here, X is the variable (or the set of variables) which remain constant in the 

considered case; N is the number of molecules and atoms which are contained in the considered systems; R is 

the universal gas constant; CX is the molar heat capacity at X = const. In [23], it is assumed that X = P while 

the isobaric molar heat capacity is included into the abovementioned expression (in the considered case, the 

surface contribution to the heat capacity of a nanosystem is not taken into account since the value of the 

temperature derivative of the surface enthalpy (introduced for the first time by E. Guggenheim) does not 

exceed a fraction of a cent of heat capacity CP according to the authors’ early assessments). The results of 

calculating δT  are given in Table 1 of [23] where nanoscale droplets of n-butane and solid nanoscale 

aluminum and sodium particles have been used as model systems. The calculations show that the value of 

δT  does not exceed a few percent in all the three cases even for a system containing N = 100 atoms or 

molecules ( δT  decreases with an increase in N). 

In their turn, the following expression is used in order to calculate the relative fluctuations σ σ  of the 

surface tension: 
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where k is the Boltzmann constant; r is the radius of a nanoparticle; β
T  is the isothermal compressibility; rch 

is the characteristic size determined as follows: in the case r>rch, the surface tension of a nanoparticle can be 

considered to be equal to its macroscopic value; in the case r≤rch, it is assumed that the dependence of the 

surface tension on the system size is described by the linear formula of A.I. Rusanov: σ Kr  where K is the 

proportionality factor which is commonly estimated based on numerical simulations or empirically.  

As it is demonstrated in Table 2 of [23], where the estimates of fluctuations for several pure metals are 

given, the fluctuation values are no more than a fraction of a cent even for a cluster containing 12 atoms.The 

considered estimates can also be accompanied by the considerations of M.N. Magomedov on the minimum 

nanoparticle size at which the differences between solid and liquid phases disappear. The geometric 
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characteristics of the objects studied in this paper correspond to the area where the applicability of the 

thermodynamical approach leaves no doubt. 

3. Simulation results and discussion 

The Gibbs function of a two-components phase-separating system with a core-shell structure (1-2) has 

two minima which correspond to two-phase states with different mutual positions of co-existing phases. 

Below, the state where the core-phase is formed with tungsten (while the shell-phase is chromium based) is 

referred as “state 1”. Vice versa, chromium prevails in the shell-phase in state 2. In the case the bulk 

nanoparticles are dealt with, the minima of the Gibbs function corresponding to each state are symmetric and 

characterized by equal energies while the compositions of co-existing core- and shell-phases do not depend 

on the state, which emerges in the nanoparticle. The compositions of core-and shell-phases in the bulk 

structures are also independent on particle size and morphologyand match the reference data [8]. At the 

nanoscale, due to the significant increase in the energy contribution of all the interface boundaries in the 

system, the minima of the Gibbs function shift in comparison with the ones of bulk structures. As a result, 

the compositions of core- and shell-phases depend on the mutual arrangement of co-existing phases, being 

different in states 1 and 2, as well as on the size and morphology of the considered nanoparticles. The free 

energy of nanoparticles in state 1 is lower than the one of state 2, i.e., state 2 becomes metastable. 

The effects demonstrated below result from the tendency of the nanosystem to reduce its free energy: in 

a core-shell structure; such reduction can be realized according to the three mechanisms. The terms 

introduced in [17] being used, these mechanisms are as follows: 

 volume-controlled segregation: transferring the matter form the inner phase (core-) into the outer one 

(shell-) leading to a decrease in the area of the internal (core-shell) interface boundary (this mechanism is 

hereinafter denoted as “mechanism 1”); 

 surface energy-controlled segregation: enriching predominantly the outer (shell-) phase with the 

component with the lower surface energy leading to a decrease in the energy of the external interface 

boundary (the energy contribution of the internal one being much lower practically always; this mechanism 

is hereinafter denoted as “mechanism 2”); 

 suppression: maintaining the homogeneous state of the system, the phase-separation process being 

suppressed. Physically, this mechanism stems from reducing the upper critical dissolution temperature down 

to the value below the considered one (this mechanism is hereinafter denoted as “mechanism 3”). In the case 

mechanism 3 being realized, the minimum of the Gibbs function corresponding to the considered 

heterogeneous state disappears, being replaced by the one corresponding to the homogeneous configuration. 

In the considered system, tungsten is characterized by higher values (in comparison with chromium) by 

higher values of the molar volume and surface energy at the same time. The effective diameter of the 

nanoparticles simulated below is 40 nm. The nanoparticle composition is equiatomic. 
For both states, Fig. 1 illustrates the dependence of the solubility limits of chromium in tungsten on the 

nanoparticle morphology and temperature. The realization of the considered effects is the most vivid for state 

2: the lower the volume of a nanoparticle is and the more complicated the morphology of a nanoparticle is 

(the lower the fractal dimension is), the higher the solubility of chromium in tungsten. For example, being 

equal to ~9 at. % (the values for bulk structures are given in Fig. 1 with the solid line without markers) for 

macroscale particles at T = 1300 K, the solubility limit demonstrates a dramatic increase up to ~14 (for D = 

2.90) and ~15 at. % (D = 2.80). At the same time, variations of the fractal dimension of a nanoparticle in 

state 2 lead to small changes in the solubility of W in Cr. For state 1, the solubility of chromium in tungsten 

shows a lower sensitiveness to the changes in D (which is accompanied, however, by a significant reduction 

of the mentioned solubility limit with a decrease in the nanoparticle effective diameter). 

Fig. 2, in its turn, demonstrates how the nanoparticle morphology influences on the solubility of W in 

Cr in state 1. Firstly, the lower the fractal dimension is, the lower the solubility limit of tungsten in 

chromium turns out to be. Secondly, the relation between the nanoscale solubility limit and the bulk one 

depends on the fractal dimension of a nanoparticle. In detail, the solubility of tungsten in chromium in 

nanoparticles is lower than the one in the bulk state in the case of D< 2.90. In the case of “regular” 

nanoparticles (D = 3.00), meanwhile, the solubility limit exceeds the bulk value at “high” temperatures near 

the UCDT.  

At lower temperatures, however, the solubility limit is somewhat lower in comparison with the one for 

macro-sized particles. Taking into account the mechanisms listed above, the demonstrated regularities can be 
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explained as follows: “complicating” the morphology and decreasing the effective diameter of a nanoparticle 

in state 2 leads to the predominant implementation of mechanism 2 (“surface energy-controlled 

segregation”); the atomic fraction of Cr in the shell-phase grows up. 

 

  

Fig. 1. Temperature - dependent phase equilibria (the 

chromium solubility in tungsten, atomic fractions) for 

nanoparticles in different states of the core-shell structure 

for various values of D. 

Fig. 2. Temperature-dependent phase equilibria (the 

tungsten solubility in chromium, atomic fractions) for 

nanoparticles in state 1 for various values of D. 

 

The same mechanism 2 is characteristic for “regular” (D = 3.00) nanoparticles in state 1 at “low” 

temperatures (a decrease in the atomic fraction of W in the shell-phase is observed). At “higher” 

temperatures, at the same time, mechanism 1 (“volume-controlled segregation”) is realized while the 

tungsten content is increased in the shell-phase. If the nanoparticle morphology becomes more complicated 

(i.e., the fractal dimension of a nanoparticle is reduced) at any temperature in state 1, the realization of 

mechanism 2 manifests itself (in more detail, the “competition” between the mechanisms of reducing the free 

energy is discussed in [16, 17, 19]).In the Fig. 1, the vertical dashed lines represent the temperatures at which 

mechanism 3 (“suppression”) is implemented in nanoparticles. At these temperatures, the minimum of the 

Gibbs function (which corresponds to the heterogeneous state 2) disappear with the appearance of another 

one in the position of the homogeneous state without the phase separation. 

The “suppression” temperature for state 1 is higher than the one for state 2 (as demonstrated in Fig. 1): 

between these temperatures for states 1 and 2, the heterogeneous state 1 and the homogeneous state formed 

instead of the heterogeneous state 2 are the possible ones in the system. Above the “suppression” 

temperature for state 1, the homogeneous configuration becomes the only possible one. As mentioned above, 

the “suppression” temperatures for nanoparticles can be associated with the nanoscale UCDT values for 

states 1 and 2; in both cases the UCDTs are much lower in comparison with the bulk values, especially for 

nanoparticles in state 2: the UCDT reduction with a decrease in the fractal dimension reaches the values of 

hundreds degrees. The demonstrated results can be accompanied by several other non-trivial effects in small-

volume structures, e.g., by the effect of the chemical composition. In bulk structures, a variation of the initial 

composition of the considered system leads only to changes in the volume fractions of co-existing phases 

(directly according to the so-called “lever rule”) but has no influence on the equilibrium phase composition. 

In small-volume systems, in their turn, not only the volume fractions but also the compositions of core- and 

shell-phases (and co-existing phases in the most general case) at equilibrium depend on the initial 

composition. This effect is generic for nanoscale structures, being explained by the realization of different 

mechanisms of lowering the free energy of the system in the case of nanoparticles of different compositions 

(see [17, 19] for more details).  

In real-life fabrication processes, the nanoparticle ensembles are dealt with instead of individual 

nanoparticles, being characterized by the size and shape distributions. As shown by us in [26, 28], the 

equilibrium size distributions for a free-dispersed system formed by nanoparticles with fractal dimension D 

can be expressed as follows: 
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Here,  
3

eff at
ω

p
d d  is the so-called “stoichiometric number”of a nanoparticle (the number of atoms 

in a nanoparticle),  
sp

A D is the specific surface area of the nanoparticle ensemble,  is the surface energy of 

the material in the considered external environment (see also some remarks in Ref. [20]); ω  is the lattice 

packing density, N is the total number of atoms in the system, 
at

d  is the atomic diameter.  

The suggested calculation technique provides the results which are in perfect accordance with the 

experimentally observed distributions (see [26] and Refs. therein). the estimates can be obtained which make 

it possible to model the thermodynamical conditions for the realization of optimal average geometric 

characteristics of nanoparticles leading to the optimal phase composition as well to predict the degree at 

which the equilibrium phase compositions and the set of composition-dependent functional properties are 

“blurred” in an ensemble. For example, average fractal dimension D , average stoichiometric number 
p



and average effective diameter 
eff

d of nanoparticles in the ensemble can be calculated as follows [28]: 
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Here, the limits of the integration over 
p

  belong to range  1, N  while the sample of distributions is 

considered where  2, 3
i

D  with an arbitrarily selected step [26, 28]. 

The fractal dimension of nanoparticles can be estimated based on the optical or electron microscopy 

data using various methods including the so-called “box-counting technique” [29]. In the framework of the 

mentioned approach, the image of the considered nanoparticle ensemble is converted into a monochrome one 

which is then divided into square equal-area cells. In order to calculate the fractal dimension, the image 

divided into cells is transformed into a square matrix. If the brightness of a cell exceeds the preliminarily 

selected brightness threshold value (Bth), such a cell corresponds to the matrix cell with the value of 1. 

Otherwise, an image cell is represented by a matrix cell with the value of 0. Based on this transformation, 

fractal dimension D is calculated using the following expression: 
DS AL  where S  is the number of matrix 

cells with the value of 1; L  is the matrix rank; A  is the factor which matches dimensions. The dependence 

is obtained using the least squares method: the matrix rank being sequentially decreased (the cell size being 

increased) by 2, 4, 8, … times provided that the value of 1 is assigned to the cells which contain at least one 

pixel of the initial image, the brightness of which exceeds the selected threshold value. 

In the general case, the calculated fractal dimension is sensitive to the value of Bth, being varied in a 

wide range when changing Bth. For selecting the correct value of Bth, the “calibration” dependence (  
th

D B ) 

is constructed. The sensitivity of the fractal dimension to the brightness threshold is represented by the 

inclination angle of curve  
th

D B . An example of such “calibration” dependences is demonstrated in [30].  

In the formal consideration, the random uniformly distributed white noise is characterized by its 

fractal dimension as well as by the relation between D and the brightness threshold in the form of a smooth 

monotonously decreasing function as follows: 
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In the case of a square image, A = 1. However, the dependence of D on matrix rank L does not allow 

considering the random noise as an appropriate fractal object for the application of the box-counting 

techniques. The monochrome images of the classical fractal objects (Koch snowflakes, Sierpinski carpets, 

fractal trees etc) are characterized by D = const, A = const for any Bth. For real images which represent 
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superpositions of fractal structure and noise, dependence  
th

D B  contains straight sections, steps as well as 

extrema and inflection points. The correct brightness threshold value corresponds to the straight section 

within which the deviation of dependence ln ln lnS D L A   from a straight line is minimal. This section is 

found based on the minimum value of the first derivation of dependence  
th

D B . The absence of a well-

pronounced straight section can result from the heterogeneity of optical properties of nanoparticles or to the 

insufficient image quality. 

4. Conclusion 

The performed thermodynamical analysis of how the phase equilibria in nanoscale particles of phase-

separating solid solutions depend on the particle morphology using the example of W-Cr heavy pseudo alloy 

leads to the following conclusions. 

1. A nanoparticle with a core-shell structure has two possible two-phase states which correspond to 

different mutual arrangements of co-existing tungsten-based and chromium-based phases. Unlike systems in 

the bulk state where both phases have equal free energies and compositions of core- and shell-phases, in 

nanoscale particles, the phase compositions are considerably different in each state. 

2. The temperature range in which the heterogeneous state is stable significantly shrinks with reducing 

the volume of a nanoparticle and “complicating” its morphology. The upper critical dissolution temperatures 

for each state of the core-shell structure are also different, being both reduced with a decrease in the particle 

size and fractal dimension. 

3. The equilibrium phase composition of nanoparticles in each state depends on the particle morphology 

while the pattern itself of the dependences of mutual solubilities significantly differs for particles of various 

shapes in different states. This fact is associated with the occurrence of three different mechanisms 

(“volume-controlled segregation”, “surface energy-controlled segregation” and “suppression”) which can 

manifest themselves at the same time and even be “competing”. 

The obtained reguliarities also demonstrate an additional “knob” which makes it possible to tune 

multiple composition-dependent functional properties of nanostructured materials (including electrical and 

thermal conductivity, resistivity to corrosion, elastic properties etc) through the taking into account the 

specific influence of morphology factors on the phase composition at the nanoscale. Such considerations 

could also be accompanied either with the up-to-date techniques of the controllable synthesis of 

nanoparticles with a given shape or with the methods of describing and predicting various properties of 

nanoparticle ensembles. In the latter case, our considerations can be helpful in predicting the range possible 

variations of nanoparticle phase compositions as well as the degree at which the corresponding functional 

properties are “blurred” in an ensemble. 
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